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FROM THE PREFACE TO THE RUSSIAN EDITION

T h eo re tica l astrophysics is the science which studies and explains, 
using the laws of physics, the physical processes occurring in the heavenly 
bodies. In  doing so, wide use is made of mathematical methods, but 
these play only a subsidiary part.

A lthough theoretical astrophysics is a young and very rapidly deve
loping science, its results are already of great im portance in all branches 
of astronom y and in m any branches of physics. The subject has been 
developed particu larly  in the  U SSR.

The first Russian textbook on theoretical astrophysics appeared in 
1939, and was w ritten  by the  editor of the present work. D uring the 
past twelve years, this young branch of astronom y has made so much 
progress and has undergone such profound changes th a t it was necessary 
to abandon the idea of m erely revising th e  old book, and to compile 
an  entirely  new one.

In  1939 the  main content of theoretical astrophysics was formed 
by problem s of the  radiative transfer of energy and of the excitation 
of atom s in stellar atm ospheres and in th e  nebulae. -Today, although 
the trea tm en t of the radiation field and radiative equilibrium  has been 
considerably developed and refined, the processes occuring in the m acro
scopic electrom agnetic fields which exist in the stars and in the Sun 
are becoming more and more im portan t in theoretical astrophysics. I t  
is easy to see why these problems began to be developed much later 
than  those of the theory  of radiative equilibrium. By observing the 
radiation of the stars and nebulae, direct inform ation is obtained about 
the radiation field in the form of values for the in tensity  of radiation
emerging from these bodies. These results are both the basis and the © ©
test of the  theory  of radiative equilibrium. The study  of the  macroscopic 
electrom agnetic fields is more involved, since we m ust draw our conclu
sions from the  effects of the fields on the m otions of charged particles. 
The observation of these motions is very difficult, and is possible only 
by the use of new techniques. The im portance of these fields is fairly 
well understood only in the case of the Sun.

Soviet scientists who work in the field of theoretical astrophysics 
are guided by the method of dialectical m aterialism , and always link 
the ir work to reality, using m athem atical and physical methods as an 
im portan t and powerful means of studying the heavenly bodies.



From the preface to the Russian editionxii

In  the field of theoretical astrophysics, Soviet scientists now occupy 
the leading place in the world. The authors of this book have made 
by the ir investigations considerable contributions to the branches of 
theoretical astrophysics which they discuss. The trea tm en t of many 
topics in the present work is therefore completely original, and sometimes 
differs sharply from anything th a t has been published in scientific lite
rature . This fact should be kep t in mind in studying the book.

P arts  I, I I , and I I I  were w ritten  by E. R. M u ste l’, P arts  IV, V, 
and VI by V. V. Sobolev. P a rt V II by A. R. Severny!, and P arts  V III  
and IX  by V. A. Ambartsumyan.

The authors express their g ratitude to S. B. P ik el'n er, who wrote 
Chapters IS and 22 in P a rt III .

The course is designed for university students, graduates, and 
scientific workers. In  a new branch of science, errors are inevitable, but 
it is hoped th a t this book contains as few as possible.

We shall be very grateful to any reader who points out errors or 
subm its critical remarks.

1952 V. A. Ambartsumyan



PREFACE TO THE ENGLISH EDITION

Four years have passed since the  Russian edition of th is book was 
published. This is no little  time in the rapidly developing subject of 
astrophysics. W hen the Pergainon Press undertook to  publish an English 
edition, thev  asked me to  exam ine the  ]\IS of the translation and to

f  v
make any necessary changes and additions. This has been done by my 
fellow authors and myself. We have confined ourselves, however, to 
the  m ost essential additions and corrections, and have no t rew ritten  
any p a r t of the book.

The pioneers of theoretical astrophysics — Jeans, Eddington, 
JIilne — were Englishmen, and wrote in English. The researches of 
the  present generation of B ritish scientists in this field arc also very 
well known. We, th e  authors, therefore, while happy to sec our book 
appear in English, have also a feeling of responsibility.

We are grateful to the Pergam on Press for the ir initiative and perse
verance, and to  the transla to r for w hat is, so far as we ean judge, an 
exem plary piece of work.

M ay  195G V. A. Ambartsumyan 

Editor of the Russian edition





NOTE

The system  of translitera tion  used is th a t reeommended by the Royal 
Society. All nam es of Russian a s tro n o m er have been rendered in 
accordance w ith this system, bu t the  Index  of Names contains m any 
of the  alternative forms th a t have been used a t various times.

References to  R ussian journals have been retained, bu t those to 
Russian textbooks no t a t present available in translation  have been 
om itted.

My thanks are due to  num erous colleagues for their valuable adviee, 
and to Miss H eath er  C arter for her labours a t the typew riter.

J . B. S.





PART I.
THE THEORY OF THE RADIATIVE EQUILIBRIUM 

OF STELLAR PHOTOSPHERES AND THE 
CONTINUOUS SPECTRUM OF STARS

Chapter 1. Introductory remarks
lx  P art I  of this book wc shall consider questions connected with the 
physical structu re of stellar photospheres. O bservations of the nearest 
s ta r to us, the Sun, have enabled us to  establish th a t its atm osphere 
m ay be divided into a series of layers differing from one another in 
the ir physical characteristics. The lowest and densest p a rt of the solar 
atm osphere is called the photosphere. The photospheric layers emit 
practically all the rad ian t energy which the Sun sends out into space. 
The continuous spectrum of the Sun is basically the spectrum  of the 
photospheric radiation.

The absorption lines in the solar spectrum  (apart from the centres 
of strong absorption lines) are formed in approxim ately the same layers 
of the photosphere as the continuous spectrum . The division of the 
lower layers of the Sun’s atm osphere into photosphere and reversing 
layer, which is frequently made in the literature, is of an arb itrary  
character.

Above the photosphere of the Sun lie the chromosphere (thickness 
about 15,000 km) and the solar corona (whose ex ten t, including coronal 
rays, am ounts to several solar radii). The chromosphere and corona 
play a negligible p a rt in the form ation of the continuous spectrum  of 
the Sun in the visible region, and are im portan t only in the far u ltra 
violet region of the spectrum  (beyond the limit of the Lym an series) 
and in the region of very long waves (including the ultra-short radio- 
wave range).

As yet we know very little of the existence of a chromosphere or 
corona in stars which are essentially different from the Sun as regards 
spectral type. The existence of photospheric layers, however, is a neces
sary property  of every star1, for it is these layers which determ ine its 
lum inosity. The interrelation between the photospheric layers and the 
layers in which the absorption lines are produced is a more complex 
question. A num ber of physical considerations show th a t, for the m ajority 
of stars of non-solar type, these layers are more or less identical also.

1 A'-troph y- i t s
1



•> Chapter I. Introductory remarks

Thus the general theoretical considerations which we shall discuss 
in P art I of this book are applicable not only to the Sun, but also to 
a very large group of stars. However, in selecting objects for study 
we shall m ake a series of restrictions. F irstly , we shall study only stars 
whose lum inosity does not vary with time, or varies only slowly. Se
condly, we shall limit our investigations to stars where the thickness 
of the photosphcric layers is very small in comparison with the radius. 
Finally, we exclude from consideration stars characterised by some 
peculiarity  of spectrum  (W olf-Ravct stars, P  Cygni type stars, etc.).

Let us consider these lim itations in more detail. In  stars of constant 
lum inosity, the s ta te  of the photosphere may be regarded as stable 
and invariable in time. Of course, this statem ent is valid only on the 
average. In  reality, as observation shows, the different p arts  of the 
surface of such a ‘"constant” s ta r as the Sun, for instance, undergo 
considerable changes a t times (sunspots, faculac, etc.) Yet we m ay 
suppose th a t the  s ta te  of the photosphcric layers of the Sun as a 
whole is invariant. The same is true  also of o ther stars of constant 
lum inosity.

We tu rn  now to our second restriction. The study of the Sun has 
shown th a t the  thickness of its photosphere is very small and am ounts 
to about 100 to 300 km. In comparison with the Sun’s radius (G9G,300kin) 
this is, of course, an extrem ely small quantity . Hence, in our problems, 
the solar photosphere may be considered as composed of plane-parallel 
layers. Theoretical calculations show th a t this holds also for the m ajority  
of o ther non-variable stars.

Finally, W olf-Rayet stars. P Cygni type stars, etc., form a very 
special group of stars; we shall consider them  later.

I t  is to be noticed th a t the lim itations which wc have introduced 
exclude from consideration only a negligible proportion of the stars. 
Hence our theoretical results will be valid for a very large group of objects.

The main problems which the thcor}’ of stellar photospheres proposes 
to solve arc essential^ ' as follows:

(1) To find the law of variation of tem perature, pressure, density, 
and other physical characteristics with depth  in the stellar (or solar) 
atm osphere.

(2) To explain the properties of the continuous spectra of stars and 
of the Sun.

(3) To exam ine the law of variation of brightness over the discs 
of the Sun and of the stars.

The first of these problems is the m ost im portan t; its solution d e te r
mines th a t of the other two.



Chapter 2. Basic concepts of the theory of radiation. 
The equations of transfer

1. The part played by radiation in stellar photospheres. The physical 
s ta te  of any’ elem ent of m a tte r inside a stellar photosphere is determ ined 
by the interaction of this elem ent with the surrounding medium. The 
chief question in which we are interested is by w hat means the transfer 
of energy7 takes place in the photospherie layrers. In  this connection we 
shall speak only7 of therm al energy7. In  the term ‘thermal energy” we 
include the internal kinetic energy of the thermal motion of particles, the 
excitation energy of atoms and the ionisation energy (see below).

The remaining forms of internal energy7 are unim portant in the photo
spheres of ordinary7 stars. For instance, nuclear processes (with release 
of energy7) do not play a noticeable p a rt in stellar photospheres. The 
following processes m ust be considered as being capable of bringing 
about the exchange of therm al energy7 in a stellar photosphere.

(1) The transfer of therm al energy7 by7 conduction.
(2) The transfer of therm al energy7 by7 convection, i. e. the transfer 

o f heat by7 the actual m ovem ent of masses of gas.
(3) The transfer of therm al energy7 by radiation. H ere it is understood 

th a t the radiation itself is of purely therm al character, i. e. is determ ined 
only by7 the tem perature of the gas (which, of course, changes from 
point to point).

Num erous investigations have shown th a t the first process is negli
gible in stellar photospheres. These investigations have also established 
th a t, in the overwhelming majority7 of cases, a t least for the stars to 
which we restrict ourselves, the exchange of therm al energy takes place 
mainly by therm al rad iation ; we shall see this from la ter considerations. 
We therefore now tu rn  our m ain atten tion  to questions relating to 
thermal radiation, and first recall some basic ideas of the theory7 of therm al 
radiation.

2. The intensity and flux of radiation. We consider a cavity7 penetrated 
in all directions by7 radiation. In this cavity we select an arb itrarily  
oriented small area du and erect 
on it a t the point P the normal n 
(Fig. 1). N ext, a t an angle 0 to the 
normal we draw a line L, which 
we take as the axis of an elementary7 
cone of solid angle dro. I f  we draw 
through every7 point of the bound
ary7 of the area da a line parallel to 
the nearest generator of the cone

1*



4 Chapter 2. Theory of radiation. Equations of transfer

da), then we shall have a truncated  semi-infinite cone df?, similar to 
the cone dm. Its  cross-sectional area, perpendicular to L, a t the point 
P  will be do cos 0.

Let d E t, be the to tal quan tity  of energy, passing in time d< through 
the area dcr insidcf the  cone di?, which belongs to the frequency interval 
between v and v +  d r. Then the specific intensify of radiation, or simply 
the intensity, I v, is defined as the following lim it:

I , lim
d<7, da>, dv - > 0

d E
V

da eos 0 d< dm dr ( 2. 1)

This limit is in general a function of the  co-ordinates (i. c. of the  position 
in space) of the point P, of the  direction L, of the tim e t, and of the 
frequency v.

The appearance of cos 0 in (2.1) is explained by the  fact th a t we are 
considering a beam going not in the direction of the normal n hu t inO © O
the direction L\  the  quantity ' of energy which travels inside the solid 
angle dQ  is determ ined not by' the area do- itself, bu t by' its projection 
on a plane perpendicular to the direction L.

From  the definition (2.1), we can calculate the quan tity  of energy' 
d E v if we know :

d E r =  l v da cos 0 d< d to d r  . (2.2)

For the quantities d E and I,  which are integrals over the  whole spectrum , 
we have, instead of (2.2),

d E  =  /  da cos 0 d t d a ) . (2.3)

The quantity ' of radiant energy' dE„ in (2.2) relates to the solid angle 
da). The to tal quan tity  of energy' of radiation (IF* passing through 
the area dcr in all directions will be:

dF’* =  dcr d< d r  j  I „ cos 0 da) . (2.4)

Since for 0 >  I rr the factor cos 0 is negative, d E* is in fact the 
excess of energy' passing outw ards through the area dcr in tim e <U and 
frequency' interval d r , over the energy' passing inwards through th a t 
area. The m agnitude of this excess for unit time, referred to unit area

t  That is, along those directions which after intersecting the area dcr remain 
entirely within db?. We obtain the aggregate of such rays if we construct at every' 
point of the area da a eone containing all directions parallel to those contained 
in clco. It is clear from this that, for small da and dm, the energy passing through 
dcr inside dQ will he projxartional to dcr dm.
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and unit frequency interval, is called the flux of radiation 71 H„ (the 
factor 71 is introduced for convenience in la ter calculations). The flux 
71 H v is obtained on dividing d E* by da d t d r , and thus

71 H v =  J  /„  cos 0 dco . (2.5)
4n

The to tal (integrated) flux 71 H  is clearly

O O  OO

71 H =  7i J  H„ d r  =  J  J  /„ cos 0 dco d r  . (2.6)
0 0 4-t

I t  has the dimensions of energy per square centim etre per second. The 
flux quantities 71 H„ and 71 H  are, in general, functions of the space 
co-ordinates and orientation of the area.

We now introduce the  expression for the solid angle dco. To do this, 
it is m ost convenient to use a system  of spherical co-ordinates w ith its 
origin a t the given point in the stellar atm osphere and its polar axis 
along the radius of the star. Since, by definition, the solid angle is 
num erically equal to the area intercepted on a sphere of un it radius by 
the  corresponding directions, when they  are draw n from the given point 
P, we have

dco =  dip sin 0 d 0 . (2.7)

For the  problem s discussed in P a r t I, however, it m ay be assumed 
th a t the physical s ta te  of the photospheric layers depends only on their 
depth , i. e. on the distance from the centre of the star. Owing to sym m etry, 
the  in tensity  of radiation in this case cannot depend on the azim uthal 
angle ip. Consequently, the  expression (2.7) for the solid angle can be 
im m ediately in tegrated  over all angles ip. We then  obtain

dco =  2 71 sin 0 dO . (2.8)

The flux a t a given point of the  star, passing radially through un it area 
perpendicular to the radius, is then  given by (2.5) as

n
71 //„ =  2ti J  I v(0) cos 0 sin 0 d 0 . (2.9)

0

The expression (2.6) is changed similarly.
In this particu lar case, which we shall usually be considering, the 

physical meaning of the flux is as follows. I f  the un it area is placed as 
shown in Fig. 2. i. e. with its plane perpendicular to the radius, then 
the flux is the excess of the energy passing upwards through this area 

7t) over the energy passing downwards (J tz<^ 0<i 71).
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One of the chief differences between flux and intensity is th a t in 
“em p ty ” space (i. c. when there is no absorption of radiation), the 
in tensity  of a ray rem ains constant along its pa th  in space. For instance, 
a t the  outer boundary of the E a r th ’s atm osphere radiation arrives from 
the  Sun whieh is of the same in tensity  as th a t a t the surface of the  Sun 
itself (the absorption in in terp lanetary  spaee being negligible). On the

other hand, the flux of solar (or stellar) radiation decreases with increasing 
distance from the  Sun (or star), in inverse proportion to the  square of 
the distance from the centre of the  Sun (or star).

3. The coefficients of emission and absorption. We now consider the 
following question. Let an elem ent of mass dm emit therm al energy in 
all directions. Then in tim e d t and frequency interval v to v +  d r  th is 
elem ent will em it w ithin the  solid angle dco an am ount of energy

j y dm da> d< d r  . (--10)

The coefficient- of proportionality  j r is ealled the coefficient of emission. 
I t  follows from the definition (2.10) th a t j v is the energy em itted in 
un it time, un it frequency interval and unit solid angle by un it mass of 
m aterial.

The to ta l energy em itted by the mass element dm in tim e d< is

OO
df dm f  J  jr dco d r  .

6
( 2 . 11)
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In the case where the coefficient jp does not depend on direction, (2.11) 
m ay be rew ritten

OO
df dm 4 n  j  j v d r  . (2.12)

o

We now introduce the coefficient of absorption. Let a beam of light 
rays whose in tensity  is fall perpendicularly on the surface of an 
absorbing layer of thickness ds. As a result of passing through the layer, 
the in tensity  l v of the beam receives a (negative) increment d / r. The 
coefficient of absorption x v is defined as follows:

d l v =  — I„ x v o ds , (2.13)

where o is the  density  of the absorbing* m aterial. Thus the attenuation  
of the  beam  is, by (2.13), proportional to the in tensity  itself, the 
coefficient of proportionality  being the coefficient of absorption. The 
correctness of the definition (2.13) is confirmed by experim ent.

We now assume th a t the absorbing layer has a linear thickness s, and 
calculate the in tensity  of the beam emerging from the layer as a function 
of the o ther param eters. D ividing both sides of (2.13) by I p and in tegra
ting, we obtain

S
loge I r =  —  f  x r 0  ds -f  loge C , (2.14)

0

where loge C is a constant of integration. The solution (2.14) can be 
rew ritten in the form

8

=  C exp [— J  x v n ds] . (2.15)
o

The constant C is determ ined as follows. I f  s is pu t equal to  zero, I,, 
becomes the in tensity  of the incident beam, which we denote by I®. 
Therefore

ft

/ „ = / « c x p [ -  /  Q ds] . (2.10)
o

Similar formulae arc obtained if we consider not the in tensity  but 
the energy E v. Consequently, the incident beam  is a ttenuated , in passing 
through the layer, according to an exponential law; the index of the 
exponent is

8
r„ =  f  x v n ds , (2.17)

o
* The quantity Q can also be the total density of the material, in which case 

the quantity x must he correspondingly changed; we shall discuss this later.
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and this is called the  optical thickness or optical depth of the layer. The 
optical thickness is a measure of the absorption of light in the  given 
absorbing layer. According to (2.17), the elem ent of optical thickness is

d r v =  xv o ds . (2.18)

4. The equation of transfer of radiation. The equation (2.13) d e te r
mines the change of /„ over the  p a th  ds only on account of absorption. I f  
the m aterial no t only absorbs bu t also em its energy, th e  equation (2.13)

m ust be correspondingly modified. 
In  this case we arrive a t w hat is called 
the equation of transfer of radiation.

We consider an  elem entary cy
linder* w ith base area da  and height 
ds, whose axis is oriented along 
some direction L  (Fig. 3). We denote 
the  density  of absorbing m aterial in 
this cylinder by n.

L et Ei be the qu an tity  of rad ian t 
en erg y f passing in tim e df through 
th e  first (I) base da  of the cylinder, 

inside the solid angle dm and w ithin the  frequency in terval v to v +  dv. 
This quan tity , by (2.2), is (cos 0 =  1)

E i =  I r dco da d< dv . (2.19)

The radiation emerging from th e  cylinder through its second (II) base, 
E e, is characterised by a different in tensity  I v - f  d/„, and we have

Eg =  (I r - f  d/„) dco da  d< dv . (2.20)

The reasons for the  change of Ei to  E e are as follows. F irstly , the 
corresponding beam of energy em erging from  th e  seeond base of the 
cylinder m ust be increased because the material of the cylinder it-self 
emits, and in particu lar em its in the  direction L. To take account of 
this, we m ust add to th e  q uan tity  Ei the energy em itted  by th e  cylinder 
in the  direction L  inside the same solid angle dco, in the  same tim e 
in terval d< and in the same frequency in terval dv. We call this energy 
A E em. By (2.10), it is equal to

A E om =  j v n da  ds dco d/ dv , (2.21)
since

dm — n do d.s . (2.22)
* It is supposed that the height of the cylinder considered is negligible com

pared with the radius of its base.
f  We oinit the suffix v to E for the sake of brevity.

Fio. 3



4. The equation oj transfer of radiation 9

The second reason for the change in Ei is the absorption of radiation in 
the  cylinder. The quan tity  of energy absorbed, A E ab, is, by (2.13),

A E &h =  — E { x v o ds , (2.23)

since th e  definition (2.13) holds no t only for intensity , bu t also for 
energy, as we have already rem arked.

The equation which takes account of all changes in the quan tity  
of energy which occur while the radiation passes through the  cylinder is

Ee =  E i +  A E em +  A E Ah , (2.24)

where the negative sign of A E ib has already been included in (2.23); 
this la tte r term  m ay be rew ritten , according to  (2.19) and (2.23), as

A E Ah =  —  I v x v o ds da> do d< d r  . (2.25)

Applying the formulae (2.19), (2.20), (2.21) and (2.25), and effecting the 
necessary cancelling in the  equation obtained, we find the  required 
equation of transfer:

d l j d s  =  — I v x v o +  jp Q . (2.26)

This equation describes the changes in the in tensity  of radiation which 
occur when it passes through an absorbing and em itting medium.

The independent variable s in the equation (2.26) is in some ways 
inconvenient. We therefore transform  to  another variable, namely, the 
depth of th e  given layer in the stellar 
photosphere. In  this connection we recall 
th a t we are investigating stellar pho to
spheres whose thickness is very small 
com pared with the radius of the  star.
Consequently, for every elem ent of the 
stellar photosphere we can consider the 
photospheric layers as plane-parallel. The 
norm al n to these layers (which coincides 
in direction w ith the  radius of the star) 
and the  direction L  of the ray are a t an 
angle 0 (Fig. 4). We now introduce the 
depth  h, reckoned along the normal and increasing inwards to the 
centre of the star. I t  then  follows from Fig. 4 th a t

ds == — sec 0 dh . (2.27)

From  (2.27), the equation of transfer (2.26) can be rew ritten as 

cos 0 d l v(0)/dh =  I v(0) y.v n — j„ Q , (2.28)

and it is clear from (2.28) th a t  /„  is a function of th e  angle 0.

P
Fia. 4



Chapter 3. Radiative equilibrium of the stellar photo
sphere. The solution of the equation of transfer
1. The condition of radiative equilibrium. We have already rem arked 

tha t the principal problem of our theory is to establish the  law of variation 
of tem peratu re and other param eters (pressure, density, etc.) inside the 
stellar photosphere. Let us consider some element of volume Av inside 
the  stellar photosphere. Let the to ta l quan tity  of energy (joined per 
second by this element as a result of its interaction with other parts 
of the photosphere be E +, and the  to ta l quan tity  of energy lost per 
second by the same element be E_.

The tem perature inside Av will be determ ined by the relation bet ween 
the quantities E + and E_. If, for instance. E + >  E_, the  in ternal energy 
of the volume will continually increase, and consequently the tem perature 
inside it will increase. If. on the o ther hand, E + <  E_, then  more energy 
will be lost than  is gained, and consequently the tem perature inside 
the elem ent Av will fall. We have stated  in C hapter 1 th a t we intend 
to study  the  photospheres only of non-variable stars. In this case, the 
tem perature inside any volume of the stellar photosphere m ust rem ain 
constant and independent of time. This will happen only if the following 
equality  holds:

£+ = £-, (3.1)
and this is the condition of energy equilibrium.

The equation (3.1) has a very general form. However, as we have 
sta ted  in C hapter 2, the principal factor which determ ines the transfer 
of energy from point to point in the photospheres of non-variable stars 
is the transfer of therm al energy by radiation. Consequently, the quantities 
E + and E_ are, in the theory  which we consider, identical with the 
energies of radiation: E , is the radiant energy absorbed per second by 
the volume Av, and E  is the radiant energy emitted per second by the 
same volume. In accordance w ith the above rem arks, we shall hence
forward call this theory the theory of radiative equilibrium.

Our first problem is to write down the  quantities E+ and A’_ in an 
explicit form, and we take first E_. L et the volume Av considered have 
a mass dm. Then the  to tal quan tity  of energy em itted  hv the volume 
Av in unit tim e is, by (2.10),

G O

E -  =  dm. I  J  j,. dm d r  , (3.2)
0 4n

where the integration is extended over the whole spectrum  and over the 
whole solid angle 4 71.

10



1. The condition of radiative equilibrium 11

N ext, to calculate E +, we take the same clem ent of volume zlr, with 
density  of absorbing m aterial q . We surround this elem ent (Fig. 5) by 
a, elosed surfaee 2J, whose dimensions are very  large compared with those 
of the surfaee a which bounds the volume Av.

We also dispose the volume Av in such a way th a t the distance from 
it to ail}- po int of the surfaee £  is very large com pared with the dimensions 
of the elem ent Av  itself. We now consider a beam  of rays entering the 
Volume bounded by-T and passing through 
the elem ents d-T and do of the surfaces H 
and a. L et the elem ent d2," subtend a solid 
angle dm a t do (and therefore a t any 
poin t of the volume Av, on aeeount of 
th e  smallness of the latter). Then the 
qu an tity  of rad ian t energy passing through 
the area do in time d/, inside the solid 
angle da> and the frequency interval from 
v to  v +  d»> is, by (2.2),

I r do eos 0 d< dm dv , (3.3)

and all this energy passes also through 
the area d-l".

Of the q uan tity  of energy (3.3), the am ount absorbed in the volume 
Av  is, by (2.13),

iy dO cos 0 df dm d r  y.v q d.s , (3.4)

where ds is the height of the cylinder* dr. The produet do eos 0 ds is 
the volume of the cylinder d r, whose height is ds and base area do cos 0 
(see Fig. 5). I f  we replaec the volum e do eos 0 ds by d r, the expression 
(3.4) beeomes

I ,  y.y q d r  d< dm d r  . (3.5)

We now integrate (3.5) over the whole volume Av, and thus obtain the 
am ount of rad ian t energy, absorbed in the  whole volume Av, whieh 
has first passed through d27. The quan tity  /„ m ay be regarded as constant 
in the integration, because of the smallness of Av  and its remoteness 
from the  surfaee 2T; we thus obtain simply Av instead of d r  in the 
expression (3.5).

To take aeeount of the radiation whieh falls on Zlr from the whole 
surfaee 2J, we m ust integrate over m the expression whieh we have 
obtained. In  so doing, the position in Av  of the po in t from which the

* The volume dr may he regarded as a cylinder in consequence of the small
ness of dm.
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solid angles da> are m easured is quite im m aterial, since \vc again suppose 
Av small and very rem ote from the surface 27. Wc find for the to ta l 
energy (E+)v d r  absorbed per second by the volume Av  and included 
in the frequency interval d r  (using dm =  q Av)

(E +)v d r  =  y.v dm d r  J  1 dm . (3.6)
471

Finally, integrating over all frequencies, wc obtain
CO

E + =  dm /  J  l v y.v dm d r  . (3.7)
0 4-t

Consequently, wc m ay write the  condition of radiative equilibrium, on 
the  basis of (3.2) and (3.7), as

O O  COJ  J  j v dm d r  =  J  J  I v y.v dm d r  . (3.S)
0 4n  0 4.1

Tn the presence of radiative equilibrium  the in tegrated  flux of 
radiation tiH in a “ p lane” photosphere remains constant a t all depths. 
To show this, we in tegrate the equation of transfer (2.2S) over the whole 
sphere and over the whole spectrum . Wc then  find

OO  OO

dh J  I  Iv cos Odoodv ^  o J  J [/„ (0) x, — jv] dm d r  , (3.9)
6 4ti 0 4ti

since the variables m, r  and h are independent. The qu an tity  under 
the differentiation sign is, by (2.6), the flux Till. B u t the right-hand 
side of (3.9) is zero, by (3.S). Thus the flux tiH is constant (independent 
of h).

The following two points should be noted in connection with this 
re su lt:

(1) The constancy of the flux ziH occurs only in photospheres whose 
layers may be regarded as plane-parallel. In  fairly extended photo
spheres (which wc do not consider a t this stage), the flux tiH decreases 
outw ards in inverse proportion to the square of the distance from the 
centre of the star.

(2) The result th a t the to tal flux nH  is constant for plane photo
spheres can by no m eans be extended to  the m onochrom atic flux z iilv, 
which in general varies with depth . Since, however, the flux rr// is 
constant, this means th a t its spectral composition varies with depth. 
In particular, as we penetrate deeper into the  photosphere, radiation 
of short wavelengths plays an increasing part. We shnll give in C hapter 6 
an actual exam ple of the dep th  dependence of n i l ,  for different fre
quencies.
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2. The hypothesis of local thermodynamic equilibrium. We now
introduce into the  basic equations (2.28) and (3.8) the temperature — 
the  principal physical param eter of the problem. We suppose (and this 
will be the  fundam ental hypothesis of our theory) th a t in any small 
region of the stellar photosphere the ratio of the coefficients j v and 
x v is the  same as in therm odynam ic equilibrium . Tn this ease, by 
K irehhoff’s Law,

j v =  x r B r(T ) ,  (3.10)

where B,  (T ) is the in tensity  of radiation of a black body7, determ ined 
by P lanck’s Law:

B x n
2 hv* 1
c2 exp (hvjkT) 1 (3.11)

Thus we suppose th a t the law (3.10) may7 be applied to any small 
region of a stellar photosphere; we identify' the  param eter T  which 
appears in this equation with the tem perature a t the given level in the 
photosphere. We call this supposition the hy pothesis of local therm o
dynamic equilibrium, as distinct from the equilibrium  case where the 
tem peratu re is constant throughout the region considered.

To justify7 the  hypothesis which we have introduced about the 
existence of local therm odynam ic equilibrium  in the photospheres of 
stars, we can proceed in two ways: firstly, by using (3.10) and completing 
our theory of radiative equilibrium, and then comparing its results 
with those of observation, which is a te st of the correctness of the above 
hypothesis; secondly7, by developing the theory  of stellar photospheres 
and determ ining the physical conditions in the photospheres of stars, 
we can test the applicability of the law (3.10) from a purely physical 
point of view. In  w hat follows we shall use both methods. I t  m ust be 
kept in m ind, however, th a t the supposition th a t local therm odynam ic 
equilibrium , for the appropriate tem perature, exists in every7 small 
region of the stellar photosphere is as yet only a hy pothesis, so far as 
we are concerned.

Introducing K irchhoff’s Law (3.10) into the equation of transfer 
(2.28) we find

cos 0 d l v(0)/drv =  I v{0) — B v , (3.12)
where

d r v =  q d/t (3.13)

is the elem ent of optical thickness r v. I t  is to be noticed th a t we have
introduced the variable rv in place of the  depth  h. This variable is
completely7 determ ined by7 (3.13) if a definite zero point of r„ is specified.
I t  is convenient to reckon tv as zero a t the outer boundary of the atmo-

h
sphere of the star. Then r„ =  j xv o dh.

o
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N ext, introducing (3.10) into the condition of radiative equilibrium  
(3.S), we obtain

O O  C OJ  J  I v{0) y.v da> dv =  y J  B v xv da> d r  . (3.14)
0 4 .t 0 4u

The condition of radiative equilibrium (3.14) m ay be fu rther rew ritten 
as follows. Introducing the new quan tity

J ,  =  f J, .(0)(!w , (3.1o)
/  4  714.t

which is th e  mean intensity of radiation a t a given point, dividing (3.14) 
by 4 7i, and noticing th a t B V(T) is independent of 0, we find

C O  C OJ  J „ y.v d r  =  J  B v y.v d r  . (3.16)
o

3. The solution of the equations 
of transfer. We m ust now consider 
the solution of the  equation of tran s
fer (3.12). We divide the aggregate 
of directions of rad iation  a t  each 
point of the  stellar photosphere into 
two groups: the upper and lower 
hem ispheres (Fig. 6). The intensities 
corresponding to  directions included 
in 0 <  0 <  o 71 "  c shall call /„(0) 
as before. In  the  lower hem isphere 
( J 7i <C rr), we introduce a new' 
reckoning of angles, from the lower 
norm al n ' , rp =  7i — 0 and denote 

the in tensity  by The equation of transfer (3.12) for the lower
hemisphere becomes

eos y> d l l (vO/dr, =  — Il(y>) +  B v , (3.17)

since eos 0 =  — eos rp .

The equations (3.12) and (3.17) m ay also be rew ritten

d / I,(0)/dr„ — /,. (0) see 0 - f  B v see 0 — 0 , (3.18)

d /'(y )/d r,, +  I'v(y)) sec ip — Br scctp =  0 . (3.19)

Both these equations are linear equations of the form

To centre of star 
F i g . 6

dy/dx  +  P( x)  y +  Q(x)  =  0 . (3.20)
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The solution of such an equation can be w ritten  in either of the following 
two forms, which are com pletely equivalent:

X

y  =  c exp [— /  P (x ) dx] +
Jq

X  CO X

+  exp [— /  P{x)  da:] J  Q(x)  exp [J P(x)  dx] dx  ,
J  J 0

X

y =  D  exp [— /  P{x)  dx] —

X X X
— exp [— J  P( x)  dx] J  Q{x) exp [J P(x)  dx] dx

Jo Jc Jo

(3.21)

where x0 is a fixed arb itra ry  num ber, and C (or D) is a constant of 
integration. I t  is easy to see by direct substitu tion  th a t both forms of 
the solution (3.21) satisfy the equation (3.20).

From  com parison of (3.20) and (3.18) we have

y  — ly{0) , x  =  t v , P{x)  =  — sec 0 , Q{x) =  B„secO,  (3.22)

and from comparison of (3.20) and (3.19)

y =  I'v(y)) , x — tv , P(x) — sec y> , Q{x) =  —  Bv s e c y .  (3.23)

In  w hat follows, we shall take the zero point of optical depth  a t the 
outer boundary of th e  atm osphere of the  star, i. c. in (3.21) the quan tity  
x„ m ust be pu t equal to zero. According to (3.13), Tr will increase tow ards 
the centre of the s ta r (see Fig. 6). Consequently, we have for the solutions 
of equations (3.18) and (3.19)

X  T VJ  P(x)  dx  =  — J  see 0 dry — — xv see 0 (3-2I)
x% 0

and

J  P{x)  dx  =  j  ^ccy>drv — xr see y) . (3.25)
x, 0

Using (3.21) — (3.25), we can write the solutions of equations (3.18) and 
(3.19) in th e  following form:

OO

/„ (0,t„) =  Cr e T>*oc0 +  f  B v e-'r*ec0 sec 0 dtv , (3.26)
T».

I'AV>,r,) =  D, e - Tv,ccv’ 4 - c - f' secv /  B v e '» scc v sec rp dtv ;
o

(3.27)
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in writing (3.20) and (3.27) we have em phasised tha t the intensities are 
calculated for the level in the stellar photosphere to which the optical 
depth r v corresponds. In order to distinguish this fixed optical depth  
from the variable which appears under the sign of integration, we 
have denoted the la tte r  by t,..

We now consider the determ ination  of the constants of integration 
Cy and D y. The physical meaning of these constants will become clear 
if we analyse the  meaning of each term  in the  solutions (3.26) and 
(3.27). The quan tity  of rad ian t energy, em itted  in some direction 0 in 
tim e df, frequency in terval (r, r  +  d r) and solid angle dm by a mass 
elem ent q ds (a cylinder) w ith unit base area (see Fig. 3) a t a depth  
t v, is. by (2.10),

j y q ds dm df d r  . (3.2S)

On its way to  a layer a t a smaller depth  t , „  this energy will be weakened 
by some exponential factor, according to (2.16). I f  the radiation travelled 
norm ally to the layers, the index of the  exponential would be — (/,, — r f). 
B ut since the rad iation  travels at an angle 0 to the normal, th e  index is

— (/, — r j s c e f l .  (3.29)

H ence the energy (3.28) em itted by the  element will be reduced, at a 
dep th  t „ ,  to

j y e~ (C “ Tv 1sec 0 o ds dm df d r  , (3.30)

or, by (3.10), (3.13) and (2.27),

— B y ~ ’’C 3CC 0 sec 0 df, dm d t d r  . (3.31)

In  order to take account of the energy arriving a t the layer r y in 
the given direction from  all deeper layers, and not only from the depth  

we m ust in tegrate  the  expression (3.31) over all ty from r„ to oo . 
Consequently (3.31) becomes*

O O

dm df d r  J B y e“ (C “ ) *rc 0 see 0 d<„ . (3.32)
zv

On dividing this expression by dm dt d r , we find the  in tensity  of radiation 
arriving from below at the  layer of depth  t „  in the direction 0:

OO

7 ,(0 , r„) =  /  B y e - (C -  r- )sec 0 sec 0 dty , (3.33)

th a t is, the second ten n  of (3.26).
* Since the quantity s increases outwards from the centre of the star, the 

integration of (3.31) must go from ty =  co to =  r y (sec Fig. 4). Interchanging 
the limits of integration and changing the sign, we obtain (3.32).
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Thus the  second term  of (3.26) takes account of the fact th a t the 
radiation arriving a t the layer of depth  t „ ,  at an acute angle 0 to the 
outw ard norm al, is composed of radiation coming from all layers a t 
depths lv >  t„. The first term  of (3.20) accounts for additional radiation 
arriving a t the layer of dep th  t v hut not coming from layers a t a finite 
depth . This term  represents the existence at an infinite depth of a surface 
em itting radiation of infinite intensity , which decreases exponentially 
as we move outw ards. In  our physical problem  there is no such surface, 
and therefore C v = 0 .

Similarly, it is easy to see th a t, for radiation travelling inwards a t 
an acute angle ip to the inw ard normal, the intensity  a t depth  r„ is 
composed of the  intensities from the various layers of the photosphere 
lying a t dep ths t„ <  r v . This is the  physical meaning of the second 
term  of (3.27). The first term  represents the radiation entering the 
photosphere from outside, which is a ttenuated  by a factor e- rvsccv> jn 
reaching the depth  rv. In  all cases, with the  exception of close double 
stars, where the radiation of one star on to the photosphere of the other 
has a noticeable effect, th e  am ount of radiation incident on the pho to 
sphere is negligible, and therefore we can p u t Dv — 0 .

Thus we have C , =  0 , (3.34)

B v =  0 . (3.35)

Substitu ting  Cv =  0 in (3.26) and using (3.35), we obtain from (3.26) 
and (3.27)

C O

, l v(0, xv) =  ezvsec 0 J  B v c " 1' sec 0 sec 0 dtv , (3.36)

I'v (rp, Tr) =  e - T*8CC v f B v e •"* sec y> dtv . (3.37)
o

From  formula (3.36) it follows, inter alia, th a t th e  in tensity  of 
radiation emerging from the surface of the photosphere a t an angle 0 is

C OI  AO, 0) = / 7Ive - ^ scc0secO dTv , (3.38)
o

since tv =  0 a t the boundary of the photosphere.

4. The averaging of flic equations of transfer over angles. Let us now
consider the question of the averaging of the equations of transfer of 
radiation. From the m athem atical poin t of view, both the theory of 
the radiative equilibrium  of stellar photospheres and the theory of 

2 Astrophysics
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absorption lines (which we shall diseuss in Part II) are very complicated. 
One of the m ost serious difficulties is th a t, in solving the problem , it 
is neeessary to take account of the  change of in tensity  of radiation with
direction, i. e. as a function of the  angles 0 and xp a t eaeh poin t of the
photosphere. If especially high accuracy is not required in the final 
results, it is possible to introduce some simplifying assum ptions concern
ing th e  quantities /„(0)and / ' ( ip), by averaging them  over direction. 
Where possible, we shall estim ate the  error due to averaging by comparing 
the results obtained w ith those of a more rigorous trea tm en t of the 
appropriate problems.

We repeat the  equations (3.12) and (3.17):

0 <  0 <  i re, eos 0 d l v (0)/drv =  I v(0) — Bv , (3.12)

0 <  y> <  i n  , cos xp dl'v(ip)ldrv =  — / '  (ip) +  B„ . (3.17)

M ultiplying both sides of these equations by 1/2rr and integrating 
over the corresponding hem isphere, we obtain

0 <  0 <  1-71 , c£  j  I  v(0) eos 0 =  j  I  AO) -  Bv , (3.39)
2n

I ’AW) =  -  f  +  B v , (3.40)
2n

ip <1 I n d
dr.

since Bv is independent of 0 and ip. We now remove eos 0 and eos ip 
from under the sign of integration in (3.39) and (3.40), using the theorem  
of the m ean and denoting the ir average values by eos 0 and eos \p\ it 
is elear th a t, sinee I v{0) and lAy>) depend on r„, eos 0 and cos xp will 
in general depend on r„ also. However, assuming as an  approxim ation 
th a t these two quantities are constant, we find

where

and

D d l vjdrv — /„ — B v , (3.41)

xp d / '/d r„  =  — / ' + / ? „ , (3.42)

=  /  i . m  l!"
2.-I

(3.43)

K  =  J  K W ) d“
Qj i

(3.44)

are the mean intensities over the corresponding hemispheres.

In order to  find the intensities /„ and / '  from equations (3.41) and 
(3.42), we m ust determ ine eos 0 and eos ip. N either of these quantities 
is a simple .average of the eosinc of the angle over the corresponding
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hemisphere*. According to (3.39) and (3.40) the average values of eos 0 
and eos y> are weighted means with weights 1,,(0) and / '  (ip) respectively. 
H ence the  determ ination of eos 0 and cosy  m ust be performed taking 
account of the  general properties of the radiation field in a stellar photo
sphere. For this purpose we abandon, for the m om ent, the, division of 
the radiation field into two hem ispheres and the averaging of the in ten 
sities, and reckon 0 as varying from 0 to ti. In  this ease the  equation of 
transfer m ust be taken in the form (3.12). M ultiplying the la tte r by 
eos Oj4,-r and in tegrating over the whole sphere, we obtain

d
dr.

I  AO) eos2 0 J  I AO) c o s f l j " J  B v eos 0 (3.45)

Since B v is independent of 0, it is easy to  see from (2.S) th a t the second 
term  on the right of (3.45) is zero. We next introduce the quan tity

A\. =  /  I  AO) cos2 0 J "  . (3.46)
4n

Taking into account the definition of the flux (2.5), we have from (3.45)

dA\ _  U¥_
dx, 4 (3.47)

This equation is exact, and does no t involve any approxim ation. We 
can use it  to  determ ine the quantities eos 0 and eos ip, by expressing 
K t, 11 v and J v (introduced in (3.15)) in term s of m ean intensities. Taking 
first K v, we find from (3.46) and (2.8)

K, = J  l v(0) eos2 0 = I f  ly{0) eos2 0 sin 0 d0
4i 4:7 0

271 71 
=  I  { J  I  AO) eos2 0 sin 0 dO +  J  I  AO) eos2 0 sin 0 d O )

0 i-i

 ̂71 2 71 
=  |  { J  l y (0) eos2 0 sin 0 dO +  J  / ' (y») eos2 y> sin ip dy } 

o o
in %n

— 2 { l y  (0) j  cos2 0 sin 0 dO +  l'y (ip) J  eos2 ip sin y> dip } , (3.48)
o o

\n
* The simple average of cos 0 is J  cos 0 ^  =  i> an(l cos ip is the same.

____    o
Putting cos 0 — cos ip =  r, we obtain a very crude approximation known as 
Schwarzschild’s approximation.
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where I y (0) and / '  (y>) are the mean values of the intensities in the 
corresponding hemispheres, according to  the theorem  of the mean.

If we assume th a t these mean values are equal to the  corresponding 
means in equations (3.41) and (3.42), and calculate the integrals in the 
last braces in (3.4S), each of which equals we lind

A\ =  -,}(/„ +  / ; ) .  (3.49)

By an exactly similar m ethod we can calculate //„ and J  y from (2.5) 
and (3.15):

II v =  I y —  l ‘y , (3.50)

j v =  * ( / , + / ; ) .  (3.5i)

Thus our main simplifying assum ption is th a t in calculating K v, II y and 
J y we assume th a t in all th ree eases the mean intensities I v (0) and 
7' (yd arc equal to the corresponding mean values I,, and 7' in the 
equations (3.41) and (3.42).

We could have arrived a t the same expressions (3.49) to  (3.51) and the 
same equations (3.41) and (3.42) by assuming from the beginning th a t 
in their respective hemispheres the intensities I v(0) and / '  (w) are inde
pendent of direction. In this ease (see Fig. 7), we have

0 <  0 <L \ ti , I v(0) = I y , (3.52) 
0 < y > <  17i, I'y(y>) = l'v . (3.53)

Comparing (3.49) and (3.51), we find 
th a t

J v =  3 K y , (3.54)

and from this the  equation (3.47) 
takes the form

d J J d r ,  =  ] IIV . (3.55)

From (3.50) and (3.51), this equation 
m ay also be w ritten

d ( / r +  /;)/dT, =  2 ( / , — / ; ) .  (3.56)

Making use of the fact th a t the  properties of the radiation field in 
the upper hem isphere cannot differ essentially from those in the lower 
hemisphere, we assume th a t in equations (3.41) and (3.42) the means 
of the cosines are equal to each other. This is our last sim plification:

eos 0 =  cos y> — a . (3.57)

Consequently equations (3.41) and (3.42) take  the form

a dI y/dTy =  I y —  By , 

a d / ' / d r v =  —  / '  +  Bv .

(3.58)

(3.59)
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Adding these, we have

a d (/„ +  I'r)/dTr =  I r —  l'v . (3.00)

Finally, comparing (3.00) and (3.50), we find th a t a — 5, and thus our 
equations of transfer for the mean intensities take the final form

3 d I rl&Tv =  /„ — B v , (3.01)

- d / ; /d r ,  =  — / ;  +  B v . (3.02)

The solution of these equations can be w ritten down im mediately. In 
fact, from a formal point of view, the last two equations can be considered 
as equations (3.12) and (3.17) with cos 0 =  cos ip =  5. Since the solution 
of equations (3.12) and (3.17) is given by formulae (3.30) and (3.37), the 
solution of equations (3.01) and (3.02) is

OO
I r =  e$** f  B . e - V ' l d t f , (3.63)

Tv
/ ;  =  e - 2 Tv [  B v e l lv I d tv . (3.04)

0

Chapter 4. The theory of radiative equilibrium for 
an absorption coefficient independent 

of the frequency

1. The variation of the tem perature with depth iu the photosphere. In  the
present chap ter we shall consider the case where the absorption coeffi
cient a t every depth  within the stellar photosphere is independent of 
the frequency. M atter which has this p roperty  is called grey material. 
I t  must be rem arked a t  once th a t the case in question is very often 
extrem ely far from reality. Even in stars of the S un’s type, where the 
deviation from “grevness” is least, the absorption coefficient, as we 
shall see later, varies noticeably with frequency. Nevertheless, the study 
of the properties of a photosphere with x v =  y. =  constant is of great 
interest in m any respects. F irstly , in this case we can m ost easily 
estim ate the error involved in the  averaging of the intensities / „(0) 
and I[.(y>) and their replacem ent by the quantities /,, and / ' .  Secondly, 
the case where x r =  x  — constant is in itself a standard , comparison with 
which makes it possible to estim ate the dependence of x v on the fre
quency. Finally, the case x.v — x  was historically the first to be considered, 
and with it began the developm ent of the theory of radiative equilibrium.
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L et u.s consider first the question of the tem peratu re d istribution in 
the photosphere. Since the absorption coefficient is independent of the 
frequency, i. e. the condition

y.„ — x =  constant (4.1)

holds, we can write for the optical depth

d r  =  xn dh . (4.2)

The condition of radiative equilibrium  (3.16) takes, by virtue of (4.1),
the form

II*■5 (4.3)
where

CO
J  =  j  J t, d r (4.4)

and
0

CO
B  =  f  B r d r  . (4.5)

o

Replacing the  differential d ry by d r  in the equations of transfer 
(3.61) and (3.62) and integrating both equations over the frequency from 
r  =  0 to r  =  co, we obtain

• |d / / d r  — I  — B , (4.6)

I d / '/ d r  =  —  I'  +  B ,  (4.7)
where

O O  CO

/  =  /  /„  d v  , and I '  =  J  I'r d r  . (4.8)
o o

In tegrating  the equations (3.50) and (3.51) over the frequency between 
the same limits, we find

/ /  =  /  —  / ' ,  (4.9)

(4-10)

We now add (4.6) and (4.7), taking account of (4.9) and (4.10). We then 
obtain

dJjdr  =  I I I  . (4.11)

N ext, replacing the  quan tity  J  by B  in accordance with (4.3) and taking 
account of th e  constancy of the flux II  w ith depth , which we proved in 
C hapter 3, we can in tegrate equation (4.11), and this gives

B  — J Hr  +  B0 , (4.12)
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where B 0 is a eonstant of integration, which we can determ ine as follows. 
Since a t the  boundary of the  star, where t  =  0, the  incident radiation 
vanishes, we have from (4.9)-

H =  I 0 . (4.13)

N ext, for r  =  0 we have according to  (3.63)

OO

( I X  =  j , (4.14)
o

or, integrating over the whole spectrum ,

OO

I 0 =  f  B e ~ V  f  df . (4.15)
o

Identifying (4.13) and (4.15) and introducing in the integral the solution 
(4.12), we have

OO

H =  J  (-J H t  +  B 0) e - l l I-d t  , (4.16)
o

where we have taken  account of the fact th a t the function B  in the 
integral depends on the variable of in tegration t. N ext, replacing the 
q uan tity  'it in (4.16) by x, and using the  general relation

OO  C O  OOJ e~x dx  =  j x e r z dx  =  J x dx  =  . . .  =  1 , (4.17)
o o o

we find a t once
B 0 =  {- H  . (4.18)

Consequently, according to (4.12) and (4.IS),

B  =  i -H(  l +  | r ) .  (4.19)

We m ust now transform  this to  give the tem perature. According 
to the theory  of therm al radiation,

OO

Ti B  =  7i j B v d r  — cr T A , (4.20)
o

where a is a constan t equal to  5-672 x  10-5 erg em -2 sec-1 degree”4. We 
now introduce w hat is called th e  clTcclivc temperature T e of a star. 
I t  is defined in term s of the flux, as follows:

Til l  =  a T *  . (4.21)
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Thus the  product a T eA gives the num ber of ergs em itted  in one second 
in all directions and over the  whole spectrum  by one square centim etre 
of the surface of the star. The introduction of the effective tem perature 
by means of the  relation (4.21) has a somewhat formal character. I t  is 
related to our previous rem arks on the fact th a t stars rad ia te from their 
surfaces in accordance with P lanck’s Law (3.11). The effective tem 
perature defines, in some sense, the  mean temperature of the stellar 
photosphere and. by means of the  relation (4.21), the  total flux of 
radiation*.

By virtue of (4.21) the absolute bolomctric luminosity of a star of 
radius R  is

L =  + ti R-  X Till  =  4 7i R 2 X a T *  . (4.22)

Introducing now (4.20) and (4.21) into (4.19), we find

T l =  I 7'e4(l +  2 r) . (4.23)

I t  follows from (4.23) th a t the  boundary tem peratu re T 0 of the pho to
sphere, corresponding to x =  0, is determ ined by the  relation

7’04 =  I T *  . (4.24)

From  this it follows th a t T 0 =  0-S41 T e.
Moreover, we find from (4.23) th a t a t the level r  =  |  the tem perature 

of the  photosphere is equal to the  effective tem perature.
Before drawing fu rther conclusions based on the application of (4.19) 

or (4.23), we shall estim ate the  accuracy of these formulae, 'flic theory 
of radiative equilibrium  for the ease of grey m aterial is relativefy simple, 
and thus it has been possible in this case to m ake considerable progress 
m athem atically, w ithout the  introduction of auxiliary simplifying as
sum ptions.

The m athem atical analysis shows th a t, in the  case considered, the 
exact relation between T 0 and T e is

7’o4 =  , (4.2f>)

from which it follows th a t 7’0 =  OS1I T e. Moreover, S. Chandra
sekhar, using the m ethod of successive approxim ations developed b}' 
himself [29], has found in the fourth  approxim ation, which is practically 
exact, the following dependence of B  o n r :

Ii =  t  H  (r +  0-70692 — 0-0S392 e- 4'45S0Sr —
— 0-03619 e - 1 ■5!M78r — 0-00946 e " 1'10310') , (4.26)

and the relation (4.26) is satisfied here also.
* Of course, its spectral distribution may deviate quite considerably from 

the Planck distribution (3.11) with temperature T — T .
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In  order to compare the approxim ate solution (4.23) with the solution 
(4.26), we give (Fig. S) the increase of T  w ith r, calculated on the 
basis of formulae (4.23) and (4.26) for a star with Te =  10,500°. A com
parison of the two curves shows th a t for m any practical purposes we 
can restric t ourselves to 
the approxim ate solution 
(4.23). On the o ther hand, 
this approxim ation really 
depends only on the 
averaging of the in ten 
sities over direction. Con
sequently, it m ay be sup
posed th a t this process of 
averaging the  intensities 
is suitable for m any p rac
tical purposes in the more 
general case also, where 
the absorption coefficient 
depends on the frequency.
This supposition is confir
med bv the corresponding 
numerical calculations.

2. The law of darkening of the star’s disc towards the limb. Let us
now consider the application of the form ulae (4.19) and (4.23) which 
we have derived. We shall exam ine the dependence on direction of the 
radiation emerging from a star. Even a d irect observation of the Sun’s 
disc or of a photograph of it shows a decrease of the  brightness of the 
Sun’s light from the centre tow ards the limb. This is easily explained 
qualitatively.

We first write down the general expression for the intensity  of radiation 
emerging from the surface of the Sun (or star) a t an angle 0. According 
to (3.3S), this in tensity  is, by (4.1) and (4.2),

r<o

1,(0, 0) =  /  B,  e- t  Bec 0 sec 0 d< , (4.27)
o

since a t the boundary of the s ta r t„ =  r  =  0.

The expression (4.27) can also be rew ritten

0 7  C O

I r ( 0 , 0 ) =  f  B„ e ~ l BCC 0 sec 0 d< J  e ~ ‘ B0C 0 see 0 d< , (4.28)
6 o

since the denom inator in (4.28) is equal to unity .



Chapter 4. Absorption coefficient independent of frequency26

Thus the  intensity  7V(0.0) m ay he regarded as a weighted mean of 
the quan tity  I t  also follows from (4.2S) th a t, the  larger see 0, the 
smaller the optical depths from which radiation reaches us. In  fact, 
even for small t considerably less than  unity , th e  product t see 0 for 
0 -» i 7i becomes so large th a t the radiation from these dep ths does not 
emerge from the  Sun a t all (owing to  the  effect of the factor r l,tc °). 
And since B y increases with t, the  radiation coming from the centre of the 
disc (0 =  0) reaches the  surface from ho tte r (i. e. deeper) layers than  
th a t  coming from the  outer parts  of the disc. For this reason the 
inequality

/„(0, 0) <  I v(0, 0) (4.29)

m ust always hold.

In  particular, it follows from (4.28) th a t, a t  th e  limb of the S un’s 
disc, where 0 -> -J- n  and see 0 oo, we have (independently of the 
absorption coefficient)

/„ a .T , 0) ^  B V(T0) .  (4.30)

L et us now consider th is question quan tita tively , taking first the  to tal 
radiation. To do this, we in tegrate (4.27) over v from 0 to  oo. We find

OO

1(0,0) =  f  B  e~l sec 6 see 0 di . (4.31)
o

Substitu ting  (4.19) in (4.31) and effecting the  integration involved (re
placing c see 0 by x), we obtain

1(0, 0) =  I- / / ( l  +  I  eos 0) . (4.32)

A t the centre of the disc, where 0 =  0,

/(0 , 0) =  |  • I- H , (4.33)
whence

1(0, 0) =  7(0, 0) (1 — £ +  I  eos 0) =  7(0, 0) (1 — « +  tt eos 0) , (4.34)

where u =  3/5 =  0.60.

Observations, on the  whole, confirm the law (4.34) and give u 0-56. 
L et us now consider the law of darkening tow ards the limb for radiation 
of w avelength A. Since observers commonly use a wavelength scale, we 
rew rite (4.27) as follows:

OO

I x(0,0) =  /  B x e -1 Bec 0 see 0 d< . 
o

(4.35)
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The transform ation from B v given by formula (3.11) to Bx is effected 
as follows. Since the  quan tity  of energy em itted  by any source in a 
given spectrum  in terval is independent of the  scale used, we m ay write

B v | di- | =  B x | d?. | , (4.36)
and since

II (4.37)
we have

| d r  | =  c | dA | / A2 . (4.3S)

Using (3.11), (4.36), (4.37) and (4.3S), we obtain

_ 2 h c 2 1 
x A5 exp (hcjkhT) — 1 (4.39)

Introducing now (4.39) into (4.35) and using (4.23), we have

^ ( 0 ,0 )

oo
c" 1 sec 0 sec 0 dt___

exp [hcjk?.Te(\ +-J0*] — 1
(4.40)

The integral in (4.40) m ay be calculated by numerical integration. Such 
calculations lead to  the  following results:

(1) The darkening to the limb increases w ith decreasing wavelength. 
In  particular,

lim
X —► 0

l x (\ :r, 0) _
/* ( ° ,o r

lira
X —► oo

h  (2 °)
h  (0 , 0 )

0-817 , (4.41)

where i A(0,0) is the in tensity  of radiation coming from the centre of 
th e  Sun’s disc, and l x{^n,0)  is the in tensity  of radiation coming from 
the  extrem e limb.

(2) The agreem ent of the above theory w ith observation is on the 
whole satisfactory ; the greatest deviation does no t exceed 10 to  15% , 
and on the  average it is considerably less.

3. The continuous spectrum of the star. In  order to  m ake sure of 
the correctness of our original assum ptions, the agreem ent between the 
theory  and observations of the  darkening law is not in itself sufficient. 
We m ust also compare the theoretical and observed distribution of 
energ\r in the continuous spectrum  of the  Sun and of the stars. This 
we can do in two ways. For the  Sun, we can study  th e  d istribu tion  
of energy in the  continuous spectrum  of any point of its disc. The theo
retical d istribu tion  of energy in the  continuous spectrum  will be de ter
mined in this case by the expression (4.40). in  fact, having fixed some 
value of 0 in (4.40), we can study  the variation of I x{0,0) w ith wavelength 
for this 0. For the stars, however, this m ethod is inapplicable, since
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we eannot distinguish the ir discs, and only the  to tal radiation sent ou t 
by the entire dise of the s ta r in question is m easured. Let us now calculate 
this radiation, assuming th a t the observer is located sufficiently far from 
the star.

The distance of any point on the dise of the s ta r from its centre is 
denoted by r. Then the area of a concentric annulus of width d r and 
radius r is

d*S =  2 n r d r . (4.42)

N ext, let. the radiation emerging from this annulus in the direction of 
the observer have an in tensity  7,,(r,0) (Fig. 9). Then this annulus sends 
to the observer in tim e dt the following qu an tity  of energy:

d E v =  '1 n  r /,, (r, 0) d r d r  d< AQ , (4.43)

where AQ  is the solid angle subtended a t the  star by the observer’s 
receiving apparatus. According to (4.43), th e  q uan tity  of energy sent 
to the  observer by the whole disc of the star is

it
A E v =  d v d t  AQ2?i f I y (r, 0) r d r , (4.44)

o

where R  is the  radius of th e  star. Taking aecount also of the obvious 
relations

r — R  sin 0 , d r =  R  eos 0 d 0 , (4.45)

we obtain

A E V =  d r  dt AQ  2n R 2 J  0) sin 0 cos 0 dO
o

=  R 2 7i(lf,,)0 d r  d< AQ . (4.46)

Thus we receive from the  d is tan t s ta r  radiation whose spectral com
position is determ ined by the flux a t its surface; the  m agnitude of th is 
flux is denoted by 7i(II,,)0.
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[f we now divide the expression (4.46) by rr R 1 2 (the area of the 
s ta r ’s disc) and by the  product d r d /  AQ,  we shall evidently obtain the 
mean in tensity  /„ of the radiation coming from the  d istan t star. 
According to (4.46) we shall then have

U  -  ("Jo - (4.47)

i. e. the  mean in tensity  /,, equals th e  flux (tc IJv)0 divided by 71.
.T o  calculate (rr //,.)0 " 'e  can again use the  approxim ate expressions 

of the last chapter. According to (3.50),

( " J o  =  (A)o . (4-48)

since a t the boundary l\. =  0. Consequently, introducing (3.63), we 
obtain

OO

A  =  ( " J 0 =  [  1<U,, (4.49)
6

or, in the  ease of grey material,
C O

/ ,  =  (" ,)„  =  [  B „ e - P  I d t  . (4.50)
6

The expressions (4.49) and (4.50) give the  theoretical energy distribution 
in the  continuous spectrum  of d is tan t stars.

Transform ing now to  the wavelength scale, and using (4.50), (4.39) 
and (4.23), we find

C O

f  2 h d  f  e - 1  * 3 d< , , r i ,i i  =  ., / - . (4.ol)
'■ J  cxP [Ac/*/.7,e(L + 0 — 1

On fixing a definite value for 7'e, corresponding to the  s ta r in question, 
we can, as in the  case of (4.40), find th e  dependence of the  stellar (or 
solar) continuous spectrum  radiation on w avelength. The appropriate 
calculations show th a t the theoretical energy distribution in the conti
nuous speetrum  of a s ta r having a given effective tem peratu re T e is 
very close to the Planck d istribution (4.39) for the same effective tem pe
ra tu re  T t . The m ost im portan t deviations of the law (4.51) from the 
Planckian one (4.39) for the same T e are the following:

(1) The curve obtained from (4.51) is slightly displaced in the direction 
of short w avelengths, com pared with the pure Planck curve (4.39).

(2) In the far u ltra-violet region of the spectrum  the  Planckian cha
racter of the law (4.51) disappears, and I x is considerably greater than  B x
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calculated from formula (4.39) for the same X and Tt . This la tte r  devi
ation progressively increases with dim inishing X.

Generally, in the  observed part of the  spectrum  of an}- star, the 
theoretical energy distribu tion  given by (4.51) m ust approxim ately 
coincide with the Planck d istribution (4.39), if the param eter T  is taken 
equal to the effective tem perature Te of the star. This result also m ust 
be compared with observational data , and we shall be in terested  only 
in the  relative distribution of energy, i. e. the dependence of the intensity 
of the  stellar (or solar) radiation on the  wavelength.

In  order to be able to  describe quan tita tively  the energy distribu tion  
in some w avelength interval, we introduce w hat is called the colour 
tem perature. We find the value of the tem peratu re T  — T c for which 
the relative in tensity  d istribu tion  calculated from P lanck’s formula (4.39) 
best represents the observed in tensity  d istribu tion  in th is interval in 
the s ta r ’s spectrum . This tem peratu re is called the colour tem perature 
of the  s ta r [97], In  the  continuous spectrum  of a black body of tem pe
ra tu re  T, we have in any p a rt of the spectrum  T c =  T. On the other 
hand, for non-blaek radiation the  param eter T c m ay vary  considerably 
with the  w avelength in terval for the  same source of radiation.

L et us now tu rn  to  the  observations, and consider first the rad iation  
sent out by th e  whole disc of the  Sun. According to  existing obser
vational data , the  continuous spectrum  of this radiation in the  interval 
4500 to  7000 A can be approxim ately represented by a Planck curve 
w ith T c =  7000° to  7200°, while the  effective tem perature 1\  of the 
Sun is 5710°. There is an even greater divergence between Te and T c 
for stars of non-solar type.

The spectra of cool stars of classes M to N are so d istorted  by mole
cular absorption bands th a t the  introduction of the  colour tem perature 
in these eases often proves to be quite meaningless.

Moreover, another phenom enon is observed in the in terval of spectral 
classes from G 0 to  B 0. H ere the  in tensity  of the continuous spectrum  
has a discontinuity  a t the  lim it of the  Balm er series (X =  3640 A). Thus, 
for instance, in stars of class A 0 the intensit}' of radiation a t this 
w avelength suddenly diminishes by a factor of th ree as we pass tow ards 
shorter wavelengths. The q uan tity  T c up to  the lim it of the  Balmer 
scries is different in value from th a t beyond. In  particular, for these 
stars of class A 0 the value of T r beyond the series lim it is approxim ately 
11,000°, while up to the  series lim it, i. e. from X =  3646 A tow ards 
longer w avelengths, the colour tem peratu re in general varies with 
w avelength, being on the  average 14,000° to 17,000° ; the effective tem pe
ra tu re  of an A 0 class star, however, is close to  10,500°.

Thus there is a difference between Tc and T e for all stars. Hence 
it follows th a t the theory explained in the p resent chap ter m ust be
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modified in some way, especially since the presence of a discontinuity 
a t the  limit of the  Palm er series in the spectra of early-type stars is 
quite unintelligible from the standpoin t of this theory (see C hapter 6).

F u rth e r developm ent of the physics of stellar atm ospheres has shown 
th a t the chief cause of these discrepancies is the incorrectness of the 
assum ption th a t the  absorption coefficient is independent of the fre
quency. In  fact, the  analysis of the physical conditions existing in stellar 
atm ospheres shows th a t the absorption coefficient m ust vary  with the 
frequency (or wavelength). W here this variation is least, the agreem ent 
between the theory with x v =  x  =  constant and the observations should 
be best. In  particu lar, the agreem ent between the theory  considered 
and the observations regarding the darkening to the  Sun’s limb indicates 
th a t in the Sun’s photosphere the deviations from x v =  x — constant 
are not large.

In  connection with w hat has been said above, we m ust consider 
the theory of radiative equilibrium for an absorption coefficient de
pending on the  frequency. However, before doing so, we m ust acquaint 
ourselves w ith some subsidiary topics relating to the absorption coeffi
cient.

Chapter 5. The coefficients of continuous absorption

1. The chemical composition of stellar atmospheres. The question of 
the chemical composition of stellar atm ospheres is im portant, for the 
following reasons. Physical theor\r, confirmed by experim ents, shows 
th a t the absorbing power of any m aterial depends on the physical con
ditions in which the  m aterial is placed. I t  also appears th a t the absorbing 
power and its dependence on the physical conditions are different for 
different chemical elements. Hence the resulting absorption coefficient xv, 
determ ined by the  chemical composition of the whole photosphere, will 
depend m arkedly on the relative content of various elements in the 
photosphere of the  star.

The chemical composition of stellar atm ospheres is determ ined from 
a study  of spectral lines; this topic will be considered in detail in P a r t II . 
H ere we shall give some of the results, prefacing them  with some necessary 
rem arks.

The accum ulated relevant astrophysical data  indicate th a t the 
chemical composition of the atmosphere is approxim ately the same for 
the  great m ajority  of stars. S tarting  from this fact, it is possible to 
give a fully satisfactory explanation of the variations in the spectra 
of stars along the spectral sequence, assuming a change only of the 
physical conditions in passing from one sta r to ano ther; agreem ent



Chapter 5. The coefficients of continuous absorption52

between theory  and observation ean, indeed, be attained  not only quali
ta tively , bu t also quan tita tively . The identity  of the chemical compo
sition of the atm ospheres of various main-sequence stars has recently 
been confirmed by a study of spectral lines (absorption lines). I t  is 
true  th a t in some eases the chemical composition differs from the (so 
to speak) ‘ s tan d ard ’' chemical composition. Deviations from this com
position exist, apparently , in the atm ospheres of cool stars where the 
bifurcation of the spectra into the M-braneh and the li-N -branch 
occurs. Moreover, these deviations are considerable for W olf-Rnvct 
stars (carbon and nitrogen series) and for a num ber of stars with, pecu
liar kinds of spectrum . However, we are not considering these stars a t 
present, and we shall take as a starting  value for the chemical com po
sition the standard  composition, using for this the results obtained for 
the .Sun, whose chemical composition has been the most carefully and 
com pletely studied.

Since the density of m aterial in the atm ospheres of different stars 
is in general different, we shall have to speak of the relative chemical 
composition, i. e. of the percentage content of different elem ents in the 
stellar atm osphere. The relative content ean be defined in two ways: 
(1) by taking the content of some elem ent as unity  and the content 
of the  rem aining elem ents relative to this elem ent, (2) by taking the 
content of all elements as 100 % (or as unity) and giv'ing the con ten t 
of each element in per cent (or in fractions of unity).

The relative content m ay be given either by number of atoms or by 
mass. Let there be in I em 3 of the stellar atm osphere atom s of the 
first elem ent, n.2 of the second element, etc. Then the relative content 
of the sth  elem ent by number of atom s is

or, in the second ease,
«. =  «./«!

« ,(% ) = +  ?t, + + «, +  • x 100

(5.1)

(5.2)

I f  the mass of one atom  of the first element is m v  the  mass of one 
atom  of the  second m„, etc., then  the relative content of the .slh elem ent 
by mass is

a, =  n, m jtiy  , (5.5)

or, as a percentage ratio,

«.(% ) = «i wq +  n2 w2 +  . . .  +  n >n + X 100 (5.4)

We m ust now make the following rem ark. In  specifying for any star 
the quantities a„(ora„), we suppose th a t this chemical composition is 
the same for all layers of its atmosphere, i. e. the quantities a, and a .
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do not ehange with dep th  in the photosphere. A num ber of facts indicate 
th a t this assum ption is quite sound, i. e. th a t in stellar atm ospheres 
there is complete mixing of the  atom s of different elements. For instance, 
an analysis of the conditions in the  solar eorona has led I .  S. S i i k x o v s k i ! 

and other authors to the  conclusion th a t the  ehemical composition of 
the solar corona is practically  the  same as the average composition of 
the chromosphere and of those layers of the solar atm osphere where 
absorption lines are formed (i. e. the  photospheric layers). Since the 
ex ten t of the layers of the solar eorona where its ehemieal composition 
has been studied (the inner corona) is extrem ely great (about 200,000 km), 
it is in the  highest degree im probable th a t any significant ehange in 
ehemieal composition eould be observed inside sueh a th in  layer as the 
S un’s photosphere (whose thickness is 100 to 300 km).

After this short introduction, we give a table whieh shows, for a 
series of celestial objeets, th e  logarithm s of the  quantities ns. The 
value of log,0 is arb itrarily  taken  in this tab le  as 10 (O S for r  Scorpii).

Table 1

Element Sun r Scorpii Planetary
nebulae

Interstellar
gas

H 1 0 0 9-8 ( 1 0 0 1 0 0
He 9-30 (?) 9-11 ! 9-3
C 0-89 60 61
N 7-08 6-4 71
O 6-65 6-8 7-3
Xa 4-33 4-4
Mg 5-57 5-6
Ca 4-46 50
K 3-01 3-6
A1 417 4-3
Si 512 5-6
Fe 5-62*
Cu 2-80
Zn 2-52
Sr 0-88
Ba 0-38
Hg 0-9S

i

* The results of different investigators regarding the content of iron are still 
quite considerably divergent.

f  The most recent determinations give much smaller values of « for helium, 
of the order of 0-05; see Chapter 15.

A consideration of this table enables us to draw  the  following 
conclusions:

(1) The preponderant elem ent in stellar atm ospheres (and also in 
p lanetary  nebulae and in the in terstellar gas) is hydrogen. There are 
approxim ately ten  thousand times as many hydrogen atom s in ste llar

■1 Astrophysics
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atm ospheres as there are atom s of all the  m etals together. A fter hydrogen 
come helium, the atom s of the light elem ents C, N, 0 , and  finally the 
metals.

(2) The chemical composition of the  p lanetary  nebulae and  of the 
in terstellar medium is practically  the  same as th a t of the  solar and 
stellar atm ospheres. This points to th e  iden tity  of the  chemical compo
sition of th e  m ajority  of celestial objects.

2. The excitation and ionisation of atoms. We now tu rn  to the 
question of the  excitation and ionisation of atom s. For th e  sake of clarity  
we shall use the term inology of B ohr’s theory, and go over to quantum - 
mechanical concepts only where necessary.

Since it is necessary to introduce some term inology and notation, 
we recall briefly the basic postulates of th is theory. In  the  absorption 
of a quantum  h v ik, an  electron passes from an inner orbit i (a lower 
energy sta te  of the  atom ) to  an outer orbit k (a higher energy state). 
This process is called excitation of the atom . As a resu lt of excitation, 
the internal energy of the  atom  increases by h vik, so th a t

£it —  £i =  h vik , (5.5)

where sk and are the internal energies of th e  atom  corresponding to 
the electron’s being in the orbits k and i  respectively.

As is custom ary, we shall use a convenient scheme of energy levels 
corresponding to the different possible sta tes of the atom . Since we are 
in terested  only in the energy difference, we can ascribe an energy of 
zero to the  lowest level. The energy necessary to transfer an electron 
from the lowest level to some given level is called the excitation potential 
of th a t level. Consequently, with the above-m entioned choice of the 
zero-point, the  energies e{, sk, etc., which we have introduced are to 
be identified with the  excitation potentials of the corresponding levels.

H itherto  we have spoken of the  transition  of an  electron from an 
inner orbit to an outer one (the excitation of an  atom ). The reverse 
process, i. e. th e  jum ping of an  electron from an outer orb it k to an 
inner one i is accompanied by the  emission* of a quantum  h vik in 
accordance with the condition (5.5).

We now recall the basic postulates of the theory  of ionisation of 
atoms. The separation of an electron from an atom  (or ion) is called 
ionisation of the atom  (or ion). As a result of single ionisation of a neutral 
atom , a positively charged ion and  a free electron are formed. In  double 
ionisation, the atom  loses two electrons, and so on. The converse process 
to ionisation is called recombination. As a result of recom bination, a 
positively charged ion reunites with a free electron. This leads to the

* Except in a collision of the second kind; sec below.
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form ation of an ion whose degree of ionisation is one less than  before 
the  recom bination. If th e  recom bination takes place between a singly 
ionised atom  and an electron, we obtain a neu tra l atom . The recom bina
tion of a neutra l atom  w ith an electron is also possible, and then  a 
negative ion is formed.

A neutral atom  of any elem ent is distinguished by adding to the 
symbol of the  elem ent (on the right) th e  Rom an figure I, for exam ple: 
Ca I. For a singly ionised atom , two kinds of notation ean be used: 
(1) a plus sign is placed above and to  the right of the  symbol of a chemical 
elem ent; (2) the  Rom an figure I I  is plaeed to the  right of the sym bol; 
for exam ple: Ca+ or Ca I I .  In  the ease of a doubly ionised atom  of 
any elem ent, two plus signs are placed above the symbol of the clement, 
or the Rom an figure II I  to the  right of it; for exam ple: Ca++ or Ca I I I .  
This symbolism is continued for higher sta tes of ionisation. The seeond 
m ethod of w riting the ion (with Rom an figures) is in some eases to be 
preferred to  the first, whieh is very  inconvenient for m ultiple ionisation.

The detaehm ent of an  optieal electron from  an atom  (or ion) ean 
take plaee, in general, from any orbit. The energy required  to  detaeh 
an electron from the orbit with £ =  0, w ithout giving any kinetie energy 
to  the detaehed electron, is ealled the ionisation potential of the  atom . 
This potential will be denoted by %T. In  the case of a neutral atom  
r =  0, for a singly ionised atom  r — 1, and so on.

In  order to  know w hether the  neutra l or the ionised atom  is being 
discussed, it is convenient to add to  the  exeitation potential ek a symbol 
showing the degree of ionisation of the  atom  in question. In  o ther words, 
we write for instance 
£r,  k -

The energy ne
cessary to ionise the 
atom  from  any exci
ted  level is ealled the 
binding energy of 
this level. We shall 
denote it  by Zr, jt- I t  
is elear th a t we a l
ways have

Zt —  '/.T, k +  £r,

/

r
2 rr^v2

2

> "X-rk

hv *

•)

/> fr.k ■

■k{=4)

(5.6)
Ground level w ith  ( — 0

F i g . 10

The selieme of energy levels according to our nota tion  is represented 
in Fig. 10. We deliberately do not assign any  affix to  the  lowest level, 
sinee the quantum  num bers of this level m ay in general vary greatly. 

3*
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On th e  left of Fig. 10 is shown the case where the m agnitude of th e  
quantum  hv  absorbed by the  atom  is g reater than  yr, i. e. the  atom  
is ionised by radiation. In this case, besides the  detachm ent of the 
electron, a velocity v is given to  the  la tter, and it moves with kinetic 
energy A ine r 2. where the fundam ental equation of the photo-effect

h v =  Zr H- ™e v- (5.7)

holds, me being the  mass of the electron.
If  the ionisation takes place from some exeited level (i. e. a level 

with an energy greater than  th a t of the lowest level, where e — 0), 
then  instead of (5.7) we have

kv  =  Zr,k +  I me v- .  (5.8)

[This case is shown on the right of Fig. 10 — Translator.] In  recom bina
tion the electron m av fall into any level, and as a result a quantum  hv  
is em itted , the  equation (5.7) or (5.S) being satisfied.

Let us now consider the quan tita tive  form ulae describing the excita
tion and ionisation of atom s in a gas. In  doing so we shall for the  present 
use form ulae which are valid for thermodynamic equilibrium. The 
question of how these form ulae m ust be modified for application to  the 
conditions existing in stellar photospheres will be considered later.

We first exam ine the form ula which describes the exeitation of 
atom s. Let th e  num ber of r tim es ionised atom s in the  excitation sta te  lc 
contained in 1 em:i be vr> k. Also, let the num ber of these atom s in the 
excitation sta te  i contained in the same volume be nr< In  therm odynam ic 
equilibrium , B oltzm ann’s form ula holds:

n r , k  9r , k  'r . iW T=  - e
n r. i (h ,  x

(5.9)

where gr k and <jT t- are the statistical weights* of the  levels k and i, k is 
B oltzm ann’s constant and T  is the absolute tem perature. I f  the lower 
s ta te  i is the  lowest s ta te , then ^  =  0 and only ek rem ains in the exponent.

In  cases where only r  times ionised atom s are considered, r being 
fixed, the suffix r may be om itted . Tn this case

gk - U k - H)ikT 
e

7.
(5.10)

* The statistical weight (or degree of degeneracy) is the name given to the 
number of different states of the quantum system (the atom) corresponding to 
any energy level r;. It shows into how many terms the state considered would 
split if the degeneracy were completely removed (for instance, 1)3- means of an 
external magnetic field) or, expressed in the more rigorous language of quantum 
mechanics, how many linearly indej)endent eigenstates belong to the energy value 
considered. For hydrogen, the statistical weight is 2 n2, where n is the principal 
quantum number.
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The statistical weights and the energies er> k arc taken  from the theory 
of spectra.

The following im portan t rem ark m ust be m ade in connection with 
form ulae (5.0) and  (5.10). Since th e  difference between th e  energy of 
any exeited level and the  energy of th e  ground level is usually large, it 
follows from the  two form ulae m entioned th a t  in such eases the  m ajority  
of atom s are in the  ground (non-excited) sta te . Thus, for exam ple, the 
ra tio  of the  num ber of hydrogen atom s in th e  second s ta te  to  th e  num ber 
in th e  ground s ta te  a t  a tem peratu re  T  — 5700° is 4-2 x  10-9.

W e now tu rn  to  the  form ula for ionisation. L et th e  num ber of r 
tim es ionised atom s, in all possible exeited states, contained in 1 cm 3 
be nT (i. e. nr =  nr k). Also, le t the  to ta l num ber of r +  1 tim es

ionised atom s in th e  same volum e be nr + l . Then in thermodynamic 
equilibrium Saha’s ionisation form ula holds [16S, p. 83]:

nT + 1 ur + 1
-------Pe =nr r* Uf

2('2nme)Ul:Tf2
h?'~

-  XrlkT
e (5.11)

To ealeulate th e  ionisation, i t  is more convenient to  use Saha’s 
form ula in th e  logarithm ie form

, „ + i _, ur + 1
logio nT — l°6io Vr

i 5 i m 5040 +  t  logio T —  T- XT —

2(2 J i m , ) !  A* 
“  I<>gl0 Pe +  logio------ --------- (5.11a)

H ere -/r is expressed in oleetron-volts, and no t in ergs as in form ula (5.11).
In  form ula (5.11), pe is the  partia l electron pressure. I f  there are 

ne free electrons in 1 em3, then

Pe =  ne k T  . (5.12)

The q uan tity  uT is w hat is called the partition function of r tim es ionised 
atoms. I f  we allot th e  suffix 1 to  th e  ground s ta te  (for which e =  0) 
and begin the num bering of th e  successive levels from there, then  uT has 
th e  form

« r m  = 9 r, l  +  9r. 2 +  gr 3 +

+  . . .  = l 9 r . k e ^ . ^ T , (5.13)
* - 1

where gT k are the statistical weights of th e  sueeessive levels o f the  r 
tim es ionised atom . Very often the inequalities

e-'r.*l*T , e,~tT,$lkT , . . .  1 (5.14)
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hold. Ill this case the function ur ( T ) reduces to  the statistical weight 
of the ground level. If, however, the first excited level is less than  1 eV 
from the ground level (1 electron-volt =  1-602 X 10“ 12 erg), the  second 
term  of the sum (5.13) m ust also be taken  into account, and sometimes 
several term s. If, on the other hand, the excited level is 2 eV from the 
ground level, then it is necessary to take account of the second term  
of (5.13) only for fairly high tem peratures (T  >  10,000°)*.

The quan tity  ur + l (T) denotes the same function of the tem perature 
as ur(T), bu t for the  r +  1 tim es ionised atom . The factor 2ur + lfuT is 
generally of the order of un ity . A table of the ionisation potentials for 
various elements in various stages of ionisation, together with nom o
gram s for the em ploym ent of S aha’s form ula, is contained in A. U n so ld ’s 
book [1G8, § 23],

In  connection with (5.11) we can introduce w hat is called the degree 
of ionisation xr, which we define as follows:

x, =
«o +  «-i +  • • • +  ur +

(r =  0 , l , 2 , . . . )  . (5.15)

Thus the degree of ionisation gives the proportion of r times ionised 
atom s am ong the  to ta l num ber of atom s of the given kind.

I t  follows im m ediately from Saha’s form ula (5.11) th a t for a fixed 
pe the degree of ionisation of any element increases monotonically with the 
temperature T, and this increase is proportionately the more rapid, the 
g reater the  ionisation potential yT and the lower th e  tem perature T. 
For small xrfhT,  the ionisation increases com paratively slowly with T. 
I t  also follows from this form ula th a t when pe increases (for a fixed T) 
the ionisation decreases.

In  the m ajority  of cases encountered in practice, the  levels of 
successive ionisation states are so far ap art th a t only atom s in two 
neighbouring ionisation states, r and r +  1, can sim ultaneously exist 
in fair q uan tity  in a given volume in which pe is fixed. For instance, 
if neutral and singly ionised atom s exist in an  appreciable num ber, then 
the num ber of doubly ionised atom s will be negligibly small, and so on. 
Taking into account only two successive ionisation states, r and r 1, 
we can say th a t, if some proportion x  of the atom s are r +  1 times 
ionised, then the proportion 1 — x  will be r tim es ionised. Consequently, 
formula (5.11) can be rew ritten  as

I x Pe =  K r , (5-16)

* For a calculation of the sums u0 and a, at tenqxu-aturcs from 4900° to 
7300° and for various elements, sec W. J. Claas [33]. The convergence of sums 
of the form (5.13) is discussed in A. U nsold’s hook [KiS, p. 84],
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whore

and also

ur + l 2(2.™ ,)! (AT)2 
K ' =  n A* e

x =  nr + 1j?i , 1 —  x az nTjn .
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(5.17)

(5.18)

In  conclusion, we shall indicate an im portan t modification of formula 
(5.11). Very often the num ber of atom s in the ground sta te  is determ ined 
from observation (see P art II). For this case, formula (5.11) takes the 
form

V + i,i
n r ,  i

Pe
3r + 11 2(2.1 to,)! (AT)! "*r/*r 

9r,l V  *
(5.19)

The second suffix shows th a t the  r -|- 1 times and r tim es ionised atoms 
are in the  ground state.

3. The true absorption of radiation. Let us now pass to  the  question 
of th e  absorption coefficient. I t  is necessary to  m ake some in troductory  
rem arks.

The tem peratu re  d istribution in any region of a stellar photosphere 
is determ ined, as we have seen in th e  preceding chapters, by the  in te r
action between radiation and matter. In  particular, th e  processes of 
therm al conduction and convection play only a subordinate part in 
establishing the tem perature d istribution. P ractically  all the  thermal 
energy which is gained each second by any elem ent of m a tte r in the 
photosphere comes from the absorption of radiation. In  th is respect we 
shall a t present be interested only in those absorption processes which 
lead to the  conversion of rad ian t energy into therm al energy, and 
conversely, of therm al into rad ian t energy. The mechanism of the passage 
of energy outw ards from the interior parts  of the star am ounts largely 
to the operation of these processes.

It is implied with regard to  processes of th is kind th a t there is no 
direct connection between the absorbed and em itted  quanta. Each 
absorbed quantum  of frequency v is entirely  lost, and the therm al 
energy thereby gained by the m aterial of the photosphere is em itted in 
o ther frequencies a fte r some time. All this is reflected in the condition 
of radiative equilibrium (3.14), which asserts th a t the to tal am ount of 
energy absorbed in one second by unit volume (or mass) equals the to tal 
am ount of energy em itted  by th a t volume in the same time.

Absorption in which the energy absorbed is converted in to  therm al 
energy (with subsequent rc-cmission in other frequencies) we shall call 
true absorption (as d istinct from scattering, of which we shall speak later). 
In order to make clearer what has been explained above, we give two 
exam ples of true absorption.
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(1) Suppose tha t photo-ionisation has taken place from some orbit k 
as the result of the absorption of a quantum  h r  by the atom . The 
detached electron thereby acquires a velocity v in accordance with 
formula (5.8). H aving undergone a great num ber of collisions with o ther 
particles (chiefly with electrons; see Chapter 8). i t  will finally be captured 
by some ion, i. e. recom bination will take place. The frequency of the 
quantum  then  em itted will, in general, be different from the frequency 
of the  absorbed quantum , since the velocity of the electron a t the m om ent 
of recom bination will be different from its original velocity v a t the 
m om ent of photo-ionisation. The electron m ay be captured by a comple
tely  different ion, or into a different orbit of the same ion. A t the same 
time, there is equality  between the absorbed and em itted  energy for 
the whole spectrum , as has already been stated.

(2) A second exam ple is true selective absorption (i. e. absorption in 
the frequency of spect ral lines). Suppose th a t, as a result of the absorption 
of a quantum  li vik, an electron has passed from the orbit i to an outer 
orbit k, and th a t a t the m om ent when it is in the la tte r  orbit the atom  
undergoes an  inelastic collision (a collision of the  second kind) with some 
other particle. As a result of the collision the excitation energy of the 
atom  (i. c. ek— i\) m ay be transform ed into kinetic energy of the  particle. 
In this way the  energy h v!k of the quantum  is entirely  converted into 
the  energy of therm al motion of the  particle, and the electron falls 
back to  the lower orbit i, bu t the atom  docs not em it a quantum  li vik. 
A nother varian t of the case considered is also possible. The electron may 
be removed by photo-ionisation from the excited level k. H ere too the 
energy of the absorbed quantum  is converted into energy of therm al 
motion. However, it m ust be adm itted  th a t, for the  tem perature problem 
in which we arc in terested , both varian ts of the present exam ple, which 
have to do only with selective absorption and emission in a definite fre
quency, are of subordinate in te re s t: ( I ) calculations which arc performed in 
P art II indicate th a t processes of true  selective absorption generally 
play a relatively minor part*  in the  to ta l energy balance; (2) the to ta l 
in terval of the spectrum  in which these processes arc noticeable is gener
ally very small. We shall therefore consider henceforw ard only processes 
of true absorption for the continuous spectrum . Such processes will be 
called (rue continuous absorption or general true absorption. F or the sake 
of brevity  the word true can be om itted, as is usually done, and we speak 
simply of continuous or general absorption. Wc shall begin our dis
cussion with processes of photoelectric absorption, which belongs to the 
category of true absorption. This absorption process plays the most 
im portan t p a r t in stellar atm ospheres.

* For instance, collisions of the second kind are rare, on account of the small 
density of matter in stellar atmospheres.
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Let us consider the process of the photo-ionisation of an atom  from 
some level k. I t  follows from (5.8) th a t the ionisation of the atom  from 
this level can be brought about by any  quantum , provided th a t the 
energy of the  la tte r  is g reater th an  or equal to the binding energy yr k. 
Thus, if continuous rad iation  falls on an  assembly of atom s, then  this 
radiation, by ionising atom s from the level k, will be absorbed in the 
frequency in terval from vk =  Zr^jh to  v =  oo. In  o ther words, a suffi
ciently thick absorbing layer (i. e. one of large optical thickness) will 
produce in the continuous radiation passing through it  a continuous 
absorption band beginning a t the frequency vk and going in th e  direction 
of g reater frequencies. And since each atom  has an infinite num ber of 
possible orbits, the photoelectric absorption m ust in general result in 
an infinite sequence of absorption bands. In  some cases (for example, 
the negative hydrogen ion) the re  is only a finite num ber of absorption 
bands (see below).

In  order to  describe such an absorption process quantitatively , we 
first consider a simple system , nam ely a hydrogen or hydrogen-like 
ion. (A hydrogen-like ion consists of a nucleus and one electron. To this 
class belong He II , Li I I I ,  Be IV, etc.)

Both for the  following discussion and for a num ber of astrophysical 
problems it is m ore convenient to  calculate the  absorption not for un it 
mass of absorbing m aterial, as for instance in (3.13), bu t for one absorbing 
atom . L et the mass of this absorbing atom , having an absorption coeffi
cient v.v, be m. Then

q =  m n  , (5.20)

where n is the num ber of absorbing atom s of the given kind in 1 cm3, 
and o, as in (3.13), is th e  density  of these atoms. Introducing (5.20) on 
the right of (2.13), we obtain

d /„  =  —  /„ x v m n  d/t . (5.21)
We also write

kv =  m  . (5.22)
Then

d /„ =  — /„ * , n dh . (5.23)

W’e shall call kv the absorption coefficient referred to one atom (often 
called simply the  atomic absorption coefficient). The dimensions of kv are 
cm 2. The expression (5.23) can be w ritten  down a t once w ithout using 
(2.13). However, the interm ediate steps are necessary to  obtain the 
formula (5.22) which connects the absoiption coefficient referred to 
unit mass with th a t referred to  one atom.
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4. Photoelectric absorption for hydrogcn-Iike atoms. We consider a 
hydrogen-like atom  with an electron moving in the field of the  charge 
Ze, in an orb it with principal quantum  num ber n. In  this case, quantum  
mechanics gives for k'v the  following expression*:

ki(n, L I)
32 rr2 e*R Zi ,

3 X 3 ch3 r3 a5  ̂ ’
(5.24)

where the suffix H I indicates th a t the coefficient of photoelectric absorp
tion is calculated by taking account of all the  sub-levels which belong 
to the given principal quantum  num ber n, R  is R ydberg’s frequency

R =  2 n 2 <?4 m j h 3 , (5.25)

which equals 3-287871 x  1015 sec-1 , and g' is some correction factor 
little  different from unity . According to D. H . M en ze l and C. L. P ek e iu s  
[86] it is

O' 1 — 0-1728 (5.26)

I t  follows from (5.24) th a t w ithin each band, beginning a t the  frequency 
vn =  Xnjh and going to v =  co, the  absorption coefficient decreases as 
1 /r3. Calculations give the numerical values shown in Table 2 for k[, for 
hydrogen (Z =  1) a t the  frequencies corresponding to  the  edges of the 
bands.

Table 2

Initial state

1 s
2 s
2 p
3 s 
3 p 
3fi

G-3 x 10-18 
1-5 X 10- 17
1- 4 X 10- 17
2- 6 X 10- 17 
2-6 X 10-17 
1-8 x 10"17

Here the  values of k ’v are given separately  for different azim uthal 
num bers I.

The absorption coefficient given by formula (5.24) has been derived 
for an atom  in the quantum  sta te  n, and natura lly  docs not depend on 
any variable param eters such as, for exam ple, pressure, tem perature, 
cte. However, this assertion is justified only while we do not consider 
all absorption bands. In  fact, photoelectric ionisation (and also absorption

* The prime added to ky signifies that no account has yet been taken of the 
stimulated emission; see section 5, equation (5.61) — Translator.
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of radiation) can take place from any orbit of the atom . L et us consider 
any definite frequency v. From  this frequency in the direction of smaller 
frequencies (i. e .to  the long-wave end of the spectrum ) lie all band edges 
a t frequencies vn =  x,Jh <  v . And since the num ber of orbits in the 
atom  is infinite, the num ber of these bands is also infinite. Every  such 
band will contribute to the absorption a t frequency v, since the  absorption 
bands go to v =  co. Fig. 11 illustrates w hat we have said. In  this

figure the frequency v considered lies between v1 and v2. The bands with 
n =  2, 3, 4, . . ., oo correspond to the  photo-ionisation of the atom  from 
all higher levels. (In  accordance w ith Fig. 10 the binding energy xn> 
therefore the  frequency vn =  x jh ,  diminishes as n  increases.)

F urther, as follows from very general properties of spectral series, 
the frequency of the lim it of the scries arising from the orbit of principal 
quantum  num ber n is determ ined by the binding energy of the level in 
question, i. e. by xn■ The bands of photo electric absorption s ta r t from 
the limits of the  corresponding series, and this also is shown in Fig. 11 
(see the portion of the spectrum  a t the bottom , where the series are 
indicated).

Let us now re tu rn  to the  topic which we were considering. We have 
said th a t all those bands contribute to the absorption a t frequency v, 
the frequencies of whose edges arc less than  the given frequency. Con
sequently, in order to  obtain  the  resu ltan t absolution coefficient for 
the frequency in question, we m ust take account of all these bands, and 
to do this it is necessary to make some hypothesis regarding the distribu-
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tion of atoms among the quantum  states. We shall assume th a t th e  
distribution of atom s am ong the states is determ ined by B oltzm ann's 
formula (5.9), which we shall rewrite

r, n

r, 1
(Jr, n e
*r. 1

r, nfkT
(5.27)

where we take er : =  0. In  v irtue of (5.27), (5.23) and (5.24) the absorbing 
effect of the atom s a t frequency v due only to the ?ith absorption band is

d /<"> = I v  (n. LI)  ^ r ,  n
J 32 Cl- r6 11Z1 o' nT j gr n -  <r 

” 3 1 3 c h3 n5 j

'AT
d h .

(5.28)

And since a t frequency v the  absorption is produced by all the bands, 
the frequencies of whose edges are less than  v, the to tal absorption is 
given by the formula

d/„ =  y  d /  w  =  — /„
n.

32 .-t2 <*6 KZ*nr , 
3 1 3 c h 3 r 3 g r j

O O

y— n
r, n

5
“ f r, » / * r

i1 e d/i , (5.29)

where the sum begins a t the first band which lies in the direction o f  
smaller frequencies from r (see Fig. 11), this band belonging to the 
principal quantum  num ber ?j0.

In  connection with form ula (5.29) it m ust be pointed out th a t the 
in tensity  of the successive bands m ust decrease as the principal quantum  
num ber increases, i. e. in the direction of smaller frequencies. This is 
chiefly due to the presence in the formula of the Boltzm ann factor 
e~er, n!kT. The larger eTi „, the fewer the atom s corresponding to this value 
of eT n and the weaker the absorption of the gas.

In  order to pass from «r 1 to n, the to tal num ber of the atom s in 
question in 1 cm3, nr n from (5.27) m ust be summed over all states n 
from n =  1 to n =  oo. taking account of (5.13):

C O

nT =  y  nT< „ =
n =  l

V, 1
oo
V

ffr. I n — 1
?r,n«

r, n ikT nr, 1 Ur 
» r . l

(5.30)

By virtue of (5.30) and the  ionisation equation (5.11), we obtain

n
0
r, 1 
r, 1

n
v

T +  1 h 3 e xr :kT
r +1 P e2(2 nmt) i{kT) l

(5.31)

Introducing now (5.31) into (5.29), we obtain
O O

d / ,  =  v  d /,<»> =
n,

i  nr+ 1 T>e 2‘ ,t2 C6 It ZJ dh y  9r, n 9' " (,r. n “  *A'A'7'
" " m  3 | 3 c(2 rr >>>«) f  (kTfi  v3 ^  "6 6
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F or the hydrogen-like atom s considered, the well-known series formula 

fr, n =  h B Z 2 (1 — 1 /n2) =  xr — h It Z-jri1 (f».33)

holds. For these atoms, iir + l — 1, since in the case in question the 
r -f- 1 tim es ionised atom  is the nucleus with charge +  Zv, and conse
quently  the partition  function reduces to one term , the  statistical weight 
of the nucleus. Taking these facts into account and noticing th a t from 
th e  theory of spectra <jT n — 2 n 2, we obtain

d / v

where

, C0ZrT~[
IV Mr H-1 Pe

2 hRZT- “  g' 
kT ^  id e

A HZ'jn'kT
d h , (5.34)

04 -2
C0 =  3 o '■*, ■ -  1 3 =  2-67 X 1024 .

3 C ‘l (2 71 >» l<)~2
(5.35)

5. The allowance lor stimulated emission. The expression (5.34) is 
no t the final one. We m ust allow also for stim ulated emission, or, as it 
is sometimes called, negative absorption. The processes of interaction 
between radiation and m a tte r can be described not only by means of 
the emission and absorption coefficients, but also by m eans of the 
coefficients of transition  probability . Let the  num ber of atom s of any 
m aterial in the quantum  sta te  k contained in 1 cm3 be nk, and the 
num ber of such atom s in the  lower s ta te  i be ?q. Then the num ber of 
transitions in 1 cm3 of m aterial in one second which are accompanied 
by th e  emission of a quantum  hvik is

nk_*i =  nk (Aki +  Qr.t Bki) , (5.36)
where

(?,,* =  - /  I Hk dco (5.37)

is the radiation density* in the given frequency, and A ki and Bki are 
the transition  probability  coefficients; A ki corresponds to spontaneous 
transitions, and o„fjt Bki to stimulated transitions which take  place under 
the action of the radiation field of density  q .

* We can obtain formula (5.37) from the calculations which wc performed 
at the beginning of Chapter 3. According to (3.3) and Fig. 5, the quantity of energy 
passing in one second through the element da inside the solid angle dw and in 
unit frequency interval is /  do cos 0 do. The time necessary for a beam to pass 
through the height da of the cylinder di; is dsjc. Consequently, the ninount of 
energy from the beam /  d<o considered which is contained in the cylinder de at any 
given moment is I da cos 0 dro. dale =  I dw dvjc. Integrating this equation 
over the whole sphere and the whole volume Av and dividing the result by Ac, 
we obtain the required energy density, i. e. formula (5.37).
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The num ber of converse transitions, i. c. transitions i k, which 
take place in 1 cm 3 in one second under the action of the  radiation field 
and are accom panied by the absorption of quan ta  hvik is

=  v i Q,ik B a- , (5-38)

where B ik is again the corresponding coefficient of transition  probability .
In  using (5.36) and (5.3S) it is assumed th a t the  radiation density  

docs not v ary  very  greatly  in the  im m ediate neighbourhood of vik, i. c. 
w ithin the spectral line considered, which is produced by the  transitions 
i k and k i .

The following relations exist between th e  transition  coefficients 
'I   ̂ B ki *md B^k •

9k b h =  <Ji B tk , (5-39)

—
8 rr h ik B ki =

8  71 h ''ik 9i B sik

Using (5.40), we can rew rite (5.36) as

(5.40)

« * - i  =  «* A kx 1 +
c3

8 n  h v ik3 e>ik (5.41)

The im portance of the stim ulated  emission, as com pared w ith the 
spontaneous emission, is determ ined by th e  second term  in parentheses 
in (5.41).

The expressions (5.36), (5.38) and (5.41) are w ritten  for the in tegrated  
density  (5.37) (i. e. taking account of all directions). For a narrow beam 
of rays of dispersion dm, the  density  of rad ian t energy is

iQra ) „„ =  lr„ («) > (5-42)

and the expressions (5.36) and  (5.38) become

(nk~+i)<lu, =  nk ( “4 ^  +  - S i i jd a ) ,  (5.43)

/  (0 )
(Wi-t)do =  -r,c - B ik dco , (5.44)

while (5.43), on using (5.40), can be w ritten

/ \ i ( 1 I °3 ^ H k ^ \  i /-  (c\
=  n t  A ki [  4 *  +  8 a  h v ik^  c ) d ( 0 ' (0 '45)

The expression (5.34) for the a ttenuation  of a beam of radiation takes 
account only of the ordinary absorption, to  which the coefficient B ik 
corresponds. However, the appropriate analysis shows th a t, in the  pres-
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encc of stim ulated emission processes, the  use of the basic equation 
of transfer (3.12) requires a modification of the expression (5.34). For 
this we have to  introduce the  transition  coefficients for recom bination 
processes. L et k'v be the atom ic absorption coefficient corresponding to 
the photo-ionisation, from th e  fcth level, of an r times ionised atom. 
Then, according to (3.6), the  num ber of photo-ionisation processes from 
level k which take place in 1 cm3 during one second and arc accompanied 
by the absorption of quan ta  with frequencies between v and r  +  d r  is

d r  =  nr k k'v <lr
hv (5.46)

since in every photo-ionisation a quantum  h v is absorbed. In  every such 
process the final s ta te  of the electron is the free sta te  with some definite 
velocity v, determ ined by the equation of the photoelectric effect. I t  is 
to be noticed th a t we have passed, in accordance with (5.20) and (5.22), 
from the  absorption coefficient referred to  un it mass to  the  atomic ab 
sorption coefficient.

The expression (5.46) m ay also be rew ritten , in accordance with (5.37),

d r  =  nfi k k'v (c d v/h v) ov . (5.47)

The converse processes to  the photo-ionisation of the atom  from the 
level k are the recom binations to  this level. The process of recom bination 
m ay be regarded as a collision of the ion w ith an electron. Hence we 
can introduce the  “ effective cross-section” for recom bination, which 
we denote by fiv. Then the  num ber of spontaneous recom binations 
taking place during one second in 1 cm3 and accompanied by the 
emission of quan ta w ith frequencies between v and v +  dv is

k dv =  nr+1 {iv v d?ie , (5.48)

where d»e is the num ber of electrons contained in 1 cm3 and having 
velocities between v and v +  dt>, where dr; and d r  arc connected, in 
accordance with (5.8), by the  relation

v dv — (hjme) d r  . (5.49)

The form of the  expression (5.48) is obtained as follows. L et Xe be 
the mean free pa th  of an electron (between atom s of the kind in question). 
Then an electron having velocity v undergoes vl?.e collisions in 1 second. 
Consequently the num ber of collisions dZ  undergone by d?;-e electrons 
in 1 second is (v/?.e) d«e. On the o ther hand, in collisions of electrons 
with atom s and ions, both the  la tte r  m ay be regarded as a t rest; in 
this case by the kinetic theory  of gases, is equal to l/q n, where q 
is the effective cross-section for collisions, and n is the num ber of atoms
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(or ions) in 1 cm :t with whieh electrons are colliding (i. e. reeombining). 
Substitu ting  the expression for ?.e into th a t for dZ,  wc obtain an expression 
of the form (5.48).

The expression (5.4S) takes aeeount only of the  processes of spontane
ous recombination. However, if th e  medium is in a field of radiation of 
density  nv. we m ust also take aeeount of {lie processes of stim ulated 
recom bination, which gives from (5.41)

ne d r  =  wr + 1 fiv v (l +  8 riCAr, £>,) dne. (5.50)

In order to find the connection between /?,, and k ’r, we make use of the 
principle of detailed balancing, which asserts th a t in a state of thermo
dynamic equilibrium any process takes place exactly as often as the converse 
process. Consequently, in therm odynam ic equilibrium  the quantities (5.47) 
and (5.50) m ust be equal, and so

, / c dr
Hr- * h v — ?'r + 1 P" M 1 +  8 ,-t h v1 ' v d«. (5.51)

N ext, in the presence of therm odynam ie eouilibrium, there exists a 
Maxwellian distribu tion  of particles among velocities:

/  m \ 3 - m e v'plkT
d ne =  ne 4,-r ( 2^f A:T )~ e v* ^v • (5.52)

For or, in the presence ol therm odynam ie equilibrium , when I y (0) =  BV(T), 
we have, according to  (5.37) and (3.11),

_ 8 7th v3 1
- v ~  c3 cx.p(h vfhT) — 1

Finally, by (5.9) and (5.30) wc have for nr k

gT k ~ er,klkT nr ~ cr,klkT
” r, it =  »»,. 1

O r,  I
— u dr. k c

(5.53)

(5.54)

while to obtain the eonneetion between nr, Mr + 1 and ne we ean use 
S aha’s formula (5.11), taking aeeount of (5.12).

Introducing all these results into (5.51), and using (5.49), (5.6) and 
(5.8), wc find the  required expression:

f t . - 1 ... 2 «,2 Kv ■
U r + l C me‘ v- (5.55)

We have derived the expression (5.55) for the case of therm odynam ie 
equilibrium. However, it is com pletely general, sinee it represents the 
relation between quantities appertaining to the atom s and ions them 
selves. We reeall th a t the analogous expressions (5.39) and (5.40) for
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discrete transitions were also obtained for therm odjm am ie equilibrium. 
They are un true only in the ease where the radiation field varies very 
rapidly with frequency near vik.

Let us now consider the original equation of transfer (2.2S), in which 
we shall understand  by x v the absorption coefficient which takes account 
only of ordinary absorption. We m ark this coefficient w ith a prime, 
and we then have

d 1(0) ,
eos 0 ^  d r  da> =  I v(0) y.v o d r  da> — j v (0) g d r  da» . (5.56)

We consider the equation (5.56) for processes connected with the ionisation 
of the  atom  from the level k and w ith recom bination to this level. The 
quan tity  j v(0) d r  dm is ju st the  energy em itted  by one gram of m atter 
in the photosphere in one second, in the frequency interval from r to 
r +  d r  and within th e  solid angle dm. The dependence of j„(0) on 0 is 
brought abou t by the fact th a t, in the ease in question, the  coefficient 
j v includes the stimulated emission. The la tte r  is determ ined by the 
radiation density  in the direction concerned [formula (5.42)], and con
sequently depends on the angle 0. Taking account of the fact th a t only 
th e  fraction dm/4;r of the  to ta l spontaneously em itted  radiation is sent 
ou t in the beam dm, we can now write, in accordance with (5.50) and 
(5.45),

/  I c3 I  (0) \
?r(0) g d r d m  =  7ir + 1 /?„r ^  +  8 n A -j c j h v d n e dco,  (5.57)

since a quantum  h v is em itted  in every recom bination.

Introducing, by means of Saha’s formula (5.11), the  q uan tity  nr in 
place of nr + l , replacing nT in its tu rn  by nr> k w ith the aid  of (5.54), and 
using (5.7), (5.S), (5.37), (5.52) and (5.55), we obtain

j„(0) o d r  dm =  nr< k k'v e~h "lkr |  + / v( 0 ) |d m d r .  (5.58)

Now, replacing the  first term  in the braces by m eans of P lanck’s Law 
(3.11), we obtain instead of (5.58)

j,(0) Q d r  dm =  nr k k'v {(1 — e~h 'lkT) B„ -f  I v{0)} dm d r  . (5.59)

We now introduce this expression (5.59) into the equation of transfer 
(5.56), replacing the quan tity  x'v o in the la tte r  by the equal* quan tity  
k'v nr k, in accordance with (5.20) and (5.22):

eos 0 d l r(0)ldh =  nr< k k'v 1,(0) (1 — e~h - kT) — nT< k k'„ B v (1 — e~h^ kT) 

=  nr. ,  K  (1 -  <’- " ylkT) VAO) -  B v) . (5.60)
* Tlic quantities nr k and q here relate only to atoms in the ionisation state r 

and the excitation state k.
4 A s t r o p h y s i c s
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We now introduce the following quan tity :

k\. =  (1 — k'v . (5.61)

The equation of transfer (5.60) then takes the form

cos 0 d l v(0)/dh =  nT k kv {I r (0) — B v} , (5.62)

or, introducing again the absorption coefficient referred to unit mass,

cos 0 dl,,{0)jdh =  n x t, {I,,{0) — B r} . (5.63)

We have thus obtained the original equation of transfer (3.12).
Consequently, in using the equation of transfer (3.12), the absorption 

coefficient which takes account only of the stimulated absorption* m ust 
be modified in accordance with formula (5.61). I t  is quite clear also th a t 
the relation (5.61) is applicable to photo-ionisation from any level. Hence, 
to take the stimulated emission in to  account, we m ust m ultiply the  whole 
expression (5.34) by (1 — e~hvk l ).

Wc shall m ake two com ments regarding the  resu lt just obtained. 
F irstly , it is easily shown th a t we obtain the same relation (5.61) by 
considering not processes of photo-ionisation, but discrete transitions 
between the different quantum  orbits of the electron. Secondly, th e  use 
of the basic formula (5.61) presupposes the applicability of the formulae 
of Saha and Boltzm ann and of Maxwell's d istribution, i. e. the existence 
of therm odynam ic equilibrium.

Wc now re tu rn  to our main topic, th a t of the absorption coefficient. 
Using (5.61) and (5.34), wc can write the following expression for the 
absorption coefficient referred to one r +  1 times ionised atom :

K
C o Z - V e ( 2 h  R Z [  y  g '  h i t z ' I n ' k T

Tl  »-3 1 kT jr  « 3 e ( l -
-hvIKT

e ) . (5.64)

6. Frec-lree transitions. Final results. The absorption coefficient just 
w ritten takes account only of photo-ionisation processes from different 
levels. These transitions are often called hound-tree, and those converse 
to them , i. c. recombinations, are called free-bound. However, besides 
these transitions, there are others which are called free-free transitions. 
Classical electrodynam ics and quantum  mechanics tell us th a t a system 
consisting of an ion and an electron moving in a hyperbolic orbit in its 
field can both absorb and em it rad ian t energy. In  the  first case the 
energy of the system  increases, and in the second it diminishes. The 
param eters of the hyperbolic tra jecto ry  of the electron arc changed as a 
result of every absorption or emission.

* Corresponding to the coefficient Iiik in the ease of discrete transitions.
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The quantum  theory gives for these processes the  following expression 
for the absorption coefficient, again referred to  one r +  1 times ionised 
hydrogen-like a to m :

I:V

Co Z- Ve
T l  v 3

(1
■ h v fk 'T■\ k

) 9  > (5.05)

where the factor which takes account of the  negative absorption process 
is already included (in th e  parentheses). In  the expression (5.05), g" is 
a correction coefficient, which in the m ajority  of cases differs little  from 
unitv . I t  m av be estim ated from the  formula

,■ =  1 +  0.1728 1 +
2 k T
h v

(5.00)

The absorption coefficient (5.05) corresponding to  free-free transitions 
is generally of im portance only for th e  far infra-red region of the spec
trum . In  th e  visible and photographic regions it is noticeable only a t 
very high tem peratures (usually above 50,000° to  100,000°).

According to  th e  definition (2.13) of th e  absorption coefficient, the 
la tte r  has th e  additive property [which we have used in form ula (5.29)]. 
Hence, in order to take  account of both bound-free and free-free transi
tions, we m ust add the  tw o coefficients (5.64) and (5.65); as a result 
we obtain the following expression, which determ ines th e  absorption 
coefficient for hydrogen-like atom s:

k V

Cq Z 2 Ve
V3 T  l

2 J i  R  7T- y  g '  
k T  ^  n 3

h l l Z ' l n ' k T
e + g ‘ ( l - e

- h v j k T
(5.67)

This absorption coefficient is referred to one r +  1 tim es ionised atom. 
I f  wc introduce th e  degree of ionisation x  by means of th e  first of the 
relations (5.18), then , according to  the general form ula (5.23), the ab 
sorption coefficient referred to  one hydrogen-like ion (taking account 
of all ionisation states) is

=
C n Z * x Ve 

v 3 T l

I 2 h / t Z 2 g' A It Z'jn'kT 
k T  ^  n 3 e( n.

+  </"!(!
- h v l k r  

■ e  ) (5.68)

The formulae (5.67) and (5.68) cannot be used if the sta te  of the m atter 
deviates greatly  from therm odynam ic equilibrium. In  th is case wc m ust 
s ta rt from the basic formula (5.24), in which th e  absorption coefficient 
does not depend on the external conditions.

As an illustration of formula (5.68) wc give a diagram  (Fig. 12a) 
which shows the  variation of x v for hydrogen a t T  — 10,370° and 
pe =  244 bars. In this figure the absorption coefficient is th a t referred 
to unit m ass; this is obtained, according to  (5.22), by dividing (5.68) 

4*
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by the mass of a hydrogen atom , it being of course remem bered th a t for 
hydrogen Z =  1. The dependence of log1() x,, on wavelength is given 
for various tem peratures in Fig. 12(b). The coefficient y.v is here referred

to one gram  of neutral hydrogen. In  order to obtain the absorption 
coefficient referred to 1 g of hydrogen (taking account of both the  neutral 
and the ionised state), we m ust m ultiply the num bers in Fig. 12(b) by 
(1 — xH), where xn is the degree of ionisation of hydrogen.

7. Non-hydrogen-like atoms. Negative hydrogen ions. The scattering 
of radiation hy free electrons. All the results we have obtained, and, 
in particu lar, the  original formula (5.24), are applicable to hydrogen-like 
atom s, i. e. to the atom s H , He II , Li I I I ,  Be IV, etc. The application 
to  o ther elem ents of formula (5.24) and all those derived from it is un ju sti
fied. In  these eases the absorption coefficient m ust be deduced either oil 
the basis of experim ent or from quantum -m echanical calculations. The 
deviations of the k„, so found, from the values obtained by using (5.24) 
arc the smaller, the larger n, i. e. the  g reater the dimensions of the 
orbit from which the photo-ionisation takes place. Hence the application 
o f (5.24) for levels with fairly high excitation potentials very often docs 
no t involve any considerable error. On the other hand, the application 
of this formula to photo-ionisation from the  ground level (or from 
levels fairly close to it) m ay give results which differ by a factor of 10 or 
even 100 from the true  values. E rrors of the same order may result from 
the application of formula (5.24) to (non-hydrogen-like) atom s or ions 
which have only one electron outside the closed shells. Such systems, 
for example Iv 1 (neutral potassium ), are called system s with one valency 
electron.

We shall here give a short survey of some d a ta  for the atom s which 
arc most im portan t from the  astrophysieal point of view. We shall
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consider photo-ionisation from the ground level (absorption beyond 
the lim it of the principal series).

The variation of k'v ju s t beyond the lim it of the principal series 
for helium is shown in Fig. 13. H ere k'v decreases with increasing v 
more slowly than  v~3. The variation of k'v is shown in Fig. 14 for C, 
X, 0  and F. The energy of the ejected electrons in electron-volts is

F i g . 13

0-5 x io '17 

0-25  xIO"'7

10 5 O 10 5  0

F i g . 14

placed on the axis of abscissae. IW  0  and F the difference from the 
v~3 law is particu larly  large, and we can even observe a kind of m axi
mum .

For sodium, kv is 3T X 10-19 cm 2 ju st beyond the lim it of the 
principal series. The fu rther decrease of kv w ith frequency is more 
rapid than  v~3. For calcium, kr follows closely the r~3 law; ju st beyond 
the lim it of the principal series, kv =  2-5 X 10~17 cm2. For potassium , 
the existing calculations are still insufficiently accurate, bu t here kv is 
apparen tly  considerably less than  the value given by formula (5.24). For 
the remaining elements in Table 1 no calculations have yet been made. 
There arc also hardly any calculations of kv for the photo-ionisation of 
the atom s m entioned from excited levels. However, in this case it is 
often possible to use formula (5.24), in view of the  “ hydrogen-like
ness” of the orbits concerned.

There are alm ost no quan tita tive  d a ta  on the values of ky for ions. 
The hydrogen-like ions (such as H e II , Li H I. etc.) form an exception, 
and so do those of a small num ber of selected elements.

As with hydrogen-ILke ions, all the o ther elements (neutral and 
ionised) are characterised by absorption consisting of separate bands 
superimposed on one another. In order to determ ine the absorption 
coefficient for frequency r, we m ust take account of all these bands, 
though of course we need take into consideration only those bands 
whose edges lie in the direction of longer wavelengths from a given 
frequency. The absorption coefficient is constructed in the same way
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as for hydrogen-like atom s. T hat is, the formulae of Boltzm ann and 
Saha arc used, and negative absorption is taken into account according 
to formula (5.61).

In  I960 it was discovered th a t, beginning from stars of class A 2 
to  F  0 and continuing to stars of la ter spectral classes, the absorption 
of radiation by negative hydrogen ions becomes more and more im portant , 
and finally is the  dom inant factor (for the Sun). A negative hydrogen 
ion is the nam e given to a system  consisting of a neutral hydrogen atom  
with an additional electron attached  to it. 'flic absorption processes for 
this system  are the same as for ordinary atom s. There are bound-free 
transitions, i. e. photoelectric absorption, and free-free transitions, i. e. 
absorption of radiation by the system  consisting of a neutra l hydrogen 
atom  and a free electron moving near it in an open orbit. However, 
there is a certain difference between a negative hydrogen ion and 
ordinary atom s, consisting in the fact th a t in the case of the former 
there is practically only' one im portan t absorption band. Since photo
electric absorption by the negative hydrogen ion play's the  chief part in 
the most im portan t regions of the spectrum , we give separately’ in 
Fig. 15(a) the absorption coefficient re lating to this absorption only’. It

is referred to one negative hydrogen ion. We notice th a t the ionisation 
potential for this sy\stem, which determ ines the edge of the absorption 
band, is 0-75 cV. The absorption coefficient of the negative hydrogen ion, 
taking account of free-free transitions, is shown in Fig. 15(b). I t  has been 
constructed for a series of tem peratures and is referred to one neutral h y 
drogen atom  and un it electron pressure (1 bar). In  order to find kx for 
any pe, the kx found from the graph m ust be m ultiplied by’ this value of pe.
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There are no analytical expressions for the absorption coefficient of 
the negative hydrogen ion. The quantities lcv for it arc taken from the 
appropriate tables [31], Besides negative hydrogen ions (denoted by H~), 
there now exist calculations for negative oxygen ions.

In  the  photospheres of hot stars of classes O and B, where very 
few neutral hydrogen atom s rem ain, because of the high tem perature, 
processes of scattering of radiation by free electrons begin to play an 
im portan t part. However, it is necessary to bear in mind th a t we arc 
here concerned not w ith t rue absorption bu t with scattering of radiation. 
The process of scattering am ounts to the fact th a t the scattering particles 
simply change the direction of the quanta falling on them . The tran s
form ation of rad ian t energy into therm al energy and back docs not 
occur here. Hence it is impossible in this case to apply d irectly  Kirch- 
hoff’s Law (3.10) for the emission coefficient.

The scattering coefficient, like the absorption coefficient, is d e te r
mined by the ordinary  expression (5.23). I f  there are ne free electrons 
in 1 en r1 and the scattering coefficient referred to one free electron is 
sf , then  the a ttenuation  of the in tensity  I t owing to scattering by free 
electrons is determ ined by the expression

The num erical value of se is 0 665 X 10~24 cm 2. I t  follows from (5.70) 
th a t the  scattering  by free electrons is independent of the wavelength. 
The scattering of radiation by protons, which are present in large 
num bers in the  atm ospheres of hot stars, is negligible, since the scattering 
coefficient for protons is considerably less than  se.

W hen the absorption of radiation in stellar photospheres is d e te r
mined not by one elem ent bu t by two or more, it is necessary to  introduce 
the  total absorption in accordance w ith formula (5.23). I f  there  are ny 
absorbing atom s of some elem ent, with atomic absorption coefficient 

in 1 cm 3, n  ̂ a tom s with absorption coefficient cte., then the 
to ta l absorption in the  frequency v is determ ined, according to (5.23), by

d / F =  — l v st ne dh (5.69)
where

(5.70)

d / r =  2  dZ W =  — 1, dh 2  n. K U) • (5.71)
S s

If we now wish to refer all absorption coefficients to one atom  of the 
m ost abundan t elem ent, for instance hydrogen, formula (5.1) m ust be 
used. In this case, we find from (5.71)
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We shall call the  quan tity

K =  (S.TS)
8

the total absorption coefficient. According to formula (5.2) we could 
also have referred the to ta l absorption coefficient to the to tal number 
of all atom s in 1 cm 3. However, since the num ber of hydrogen atom s n u 
in 1 cm 3 considerably exceeds th a t of all atom s of other elements (in 
1 cm 3), in practice ss n H % n.

H aving acquainted ourselves with the main outlines of the theory 
of absorption coefficients, we can now tu rn  to the  question of the energy 
distribu tion  in the  continuous spectra of stars.

Chapter 6. The distribution of en ergy  in the con
tinuous spectra of stars for an absorption coefficient 

depending on the frequency

1. The absorption of radiation in the photospheres of stars of various 
spectral classes. In  Chapter 4 we came to the  conclusion th a t the 
divergence between the theory  there considered and th e  results of 
observation m ust be due m ainly to the dependence of the absorption 
coefficient in stellar photospheres on the frequency. For this reason 
we have considered in Chapter 5 the m ost im portan t facts concerning 
absorption coefficients. In  order to facilitate the solution of further 
problem s, we m ust also consider which atom s and ions are the main 
sources of absorption in the photospheres of stars of various spectral 
classes. In  this we m ust lie guided by formula (5.23), according to which 
the a ttenuation  of the radiation is proportional to the num ber of absor
bing atom s in 1 cm 3 and to the atom ic absorption coefficient of these atoms. 
S tarting  from this, we shall now consider the part played by the various 
atom s and ions. We begin with stars of the spectral classes M and N. 
D irect spectroscopic observations show th a t practically  the entire conti
nuous spectrum  of these stars is strongly distorted  by bands due to 
various molecular compounds. Taking account of the absorbing effect 
of these bands involves very g reat difficulties. Moreover, the attenuation  
of the radiation by molecular bands is apparently  due, in the m ajority  
of eases, to scattering, and not to true  absorption.

A part from molecular absorption, the absorption by negative h y 
drogen ions H “ may, apparently , play some part, though a small one, 
in the photospheres of the stars m entioned. The effectiveness of this 
source of absorption is the  greater, the g reater the num ber ?;M-, i. e.
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the num ber of negative hydrogen ions in 1 cm3, and this is greater 
the  g reater the num ber of neu tra l hydrogen atom s in 1 cm 3 and the  greater 
the num ber of free electrons in 1 cm 3. The first condition is satisfied for all 
stare whose effective tem peratu re T e is less th a n  7000° to 8000°. In  
the atm ospheres of these stars practically  all the hydrogen is neutral. 
The second condition is not fulfdled in the photospheres of stars of 
the spectral classes M, X and R. A study of absorption lines shows 
(sec Table 8, C hapter 15) th a t in the photospheres of stars of these 
classes the value of ne is (relatively) small. Only in the atm ospheres 
of K  stars, where ne is already fairly large (ne increases w ith Te, since 
the degree of ionisation of the atom s also increases), does the p a rt 
played by negative hydrogen ions become im portant, while in the 
photosphere of the  Sun (clG3) it is the chief contribution to  the ab 
sorption.

As the effective tem peratu re increases further, the p a rt played by H -  
ions as a source of absorption begins to decrease again. This is chiefly 
caused by the  increase in the  absorbing power of atomic hydrogen H  
(see below). Moreover, as the  tem peratu re  increases, the ionisation of H -  
ions, i. e. their dissociation into neu tra l H  atom s and electrons, increases. 
However, this factor is much less im portant, since the  ionisation potential 
of the H -  ion is 0-75 eV, and with such a low ionisation potential the 
degree of ionisation changes com paratively little  with T,  according to 
S aha’s form ula (5.11). This change is slowest a t fairly high tem peratures, 
for a t such tem peratures the index of the exponential in Saha’s formula 
is particu larly  small, and consequently even a large change in T  has 
little  effect. However, as Te increases further, the ionisation of both 
H~ ions and of neutral hydrogen atom s begins to become im portant. 
D irect calculation shows th a t the  p a rt played by H~ ions becomes 
small in the photospheres of norm al stars of class A 0, though in the 
photospheres of white dwarfs, where the electron pressure is very great, 
these ions are apparen tly  im portan t even for the elass mentioned.

In  conclusion, it should be m entioned th a t the electrons which, 
together with neutral hydrogen atom s, form  H~ ions appear a t the 
lower tem peratures chiefly on account of the ionisation of elements 
whose ionisation potentials are relatively low. Among these elements 
are X a ( /0 =  5-12 eV), Mg(%0 =  7-01 cV), C a (/0 =  6-00 eV), ete. On the 
o ther hand, hydrogen, although it is quan tita tively  the predom inating 
elem ent, has a relatively high ionisation potential (13-59 eV). Henee 
its ionisation a t low tem peratures will give only a negligible num ber 
of free electrons. The same applies to He, X and O. Only a t tem peratures 
above (5000° or 7000°, with the electron pressures existing in stellar 
photospheres (sec Table 8, C hapter 15), docs hydrogen begin to become 
an im portan t source of free electrons.
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Let 11 s retu rn  to the ,stars of classes 31 and N. Besides the molecular 
absorption and th a t by H~ ions, the absorption of radiation by atom s 
of m etals m ust also play a certain p a rt in these stars. However, no 
calculations have yet been made which could give a quan tita tive  estim ate 
of the relative im portance of molecules, H" ions and m etals in the pho to 
spheres of stars of classes 31 and X.

Finally, we shall say a few words on the p a rt played by hydrogen 
atoms. Despite the fact th a t practically all such atom s in the photo- 
sph eres of la te-type stars are neutral, the p a rt they play is completely 
negligible. The absorption of radiation by neutral hydrogen atom s up 
to the lim it of the Lym an series a t ?. =  912 A is caused by pho to 
ionisation from excited levels. However, even for the first excited level 
with n =  2, the  excitation poten tial of hydrogen atom s is very large, 
being 10-16 eV. H ence the num ber of neutral hydrogen atom s in excited 
sta tes is com pletely negligible a t low tem peratures. Thus, for example, 
even for T  =  5700° we have seen th a t n2/nl =  4-2 X 10 9. For stars of 
classes M and N this ratio  is several orders of m agnitude smaller. Hence 
we can neglect, in this case, the p a rt played by neutral hydrogen. I t  is 
true th a t we m ust not forget the existence of neutral hydrogen atom s 
in the  ground state . By virtue of the large percentage content of h y 
drogen, these atom s will be very m any in num ber. However, it follows 
from physical considerations, and  from the analysis of the  equations 
of the theory  of radiative equilibrium, th a t the spectral regions which 
play  the greatest p a r t in establishing the law of variation of the tem pe
ra tu re  with depth  are those in which the absorption coefficient and the 
in tensity  of th e  photospheric radiation are both fairly large. This is 
seen, in particular, from equation (3.14). In  low -tem perature stars, how
ever, the in tensity  of rad iation  is particu larly  small in the spectral 
region where photo-ionisation of neutral hydrogen from the ground sta te  
takes place. In  fact, the whole of this region lies in the far ultra-violet 
beyond the lim it of the Lym an series a t  ). =  912 A, i. e. in the Lyman 
continuum. H ence we m ay com pletely negleet, from this po int of view, 
the  p a rt played by neutral hydrogen in the photospheres of low -tem pera
tu re  stars.

Let us now pass to ho tte r stars than  those of classes 31 and N. We 
shall consider, in particular, stars of the  solar type, where ne is already 
quite large.

In  the photospheres of stars of the solar type, molecular absorption 
no longer plays an im portan t part. D irect calculations show th a t the 
absorption of radiation by excited m etal atom s is also completely 
negligible in comparison with the absorption by H -  ions. H ence negative 
hydrogen ions are the m ain source of absorption in a very large range 
of wavelengths, including the infra-red, the visible and the near ultra-
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violet (up to 4000 A). The m etals apparently  play an im portan t part 
only for w avelengths less than  9000 A, i. e. in the region where they 
arc photo-ionised from  their ground levels. For w avelengths less than  
4000 A. the a ttenuation  of the photospheric radiation by absorption 
lines, which are very strongly concentrated here, is also im portant. 
(It m ust be borne in mind th a t in m any absorption lines the chief 
process is not true  absorption, bu t scattering of radiation.) This also 
follows directly  from observations, which show just beyond /. =  4000 A 
an anom alously sharp decrease in the in tensity  of the continuous spectrum . 
The influence of absorption lines m ust also be very  considerable in 
the far u ltra-violet region of the spectrum  up to the lim it of the Lym an 
series, since in this region are concentrated a large num ber of strong 
resonance lines of various elements, i. e. lines caused by transitions 
from the lowest level. The lines of the Lym an series will be particularly  
strong. However, inasm uch as the in tensity  of radiation in the region 
considered is relatively small, the p a rt played by the far ultra-violet 
regions of the spectrum  in the energy balance of the solar photosphere 
cannot be especially large.

For the reasons ju st given, the absorption by neu tra l hydrogen atom s 
is un im portan t in the solar photosphere. Thus the main source of ab 
sorption in the photospheres of solar-type and similar stars is formed 
by the H  ions. The absorption by m etals (photo-ionisation from the 
ground levels) and scattering of radiation in absorption lines are added 
in the u ltra-violet region of the spectrum .

Let us now pass to still ho tte r stars. As the tem perature increases, 
the num ber of excited neutral hydrogen atom s continually increases. 
W hen this num ber becomes com parable w ith the num ber of negative 
hydrogen ions*, both sources of absorption become equally effective. 
A comparison of Table 2 and Fig. 15(a) shows th a t in both eases the 
atom ic absorption coefficient in the m ost im portan t spectral regions is 
of the same order (10-17 ein2).

W hen the tem perature increases further, th e  num ber of excited 
hydrogen atom s begins to exceed the num ber of H “ ions, and neutra l 
hydrogen becomes the substance determ ining th e  absorption. The ab 
sorption by H _ ions is apparently  already inconsiderable in the photo
spheres of stars of class A 0. Consequently, a continuous transition  from 
H~ ions to  neutral hydrogen atom s takes place in the photospheres of 
stars of classes F  and A.

As the tem perature increases, the p a rt played by absorption lines 
of metals in the ultra-violet decreases. I t is apparently  already small 
in stars of class A. In  the photospheres of stars of classes A 0 to B 2

* The number of H~ ions ?i|[- is always some orders of magnitude less than 
the total number of neutral H atoms (in all states), since nH- is limited by the 
number of free electrons.
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the m ain absorbing elem ent is neutral hydrogen. In the photospheres of 
giant stars of these classes, the  scattering of radiation by free electrons 
begins to play a noticeable part.

In  the photospheres of stars of classes O, B 0 to B 2, the absorption 
of radiation by helium atom s (in the u ltra-violet region of the spectrum ) 
is added to th a t  by neutral hydrogen atoms. Moreover, in the  pho to
spheres of these stars the scattering of radiation by free electrons 
becomes an im portan t factor; since hydrogen is alm ost completely 
ionised, there are very m any electrons, and few neutral hydrogen atoms. 
However, it m ust be remembered th a t  electron scattering is not a 
process of true  absorption, and K irchhoff’s Law (3.10) cannot be applied 
to it.

I t  follows from the above discussion of absorption conditions th a t 
these conditions are m ainly determ ined by the degree of ionisation of 
the atoms. The ionisation, in tu rn , is determ ined not only by the tem pe
rature , bu t also by the electron pressure. [As is seen from Saha’s formula 
(5.II), the effect on xT of a change in the tem peratu re T  is greater th an  
the effect of the electron pressure pe.] In  general, it follows from (5.11) 
th a t an increase in T  has the same effect as a decrease in pe.

Let us now pass to the  theory of rad iative equilibrium  with an ab 
sorption coefficient depending on the frequency. The very great m a th e
m atical com plexity of the  solution of this problem is increased by the 
fact th a t different kinds of absorption occur in the  photospheres of stars 
of various classes, and the form of the dependence of y.v on the frequency 
also varies. H ence the solution of this problem has to he carried out 
separately  for each case. I t  is therefore necessary to introduce various 
simplifying assum ptions or to use the m ethod of successive approxi
mations.

2. Itndiativc equilibrium in llio photospheres of stars of classes A 0 
to 1» 2. As an example, let us consider the radiative equilibrium  in the 
photospheres of stars of classes A 0 to B 2. (We shall discuss stars of 
o ther spectral classes later.) In the case under consideration, the problem 
is simplified by the fact th a t the  absorption of radiation is determ ined 
m ainly by neutra l hydrogen (see below regarding the scattering of 
radiation by elections in these photospheres).

We shall solve the problem  proposed by means of the method of 
successive approxim ations*, using the same process of averaging the 
in tensity  (over direction) which we discussed at the end of C hapter 3. 
(In C hapter 4 wc gave argum ents to show th a t this process is quite 
suitable for the  case here considered.)

* The theory expounded below was constructed by K. It. M cste l’ [W4] — 
Editor.
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For the  coefficient of absorption by hydrogen atoms, we can write,
using (5.6S),

T) W{v, T) ) (6.1)
where

0 ( Pe, T) d’o X Pf
/II-1 >

mU 1 -
(0.2)

IIts [2 h R  ^  g'
I kT t  «3

,y;/»'AT
+  V

1 _ e-h*:kT
V 3 (0.3)

where in using (5.OS) we have taken into account th a t for hydrogen 
Z  =  1. In  passing from  kr to y.v in accordance w ith (5.22) we have 
denoted th e  mass of the  hydrogen atom  by m n .

In  v irtue of (0.1), the  expression for the elem ent of optical depth  
takes the  form

drv =  <l>(pe, T) </'(v, T) n dh . (0.4)

In  order to  simplify the analysis, we introduce a new 
follows:

variable l, as

a- II twi
J ■e
.

3* (6.5)
We then  have

H h  =  V(v,  T ) d f  , (6.6)

= / V ( v ,  T )d C . (6.7)
o

By means of (0.0) and (6.7) the equation (3.55) and the expressions (3.63) 
and (3.64) can be rew ritten  in the following form :

1 0 J v j
T(v, T) <1C “  *

— ■>- / /— 2 Jlv > (6.S)

and

/ .  =

/ :  =

exp [ /  Vy(v, T) dC 'l f  A r exp [ -  /  V{v, T) d ? ]  d£ ' (6.0)
o c o

C C C'

exp [ - /  T) dC'] /  A,  exp [ /  < /> , T)  dC"l d £ \  (6.10)

From  (6.3) and (3.11), the function

A,  =  B v y'(v, T) = 2h
c-

2 h It 
AT «0

h l t ’n ' k T
e +  n

<J
- A  ../AT

C ( 6 . 11)

is a definite function of tem peratu re and frequency. In  order not to 
confuse the  limit of in tegration w ith the independent variable of in te
gration, we have added a prim e to the la tter.
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It follows from the expressions (6.8) to (G .ll) th a t the problem 
reduces to finding the dependence of T  on £. In the ease considered, 
the  variable £ com pletely replaces the  variable r  which we used in 
C hapter 4.

Using the  equation
dJ„ _  (17’
ti: — d r  ci: ( 0 . 12)

and integrating (6.8) over the  whole spectrum , we obtain the basic 
differential equation of our problem :

clT _  H
dC c:

o / 1- J n-,T)
u

(6.13)
d ./„
dr cl v

Since the derivative of the  function J „ with respect to  tem perature is 
unknown, th e  equation (G.13) has to be solved by the m ethod of succes
sive approxim ations. As a first approxim ation we use the expression 
for th e  derivative d J v/d7 ' which holds in sufficiently dec]) layers of 
the stellar atm osphere. We shall show, in fact, th a t as r,. ~> oo the 
following equation holds:

d,/„/d7’ =  d /i„ /dT  . (6.14)

We m ay rem ark in this connection th a t the equation J r =  B v and 
the equation (6.14) are satisfied in the presence of stric t therm odynam ic 
equilibrium , when the in tensity  of radiation is the same in all directions 
and is determ ined by P lanck’s formula (3.11). In  this ease the equation 
J v — B v follows from form ula (3.15). Thus the  proof of the  correctness 
of (6.14) is also a proof th a t s tric t therm odynam ic equilibrium  holds 
in the deep layers of the stellar atm osphere to a sufficient degree of 
accuracy.

To prove (6.14), we divide the  equation (3.50) by /,, and proceed to 
the lim it as r,, —> oo. We then obtain

// /,/ 
lim = 1  — lim . . (6.15)

r y —*‘ O C I v Tj, —► oo  ̂v

We shall show th a t the  left-hand side of (6.15) tends to zero as t,. -> oo. 
To do so we recall th a t  the in tegrated  flux ti II is constant a t all depths. 
Since, according to  (2.6), ti II  is the integral of ti I I r over r, I I„ cannot 
increase w ithout lim it for any frequency*. As we penetra te  into the

* It must be borne in mind that n / /  is positive for all frequencies, and 
consequently it is not ])ossible for one spectral region with ft large positive IIv 
to be compensated by another with a large negative / /  .
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stellar photosphere, only a transform ation of the  flux in the direction 
of g reater frequencies takes place, and the quantities ti I I r themselves 
cannot exceed a certain lim it (see also Fig. 18 and the explanation 
thereof). B ut since for r v —> oo the tem perature of the  medium conti
nuously increases, and therefore the in tensity  l v increases w ithout limit, 
the lim it of the ratio  //,.//,, is zero. Consequently, we can write

/  '
lim /  =  1 • (6.16)

T v — * 0 0  J V

L et us now consider some point in the  stellar photosphere a t optical 
depth  Tr, and m easure the optical thickness upw ards and downwards 
from this point (and no t from the  boundary of the photosphere). Then 
for ty >  t v and t r <  r,,, respectively

t* = t y  —  Ty, t* = T „ — t,, . (6.17)

The equations (3.63) and (3.64) can therefore be rew ritten  as

I v =  [  | d t* ,
6

Tv->=°
K  =  [  |  dC  •

6

(6.18)

These expressions [taking account of w hat was said concerning formula
(4.27)] enable us to regard I r and l'v as weighted m eans of B,,.

L et now the tem perature a t the point selected be T. Then the whole 
of the  photosphcric layers lying above will have a lower tem perature 
than  T,  and those lying below (i. e. tow ards the  centre of the star) 
a higher tem perature. The same inequality  will be true  of the functions B„ 
them selves. Then we can write for the given point, by v irtue of what 
has ju s t been said about th e  intensities I v and

>  B V(T) >  K . (6.1!))

This inequality, together with (6.16), enables us to write

lim j. =  1 , lim =  1 . (6.20)
r y  ► oo ■* I' T y — ► oo V

We now divide (3.51) by B v and pass to the lim it as r,, -^ o o :

lim 1 I lim ’’ +  lim A |  . (6.21)
T y  — ► O O  V I  T y  — ► C O  V T y  — ► C O  J * V  )

Introducing the expressions (6.20) into (6.21), we find th a t in fact, 
for xv -> oo, Jy tends to B v. and this enables us to write (6.14).
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Now, introducing (6.14) into (6.13), we obtain the equation for the 
first approxim ation:

dT/dC =  H f2 Z (T )  , (6.22)
where

C O

%(T) =  j  'iJ(VtT) dT (6.23)
o

is a definite function depending only on the  tem peratu re T . Introducing 
the function X1J (v, T) from (6.3) and the derivative of B„ with respect 
to the tem perature in the  integral in (6.23), and effecting the integration 
by numerical m ethods [05], we can determ ine Z(T)  for various T.

H aving calculated the function Z(T),  we can in tegrate  the equation
(6.22) for a given II, i. e. for a given T e. Since for £ =  0 the tem perature 
T  is equal to the boundary tem perature T 0, this gives

TJ  Z { T ) d T  =  \ -H£ . (6.24)
t .

We m ust now determ ine the  tem peratu re T0, which is a constan t of 
integration. I f  we found the  exact solution of the  problem , the  d is tri
bution of tem perature obtained would give us the same flux ti II, equal 
to  a T c4, a t all depths, so th a t the deviation from a T e* is a measure of 
the incorrectness of the  solution obtained. H ence we determ ine the con
s tan t of integration so th a t the  solution found in the first approxim ation 
(i. e. the dependence of T  on £) gives the prescribed flux a T *  a t the 
boundary, where £ =  0. According to (6.9), the in tensity  I v a t  the 
boundary of the photosphere is

OO C
( I X  =  [  A AT )  exp [ -  /  W(v, T) d£] d£ . (6.25)

6 o

At the boundary of the photosphere, where / '  =  0, we have, in accord
ance with (3.50) and (6.25),

C O  C O(nII)o = * J (HXAv = 71 f (7v)0
0 0
co co C

=  7i J { f A V(T) exp [— J y'(v,T)  d£] d £ } d r .  (6.26) 
o o  o

Let us assume th a t we have prescribed some surface tem perature T 0. 
Then the tem peratu re d istribu tion  can be found from the equation (6.24). 
Knowing T  for every value of £, we can then  calculate by means of 
numerical integration, in accordance w ith (6.3), (6.11) and (6.25), the 
quantities (I,,)0 for various frequencies, and then by formula (6.26) the 
to ta l flux rr( //)0, which also has to be calculated by numerical integration.
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The q uan tity  T 0 itself which is such th a t it allows the basic condition

( tzH ) 0 =  a T *  (6.27)

to be satisfied is found as follows. We take a  series of th ree or four 
values for T 0. L et these be T0(2), T 0(3), ^V4)> tying close to  the
expected value; for each of these values we in tegrate  equation (6.24). 
Then, for each of the tem perature distributions thus obtained, we find 
the  value of (7„)0, and then  we calculate, by means of (6.26), (n H )0,
i. e. the  fluxes ( n H ^ ) 0, ( n H ^ ) 0, ( n H ^ ) 0 and ( n H ^ ) 0, corresponding 
to  the  selected values of T 0. We construct a graph, placing on the axis 
of abscissae T0(i), and on th e  axis of ordinates the  corresponding fluxes 
( r r / /(l))0 (i =  1, 2, 3, 4). On joining th e  points obtained by an in terpola
tion curve, we find on this graph the  tem peratu re T 0 which corresponds 
to  the  given flux cr Tti . This 
is the  required surface 
tem peratu re (Fig. 16). If, 
using this tem peratu re, we 
again in tegrate  equation 
(6.24) and calculate as be
fore the quantities n ( I t)0 
and (n l l )0, then  we should 
obtain  for (jiH)0 the  value 
a T e4 (this serves as a check 
on the correctness of the  T0 
obtained).

The quantities (I v)0 for 
the T0 finally obtained are 
to be identified w ith the  d istribu tion  of energy in the  speetrum  of the  
to ta l stellar radiation. For, according to  (4.47), the m ean in tensity  
of the  stellar rad iation  is (//„)0, and so, in v irtue of (3.50), it is equal 
to (7„)0, sinee / '  =  0 a t  the  boundary. H ere, of course, we are speaking 
as yet of the  first approxim ation.

The tem peratu re d istribution whieh wc have obtained in the  first 
approxim ation gives the prescribed flux a Te4 a t the surface of the star. 
However, a more detailed consideration of the question shows th a t, 
in finding T 0 in the  m anner described, we achieve the  constancy of n i l  
not only a t  the boundary itself (where f  =  0), bu t also a t g reat depths, 
with T y c o .  Actually, from (6.14), the tem perature gradient for these t „  

which we find by m eans of (6.22) is practically  exact. Moreover, d irect 
calculations, as well as physical analysis, show th a t the  effect of an 
error in the  tem peratu re of the outer layers on the tem perature d is tri
bution in the  deep layers is small. Then the constancy of the flux n H  

5 Astrophysics
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and its equality to a T(A are fulfilled in the first approxim ation both 
in the layers nearest the surface of the  s ta r and in the  deep layers.

Wc now go to the second approxim ation. On the basis of the tem peratu re 
d istribution, i. e. the function T (£), found in the  first approxim ation, 
we can determ ine the  quantities I v and / '  from form ulae (6.9) and
(6.10) for a series of values o f £, and therefore of T.  Consequently wc 
can determ ine J v from formula (3.51) for these values of £ and T,  and 
thence also d-JJdT  by numerical differentiation. Thus we can introduce 
into equation (6.13) for each £ not the quantities d f f vjdT,  bu t the 
more exact quantities d-/v/dT , derived from  the first approxim ation. 
The problem reduces to the numerical integration of equation (6.13), 
where d J vjd T  is a function of £, and (/y(v, T) is again a function of the 
tem perature d istribu tion  obtained. The surface tem peratu re in the 
second approxim ation m ust be found in the  same way as in the first 
approxim ation.

I f  necessary, we could also introduce the th ird  approxim ation, and 
so on. However, actual calculations show th a t even the  first approxi
m ation gives com pletely satisfactory results, i. e. a practically exact 
flux a t all levels. H ence we can restric t ourselves to  th e  first approxi
m ation.

3. Comparison of theory and observation. Num erical calculations 
have been carried ou t [95] in th e  first approxim ation, in accordance 
w ith the theory ju s t explained, for effective tem peratures T e =  10,500°, 
15,000° and 20,000°. Wc shall give here those results which are the 
m ost im portan t from the theoretical standpoint.

Fig. 17 shows the d istribu tion  of energy, calculated in the m anner 
described, in the  continuous spectrum  of a s ta r w ith T e =  10,500° 
and also, for the sake of comparison, P lanck’s function l ix for the same 
tem perature of 10,500°.
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The m ost characteristic property  of stellar radiation is the presence 
of discontinuities in the m ean in tensity  I x a t the series limits. The 
origin of these discontinuities is easily explained. To do so, we return  
to Fig. 12. According to  this figure, the  absorption coefficient becomes very 
large just beyond the lim it of the Balmer scries. This means th a t, in the 
spectral region in question, we observe radiat ion coming from the upper
most layers of the stellar photosphere, where the tem perature is relatively 
low (being close to the surface tem perature of the star). Consequently, 
in agreem ent w ith Fig. 17 (segment CD), the in tensity  I x beyond the 
limit of the Balm er series will be relatively small. On this segment 
(close to  the point C) the mean in tensity  of radiation I x is in fact close 
to the P lanck in tensity  B x for th e  surface temperature. On the other 
hand, up to  the lim it of the Balm er series the absorption coefficient 
is relatively small. This means th a t here the  radiation comes to us 
from  fairly deep, relatively hot, layers of the stellar photosphere, and 
hence I x will be relatively high (segment A B  in Fig. 17). The disconti
nuities a t the lim its of the other series are explained in the same 
way.

A second property  of the theoretical curve in Fig. 17 is th a t the 
colour tem peratu re T c in some parts  of the spectrum  differs very greatly  
from the effective tem perature, and in general varies with the w ave
length. Thus, in the case considered, i. e. for T e =  10,500°, in the region 
beyond the lim it of the Balm er series, a t  X 3350 A, the value of T c 
is of the order of 11,000°, while in the region up to this series lim it, 
a t  X 4400 A, T c 10,000°, and finally, a t  1 «  5500 A, the value
of T c is close to 15,000°. In  o ther words, for stars with T e =  10,500° 
the  form of I x is very different from th e  P lanckian with T  =  Te. This 
situation  arises from two factors: firstly, from the  tem perature variation 
in the stellar photosphere, and secondly, from the  dependence of x v 
on the frequency. For instance, if the tem perature T  inside the photo
sphere were constan t and equal to  T e, then  the  function B„ would be 
constant, and according to (4.40) we should have /„ =  B„{Te) for 
every frequency, regardless of the dependence of y.v on v. [W hen the 
q uan tity  B„ is removed from  the in tegrand in (4.49), the integral 
becomes equal to unity .] A dependence similar to th a t shown in Fig. 17 
holds also for T e =  15,000° and even for T e =  20,000°, the only 
difference being th a t, when T e increases, the discontinuity  a t  the lim it 
of the Balm er series, defined by

D =  Jilj c) , (6-2S)

where I n and I c are the intensities a t  the points B  and C respectively 
(see Fig. 17), decreases. Its  value is shown in Tabic 3.
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Table 3

T* I) T 1 0 7' (?) 1 0 Spectral class

10,500" 0-49 8430° 8830° AO
15,000° 0-22 11,880° 12,610° 11 5
20 ,000° 0-10 16.300° 16,820° 11 2

Fig. 18 shows the m onochrom atic flux H v for a s ta r with Te =  10,500° 
and various f. The transform ation of the  flux //„ in the direction of 
g reater frequencies as we penetra te  deeper into the photosphere, while 
the in tegrated  flux rem ains constant, is clearty seen from th is figure; 
we have m entioned this effect previously.
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A num ber of considerations (which we shall discuss in P a r t  II), 
which are partly  based on the  results of th e  calculations explained 
above, give reason to  suppose th a t effective tem peratures Te — 10,500°, 
15,000° and 20,000° arc to be ascribed to  stars of the spectral classes 
A 0, B 5 and B 2 respectively. In  this case the observations arc in 
satisfactory  agreem ent w ith the  theoretical curves which give the v a ri
ation of I x, both as regards the  value of D, and as regards th e  values 
of T e for the  various spectral regions [1G8, § 52]. These facts indicate 
th a t  our original suppositions abou t the existence of radiative equilibrium  
in th e  photospheres of stars of classes A 0 to  B 2 arc essentially correct. 
Our original assum ption th a t  th e  absorption of rad iation  is determ ined 
mainly by hydrogen is shown a t the same tim e to  be correct also.
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In  conclusion wc m ay rem ark th a t, for th e  stars considered, the 
surface tem peratures T 0 are lower th an  in th e  case of grey m aterial. 
The surface tem peratures calculated from  form ula (4.24), denoted by 
T Q(g\  are given in th e  fourth  column of Table 3. The inequality  T 0 <  T ^ ,J) 
is due to  th e  fact th a t  the  surface tem peratu re of a star is determ ined 
m ainly by th e  regions of th e  spectrum  where th e  in tensity  of radiation 
and the  absorption coefficient are both large. In  our case these are the 
frequencies lying ju st beyond the  lim it of the  Balm cr series. A t the same 
tim e, we see from Fig. 17 th a t for these frequencies (segment CD) the  
inequality  I } <  B x(Te) holds. This leads to  th e  inequality  T 0 <  T  
In  general, th e  tru e  values of T 0 m ay be even lower th an  those given 
in Table 3. In  fact, we have seen th a t, in th e  case of grey m aterial, 
the  exact allowance for th e  variation of the  in tensity  of radiation with 
direction diminishes T 0 for a given T e. The same can happen when 
y.v varies w ith frequency.

However, a num ber of considerations show th a t, for th e  stars we 
are considering, the  use of th e  mean intensities I v and l'v cannot involve 
noticeable errors. In  order to  prove this, le t us discuss th e  boundary of 
the  photosphere, where these errors should be greatest.

The analysis of th e  equation of rad iative equilibrium  (3.16), as well 
as (6.13), shows th a t the  depth  d istribu tion  of tem peratu re is determ ined 
m ainly by those p arts  of th e  spectrum  -where the absorption coefficient 
and th e  mean in tensity  of radiation are large at the same time (see also 
Fig. 20 and the  te x t relating to  it). These p arts  of the spectrum  lie 
immediately beyond th e  lim its of th e  corresponding series (see, for 
exam ple, th e  segm ent CD  in Fig. 17). Moreover, for these frequencies 
(sec C hapter 8), the in tensity  of radiation a t the  boundary, calculated 
by form ula (3.38), is very close, for all 0 < L \ n ,  to  the  value B y(T0), 
i. e. varies only slightly w ith 0. Thus, in using various m ethods of averaging 
the in tensity  over direction, we do not com mit any im portan t error.

On the  o ther hand, for grey m aterial, all regions of th e  spectrum  
(with a sufficiently high in tensity , of course) p lay  approxim ately the same 
part, and th e  in tensity  I v(0) a t th e  boundary varies m arkedly w ith 
the  angle 0. In  this case th e  errors involved in the  use o f the mean 
intensities /„ and l'v m ay in some cases be noticeable, even if not very 
jarge, as follows from Fig. 8.

The fact th a t the  theory  given above for pure hydrogen absorption 
(for various T f)  is fairly exact is seen as follows. As has already been 
said, when we have obtained the final tem peratu re d istribution in the 
photosphere of the  star, we again find th e  flux (n H v)0 =  (rr/,,)0 for 
various frequencies from formula (6.25), i. e. using the  mean intensities, 
and the  in tegration of the  flux over the  whole spectrum  should give 
us n i l  =  rr7'e4.
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On the  o ther hand, knowing the tem peratu re d istribution, we can 
find th e  flux a t the boundary, using the  exact formula (3.3S) for the 
in tensity . In  this case, having determ ined 7,,(0,0) for various 0, we find 
the  flux [t i H v)0 from (2.0), where, of course, the  integration is from 
0 =  0 to  0 =  \ n ,  and not to  0 =  ti. Such calculations, which have 
been carried ou t for a photosphere with T e =  10,500°, show th a t the 
values of (rr77,,)0 in the two cases are very close to caeh other for very 
different p arts  of the spectrum  and, in particu lar, up to  and im m ediately 
beyond the lim it of th e  Balm er series. The use of th e  fundam ental 
condition n H  =  a T ^  is therefore sufficiently exact in the theory 
discussed above.

4. Stars of spectral classes close to that of the Sim. Let us now pass 
on to  the  consideration of stars of other spectral classes. H ere it is 
necessary, as we have already said, to  work out the  particu lar method 
which is the  sim plest for each ease separately. One of the most widely 
used m ethods is the introduction of some mean (over the spectrum ) of 
th e  absorption coefficient x,,. This m ethod is a t its m ost effective when 
th e  ra tio  of x„ to th e  mean absorption coefficient x introduced, i. e. 
the q uan tity

P, =  x„/x , (0.29)

does not vary  very  greatly  with frequency. This case corresponds fairly 
elosely to  the photospheres of stars of the solar type, where the absorption 
of radiation is m ainly determ ined by negative hydrogen ions and where 
the change of x„ in the w avelength range ?. =  3000 A to 7000 A is 
relatively small (see Fig. 15) com pared w ith the change of y.v in the 
case of absorption by hydrogen (see Fig. 12). (The effective tem perature 
of the  Sun is 5710°.)

In  the  photospheres of stars of the  solar type (or close to it), the 
q uan tity  *pv can depend only slightly on the  depth . For, with a slight 
dependence of x,, on v, the ratio  of x„ to  x, for any  m ethod of averaging 
x,,, cannot differ m arkedly from unity , and so this ratio  cannot change 
m arkedly w ith depth . By means of a  fairly eom plieated analysis,
S. C h a n d ra s e k h a r  has shown th a t, in the  ease where ]),, is com pletely 
independent of the depth , we can use the tem peratu re d istribution 
deduced for grey m aterial, i. c., for exam ple, the  expression (4.23) or
(4.26). The optical depth  r  which appears in this expression m ust be 
determ ined by the mean absorption coefficient x. The mode of form ation 
of x from the values of xr for a given level is to be the following:

C O

£  =  | //„(» x „d r//7  , (G.30)
o

where tiH ,,(1) is the flux calculated for this level with an absorption 
coefficient independent of the frequency; the calculations arc performed
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for a prescribed n i l  =  a l \ A. In  other words, the solution (4.23) or 
(4.26) is again used to  calculate

The energy distribu tion  in the continuous spectrum  of the em ergent 
radiation, in the  case considered, is found as follows. Because py is 
constant, we can w rite for the optical depth

r„ =  J xr o dh = j o dh =  pv J y .ndh =  pr T.  (6.31)

The in tensity  of the em ergent radiation a t the boundary of the s ta r is, 
according to (3.38),

OO

/„(0 ,0) =  /  B„e-P*z*ec0 see 0 p v dr  . (6.32)
o

The mean in tensity  of the  observed stellar radiation, which according 
to  (4.47) is equal to  H v a t th e  boundary, is

I v =  (//„)„ =  2 j  I v(0,0) cos 0 sin 0 d 0
o

oo

—  2 j  B r d r  j  e - P v rscc0 p v sin 0 dO . (6.33)
o o

P u tting  here sec 0 =  w , we obtain

I\  =  2 j  B V(T) E 2(pvr ) p y dr , (6.34)
o

where E 2(x) is a  particu lar case of the  function E n(x), which is defined 
by th e  general relation

E n(x) = d?e =  xn
OO

X

e u du (6.35)

The in tegration by p arts  of (6.35) leads to  the  following recurrence 
fo rm ula:

{n—  1) En(x) =  e r x —  x E n_ l (x) , (6.36)

which gives in particu lar

E 2(x) =  e~x —  x E ^ x )  . (6.37)

The q uan tity  E 1 (x) is found in several tables (see, for instance, [63, p. 6]). 
Consequently, knowing pv r, we can also determ ine E2(pvr) from form ula 
(6.37).
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Thus, in order to  find the  in tensity  of the continuous spectrum  from 
form ula (G.34), we m ust know the quantities p ,,fora num ber of frequencies. 
The connection between T  and r  is given, as we have already said, by 
means of the  solutions (4.23) or (4.2G), or by means of the solution

which combines the gradient of the solution (4.23) with the relation (4.25). 
The solution (G.38) is more exact than  (4.23), bu t less exact than  (4.2G).

The m ethod described has been applied by S. Chandrasekhar and
G. Munch to  the study  of the Sun, for which T e =  5710°. I f  the q uan tity  
j)v for different depths were, as we suppose, in fact constant, its d e te r
m ination could be referred to  any level. However, the supposition about 
the constancy of is of course som ew hat schematic, since there is in 
reality  a  definite change of p„ w ith depth . Hence the  q uan tity  p v m ust 
be determ ined for th e  dep th  which is m ost effective in forming the 
continuous spectrum  of the star. This level in general corresponds to 
the photosphcric layers where th e  local tem peratu re T  equals the 
effective tem perature T e (r approxim ately 0-6). Calculations based on 
all these considerations, and carried out on the  supposition th a t negative 
hydrogen ions are the  only source of absorption in the  solar photosphere, 
have led to the  following results. I t  appears th a t theory  and observation 
m ay be brought into satisfactory agreem ent for a fairly large wavelength 
interval, from A (ta 4000 A to  16,000 A, if the theoretical value of x, 
found by means of (G.30), is increased by a factor of 1.4. This la tte r 
circum stance is not unexpected, since it m ust be borne in mind th a t 
x  is to  be determ ined by averaging x v over th e  whole spectrum . A t the 
same tim e wc have already said th.at, in th e  ultra-violet region of the 
spectrum  beyond 3000 A, th e  absorption of solar radiation by metals 
owing to  photo-ionisation from the  ground levels m ust play an im portan t 
part. I t  is clear th a t the  introduction of absorption by m etals m ust 
increase x  in comparison w ith x(H~).

There exists another m ethod (see Section 7.3) which m akes it possible 
to  determ ine, from the observed dependence of I,,{0,0) on the angle 0, 
the  change of x v w ith frequency for various levels in the  photosphere,
i. e. for various local tem peratures. This m ethod, too, gives curves for 
x v which coincide very closely in the in terval from 4000 to 10,000 A 
w ith the  curves shown on the right of Fig. 15. Thus negative hydrogen 
ions are w ithout doubt th e  main source of absorption in the solar pho to
sphere in this wavelength interval. F u rther, the agreem ent between 
theory  and observation shows th a t the application of the  theory  of 
radiative equilibrium to  the solar photosphere also is sufficiently justified. 
The divergence between theory  and observation beyond A 4000 A is

(G.38)
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apparen tly  due to  the concentration of absorption lines, as we have 
already said. The position regarding the  infra-red region with X >  10,000 A 
is still uncertain , since the  m easurem ents them selves of the  energy 
distribu tion  in this region are still very unreliable.

o. Stars of other spectral classes. Stars with extended photospheres. 
Since the theory  of rad iative equilibrium with the absorption coefficient 
x„(H~) satisfactorily explains the solar spectrum , it m ay be thought 
that- the  same will also be true  for stars whose spectral class is not 
mueh different from th a t of the  Sun (dG 3). However, for stars of la te  
types, ju s t as for stars of spectral classes earlier than  th a t  of the  Sun, 
the  application of the theory  m eets with various difficulties. In  the 
former case these difficulties are due to  molecular bands, which appear 
a t the  speetral class K  5 and reach a very great in tensity  in classes 
M, R, N and S. There is as y e t no theory  which takes aeeount of the  
influence of these bands on the tem peratu re distribution.

A nother ease is the  transition between stars of the  solar type and 
stars of the  spectral classes F  and A. H ere the  main difficulty is th a t 
in the  photospheres of these stars both negative hydrogen ions and neutral 
hydrogen p lay  an im portan t part. H enee the  value of pv is now a function 
of the  depth . On th e  other hand, the  representation of y.v by the  form ula
(6.1) is also ineorreet in th is ease. As a result of all these difficulties there 
are .as y e t no calculations which are a t all reliable.

In  conclusion, le t us consider the very  ho t 0  stars, and B stars of 
the  early sub-elasses. Here, as we have already said in the introduction 
to the present chapter, scattering of radiation by free electrons begins to 
play an im portan t part, which increases continuously with tem perature, 
as m ay be seen from the  following considerations. L et 1 cm3 contain n 
hydrogen atoms. Since the la tte r  are largely ionised a t the  tem peratures 
in question, hydrogen will be the  ehief souree of free electrons, because 
of the  high proportion of it in the atm osphere. Consequently, if np is 
th e  num ber of protons in 1 em 3, we have

nt fh np =  x n  . (6.39)

At fairly high tem peratures, electrons eoming from  the ionisation of 
helium  also play some part.

In  accordance w ith (6.39) and (5.69), in the ease of scattering by free 
electrons we have

d/,. =  — 1 „ ne se dh =  — /„ x n m n (sejmn ) d h

=  — I v x(sff mn) o dh , (6.40)
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where w n is the mass of a hydrogen atom  and o is the density  of m a tte r 
per cm 3 due to  hydrogen atoms. By v irtue  of (6.40), the  coefficient of 
scattering by free electrons, referred to unit mass, is

s =  x selmn , (6.41)

where se is given by the  expression (5.70).

N ext, in the atm ospheres of the  stars considered, the true  absorption 
in the observable region of the spectrum  is determ ined largely by neutral 
hydrogen. For this we can use for x v the  expressions (6.1) to (6.3). From 
these expressions and (6.41) we can w rite lor a„ (the ratio  of the  absorption 
coefficient to the  scattering coefficient)

a . s
C0Pe n v ,  T) 

st T l (6.42)

And since, from (6.3), the second factor in (6.42) decreases with tem pera
ture, it follows th a t, for some tem perature, a„ will be less than  unity  
for a given frequency and a given pe, i. e. the  p a rt played by electron 
scattering in the a ttenuation  of the in tensity  will become even more 
im portan t th an  th a t of the true  absorption [though of course x v will 
figure as before in K irchhoff’s Law (3.10)]. Moreover, it follows from 
(6.42) th a t, for stars w ith the  same effective tem perature, the part 
played by electron scattering is the greater, the less the mean pe in 
their photospheres. In  other words, electron scattering plays a consider
ably greater p a rt in the photospheres of supergiants than  in those of 
ordinary  stars.

D irect calculations show th a t the electron scattering m ay be im portan t 
even in the photospheres of A -type supergiants. This is confirmed by 
observations, which show th a t the discontinuity a t the lim it of the 
Balmcr series, or ra ther the quan tity  D  which characterises this d is
continuity  according to formula (6.2S), is sm aller in the spectra of 
early-type supergiants than  in those of ordinary stars of the same 
spectral classes. This is easily explained by m eans of electron scattering. 
In  fact, any additional source of absorption diminishes the p a rt played 
by hydrogen, and consequently decreases D.

Electron scattering is particularly  im portan t in the photospheres of 
stars of class O and of ho t stars such as, for exam ple, the W olf-Kavet 
stars. However, there  is unfortunately  as ye t no sufficiently reliable 
theory  which takes account of the influence of electron scattering on 
the  tem perature d istribution in the  photospheres of stars of classes A, 
B and 0 . For W olf-Rayct stars, which we shall discuss in P art VI, such 
calculations were first made by V. A. Ambartsumyan [7].
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111 concluding the consideration, in this part of the book, of stars of 
early  spectral classes, it must be m entioned th a t, for very ho t stars, 
nam ely those of class 0  and the  early subdivisions of class B, the absorp
tion of rad iation  in the  ultra-violet region of the spectrum  is determ ined 
not only by hydrogen, bu t by neutral and ionised helium; see, for example, 
J .-  C. P ecker [121] and A. B. U n d erh ill [167].

To conclude this chapter we m ay say th a t, in the cases where the 
theory of radiative equilibrium  has been m ost developed (the Sun, and 
stars of classes A 0 to  B 2), its conclusions are in satisfactory agreement 
w ith the results of observation, as regards the energy d istribution in the 
continuous spectrum  and, for the  Sun, as regards the law of darkening 
to  the limb. (The in troduction of negative hydrogen ions does not 
noticeably change the law of darkening to  the limb obtained for the 
case of grey m aterial.) H ence it m aybe assumed th a t the original postulates 
o f the  theory  of radiative equilibrium  which we have developed are not 
far from reality, though of course there are a num ber of problems 
and discrepancies which require fu rther study. Also, the  effect of ab 
sorption lines (in whose frequencies p a rt of the photosphcric radiation 
is scattered  back) on the radiative equilibrium  m ust be studied. This 
topic is extrem ely com plicated and has not yet been completely worked 
out, so th a t we shall not discuss it here.

Until now we have considered the theory  of rad iative equilibrium  as 
applied to  photospheres w ith plane-parallel layers. For photospheres 
whose linear thickness is com parable w ith the radius of the s ta r (or even 
greater th an  it), the application of the theory  of radiative equilibrium 
results in g reat difficulties. For the case of grey m aterial, the  basic 
physical principles of the  theory of the rad iative equilibrium  of extended 
photospheres have been worked out by X. A. K ozyrev. In  the em er
gent (observed) radiation of stars with extended photospheres, the 
relatively cool layers at a relatively small optical dep th  p lay  an im portan t 
p a r t (the extension effect). Hence the colour tem peratures of stars with 
extended photospheres should be low.

However, in actual stellar atm ospheres, the absorption coefficient 
depends on the frequency. Thus it is necessary to  take account of the 
p a rt played by hydrogen absorption beyond the lim it of the Lym an 
series. Also, for W olf-Ilayct stars the large part played by electron 
scattering of radiation m ust be taken into consideration. Moreover, the 
application of K irchhoff’s Law (3.10) to photospheres of great ex ten t 
appears insufficiently justified.

Some of the  questions of the theory  of extended photospheres will 
be considered in P a rt VI, which is devoted to stars whose spectra 
possess bright lines.
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1. The structure of the photospheres of stars of the classes A 0 to 11 2.
As has been said in the introduction to  P a r t I, the chief problem  in the 
theory  of stellar photospheres is to  establish the law of variation with 
depth  of the  different physical param eters in stellar (or solar) photo
spheres. In  Chapters 4 and 6 we have been eoneerned with the question 
ot the tem peratu re d istribution. However, a knowledge not only of the 
tem perature, bu t also of the pressure, the density, etc., a t every point 
of the  photosphere is neeessarv for m any astrophysieal problems. This 
is particu larly  im portan t in the construction of a quan tita tive  theory  of 
absorption lines in stellar speetra. As an independent variable we can 
now take the linear dep th  in the  stellar photosphere, reckoned upw ards 
and downwards from any level; for exam ple, from the level where the 
tem perature T  is equal to the  effective tem peratu re T e.

As in the theory  of rad iative equilibrium, there is here as y e t no 
general and universal m ethod. The solution of the problem  is earried 
out separately  for eaeh particu lar case.

As the  simplest example le t us consider photospheres of stars of the  
classes AO to  B 2. In  the photospheres of these stars, the  absorption 
is praetieally determ ined by only one element, nam ely hydrogen. The 
corresponding theory  was first diseussed by fi. R . M ustek’, and la ter 
by V. S. Berdichevskaya [20],

The main assum ption from whieh we s ta r t is th a t a t  every level of 
the  static  photospheres whieh we shall stud}’ there exists not only rad ia 
tive, bu t also meehanieal (hydrostatic) equilibrium. [We m ay rem ark 
th a t this assum ption is valid only on the  average, sinee in stellar pho to
spheres various kinds of loeal m ovem ent of m atter m ust exist. This is 
indicated by the study  not only of the Sun (e.g. granulation), bu t also of 
the stars.] The meehanieal equilibrium  of the  stellar photosphere is brought 
about as a result of the  sim ultaneous aetion of the  following oppositely 
directed forees: (1) grav ity  (towards the eentre of the star), (2) the  gas 
pressure and radiation pressure (away from the  eentre of the star).

In  order to  deduee the equation of equilibrium, we consider a cylinder 
with base area 1 em 2 and height dh considerably less than  the linear 
dimensions of the  base; le t the axis of the  cylinder be norm al to  the 
planes of the  photospherie layers. The weight of such a cylinder is g n dA, 
where g is the acceleration due to grav ity  a t the  given point, and o is 
the  to ta l density  of m a tte r a t the level in question (determ ined by all 
atoms). Also, let p be the to ta l gas pressure a t th is level, and p' the 
radiation pressure a t this level. The equation of equilibrium  for the 
cylinder can be w ritten  in the form

dp  -f- dp'  =  g n dh ,

7(>

(7.1)
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since on penetrating in to  the  s ta r a short distance d/t the increase of 
the gas and radiation pressure by d [p +  p') is balanced by a corresponding 
increase in the weight of the column (with base 1 cm 2) of overlying 
m a tte r by g n d h. H ere it m ust be rem em bered th a t the value of h increases 
tow ards the centre of the  star.

L et us introduce an expression for dp '. Classical electrom agnetic 
theory  tells us th a t, in the absorption by m a tte r of rad ian t energy E  
moving in a given direction, the m a tte r acquires m om entum  E/c in 
th a t  direction, where c is the velocity of light. This was first proved 
experim entally  in 1901 by the distinguished Russian physicist P. N. Lebe
dev. In  particu lar, if the atom  absorbs a quantum  hv  from a beam of 
rays, i t  thereby  acquires m om entum  hvjc in the direction of the beam. 
From  this we calculate the  radiative impulse acting on the  cylinder 
considered, w ith base 1 cm2 and height dh, in the direction of the normal 
to  the  planes of the  layers, since the direction of the force of grav ity  
also coincides with the normal (in the  direction to  the centre of the 
star). In  particular, there will be no “ oblique stresses” due to  radiation 
pressure in the  case we are considering, since, as we have already said, 
the in tensity  of radiation a t any po in t of the  stellar photosphere depends 
only on th e  angle 0, and is independent of the  azim uth.

The am ount of energy absorbed from the beam I„(0) dco by the cylin
der in tim e d/ and in the frequency in terval from v to r  +  dv is, in 
accordance w ith the  fundam ental definitions of C hapter 2,

I v(0) cos 0 dco d t . x v q dh sec 0 , (7.2)

where eos 0 is included to  take account of the projection of the un it 
area [formula (2.3)], and sec 0 to take  account of the oblique course of 
the beam in the cylinder considered [formula (2.27)]. The m om entum  
given to the  cylinder in the direction making an angle 0 with the normal 
is (we disregard the sides of the cylinder in vicwr of the smallness of dA)

1,(0) (bo 
c xv q dv  (1A d< (7.3)

The com ponent of m om entum  in the direction of th e  norm al is equal 
to the  expression (7.3) m ultiplied by eos 0.

I t  is also necessary to  take account of radiation from th e  whole 
sphere, i. e. to effect the in tegration over co. This gives

I  (0) cos 0 dco r i l l
xv o d v d h d t =  y.v q d v d h d t .  (7.4)

C " c

In  order to obtain  the force acting on the  cylinder, (7.4) m ust be divided 
by db N ext, the result m ust be in tegrated  over the whole spectrum .
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And since the force of radiation pressure acting on the cylinder is the 
difference of the pressures p' a t its lower and upper faces,

CO

Tt I  H r x r d v

dp' =  ° c Q dh . (7.5)

The expression (7.5) is very general. In  order to  take account of 
negative absorption (i. e. stim ulated  emission), the  absorption coefficient 
m ust be taken  in accordance w ith form ula (5.G1), i. c. the  coefficient 
of stim ulated  absorption (corresponding to th e  coefficient B ik) m ust be 
m ultiplied by ( 1 — e~,iV̂kr). This m ay be seen from  the  following 
considerations.

Let radiation of in tensity  I p(0). moving inside an infinitely small 
solid angle dca, be incident on atoms. Then th e  effect on these atom s of 
the  beam of rays considered am ounts to the following. In  absorbing 
rad ian t energy th e  atom s will acquire m om enta hvjc in the direction of 
the  incident beam. A fter each absorption, a spontaneous emission of 
the absorbed quantum  will take place (after a certain time), as a result 
of which the atom  will acquire a recoil m om entum  hv/c in the  direction 
opposite to  th a t of the quantum  em itted. However, since th e  re-emission 
can take place, in general, in any direction, on the  average all such 
recoil m om enta will annul one another, and the  atom  will experience 
radiation pressure only in the direction of the  incident beam.

The proeess of stimulated emission am ounts to th is: a quantum  h v  
moving inside the beam falls on the atom  and stim ulates the  la tte r to 
em it a similar quantum hv  in the same direction. The atom  thereby emits 
the  quantum  in th e  direction of the beam and acquires a recoil m om entum  
which is always in the opposite direction. I t is clear th a t this process 
diminishes the rad iation  pressure, in the direction of the  beam, on the 
atoms.

The im portance of stim ulated  emission is quan tita tively  determ ined 
by the ratio  of the num ber of processes of stim ulated  emission to the 
num ber of processes of ordinary (stim ulated) absorption, and this ratio 
should not depend on the angle 0, since in both cases the  num ber of 
transitions is proportional to the  density  of radiation. For this reason 
the resu ltan t m om entum  com m unicated to  the m a tte r by radiation 
pressure is proportional to  the  flux Tillv.

Let us calculate the above-m entioned ratio of the num ber of processes. 
According to (5.47) and (5.50) [where instead of o, the  expression (5.42) 
m ust be substitu ted], this ratio m ust be

71r ,  lPr 8 .T h !•*

lr, I k ’ C (lr
l y(0) d" ilne

1,(0) d“
(7.0)
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Using the expressions (5.54), (5.52), (5.11), (5.12), (5.55), (5.49), (5.6)
and (5.8), we find th a t the ratio  just given is equal to  e~h,'lkl\  j c the 
decrease in d p ' when the  stim ulated  emission is taken into account is 
determ ined by th e  factor 1 — e~hv,kT. This is w hat we wished to prove.

The use of the  expression (7.5) to  estim ate dp ' in the  ease of pho to
spheres of early-type stars is very laborious, since it would here be neces
sary to  calculate the  flux tiH v for different depths. However, as we shall 
see, the p a rt played by radiation pressure in this case is very small. 
Hence we shall no t com mit a great error if we calculate d p ' for the  case 
of grey m aterial and  apply the result obtained to the case of a pho to 
sphere with an absorption coefficient depending on the frequency.

For y.v =  x, the  expression (7.5) takes the form

where a =  4 ajc is the density constant of in tegrated  radiation, equal 
to 7-569 X 10~15 erg e n r 3 degree-4. In teg ra ting  (7.9), we obtain

since p ' =  0 for T  — 0 , and hence the  constant of integration is zero. 
Thus, for grey m aterial, the  rad iation  pressure in the approxim ation 
considered is the  same as in th e  case of stric t therm odynam ic equilibrium.

Let us re tu rn  to th e  equation (7.1). Since, in our ease, the  absorption 
of radiation is determ ined by hydrogen, we can use all the results which 
we obtained in th e  last chapter. In  particular, we can again introduce the 
variable f  defined by th e  expression (6.5). For this puipose, the  equation 
(7.1) can be rew ritten

O O

d p ' = o (7.7)c

on the  o ther hand, from  (4.23) we obtain  by differentiation

(7.8)

Introducing  (7.8) in to  (7.7), we find

dp ' =  i  4ct d T 4 =  i - a d ? ’4 c (7.9)

(7.10)

(7.11)

For the tem peratu re d istribu tion  in the stellar photospheres considered, 
we can with sufficient accuracy use the  equation (6.22), i. e. the equation 
of the  first approxim ation. For the surface tem peratu re we m ust take
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th e  value T 0 which is found by m eans of the  m ethod there explained 
(obtaining of the  prescribed flux ziH =  a T *  a t the boundary of the 
photosphere). Using (G.22) and (G.5), we have instead o f (7.11)

where a  =  o/pn, and pu =  ?nn n H, where ?»u is the  num ber of hydrogen 
atom s in 1 cm3. This q uan tity  oH is m eant in (6.5). According to  Table 1 
we can take  a  ^  l.S.

Our n ex t problem is to  transform  equation (7.12) into a differential 
equation for pe and T,  where we shall take pe as th e  independent 
variable. Consequently, we m ust express the  quantities appearing in 
(7.12) in term s of T  and pe.

Let us first express the  gas pressure p  in term s of T  and pe. In  doing 
so we take  into account the  fact th a t  th e  to ta l gas pressure is practically 
determ ined by h j drogen, owing to  th e  extrem ely high percentage content 
of the la tte r. Let 1 cm 3 contain n ri hydrogen atom s (both neutra l and 
ionised). Then th e  partia l pressure determ ined by hydrogen atom s is

In  order to  obtain  the  to ta l gas pressure, we m ust add to  p H th e  partial 
electron pressure pe :

where rte is th e  num ber of free electrons in 1 cm 3.

N ext, for the tem peratures and electron pressures in which we are 
in terested  (in th e  photospheres of A 0 to  B 2 stars), the main source of 
free electrons is hydrogen, as m ay be calculated from Saha’s formula 
and the pe found from  observation. The p a rt played by electrons liberated 
by the ionisation of m etals is here very small, because of the negligible 
percentage conten t o f the la tte r. From  these results we can write

(7.12)

Pn — nK k T  . (7.13)

(7.14)

ne =  x  nH , (7.15)

where x  is the  degree of ionisation of hydrogen. 
From  (7.13), (7.14) and (7.15) we find

V =  Pn +  Pe — »n  0  +  *) A' T  , (7.16)
and also

Pfr* =  (1 +  x)/x .

F urther, from (5.16) and (5.17), we can A v r i t c  for hydrogen

[ * / ( l  -  * ) ]  Pe =  ,

(7.17)

(7.18)
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where
K  _  «, 2(2 n me) i (kT) D xJkT 

° “  M0 h3~ e (7.10)

Since the  first excitation potential of hydrogen is very large (10T6 eV), 
the  partition  function u0, calculated from form ula (5.13), reduces to 
the first term , even for the tem peratures which we are considering. For 
neu tra l hydrogen u0 =  fJo, l =  2, and for ionised hydrogen (protons) u1 =  1.

Consequently we can rew rite (7.19) as

where
K 0 =  C T 3 e ~ x‘lkr ,

C =
(2 71 me) 2 k 2 

h3

(7.20)

(7.21)

Also, it follows from equations (7.17) and (7.18) th a t

V =  (Pe2 +  2 ^ 0 p«)/A'0 . (7.22)

D ifferentiating (7.22) w ith respect to T  and taking account of (7.20), 
we obtain

dp _ 1
d  T ~  K 0 2  (pt

dp
+  *  o)

Pe I 5
T \ 2  ^  kT (7.23)

Also, since from (7.18)

* =  K ol(Pe +  K o) - (7.24)

we obtain, according to (6.2),

4>(re,T) Co _ A'o Pe ___
»»1I T 3 (Pe +  K„)

(7.25)

Using now (7.23), (7.9) and (7.25), we obtain from (7.12)

d  T 

*Pe <*£7
2 n mu 

3 C , a i y

(Pe +  A 0) pe

Tl Z(T) (pe +  K0) pc 1 ( 5 +2 T  V 2
*0
kT ) -

(7.26)

The initial conditions for the integration of this equation are determ ined 
bv the fact th a t, a t th e  boundary of the photosphere, where T  =  T 0, 
the pressure pe =  0 and t \T/dpe =  0 .

The right-hand side of equation (7.26) is a known function of the 
variables pe and T.  The values of Z(T)  are taken  from formula (6.23).

6  A s t r o p h y s ic s
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The integration of equation (7.20) m ust be carried out by numerical 
methods. As a result we find the dependence of T  on pe for given T e and 
g. The distribu tion  of the rem aining quantities inside the  photosphere 
can be found from the following considerations. From  (7.24) and (7.20) 
we can find the  degree of ionisation x  for every po in t of the  photosphere. 
This in tu rn , by formula (7.17), gives the  pressure p a t every point of 
the  photosphere. The radiation pressure p' can be calculated from formula
(7.10).

To determ ine the  density  p we m ultiply and divide the  righ t-hand 
side of the equation (7.16) by a  m n . Then, tak ing  into account the faets 
th a t p =  a  Wj! and th a t, according to  the kinetic theory  of gases, 
hjrn =  lljp, we obtain  the equation of sta te

P a /tH/(l -i i )  -  ^ (7.27)

from which it follows th a t when the  hydrogen becomes ionised the 
molecular weight decreases, and this leads to  an increase in the  to ta l 
gas pressure. Knowing p, T  and x, wc can calculate p from formula
(7.27) for every point of th e  photosphere.

We now relate all the  quantities found to  the linear depth  in the 
photosphere. To do this, we elim inate the differential d£ from  the 
equations (6.5) and (6.22), and instead of the  function &{pe>7") we 
introduce the  expression for it given by (6.2). We then  obtain

d h =
4.-rwn a Z ( T ) T l  
3 a Te4 C0 x pe q d pe ( Pe (7.28)

The expression in front of dpe on the right-hand side of equation (7.28) 
is a known function of the pressure pe, since all the quantities appearing 
in this equation have already been determ ined [the derivative d'/'/dp^ is 
determ ined in solving equation (7.26)].

The relation between h and pe and, consequently, the remaining 
physical param eters, can be established by numerical integration of 
equation (7.28). As an origin for th e  m easurem ent of h we can take 
the level where the tem peratu re T  is equal to  the effective tem perature. 
We shall reckon the values of h positive in to  the s ta r from this level, 
and negative outwards.

2. Discussion of the theoretical results. In  Table 4 we give the results 
of the corresponding calculations, carried out by V. S. B k i i d i c i i k v s k a y a  

for Tt =  10,500° and g =  0-55 x  104 em /see2. The last column of 
Table 4 gives the  optical depths, calculated from form ula (6.7) with 
?. — 4700 A, for the  corresponding levels. I t  should be noticed th a t 
the equation (7.26), from which Table 4 was constructed, contains a
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o n ly  in  th e  q u a n t i ty  a  g . H e n c e  a n y  re fin em en t o f th e  n u m erica l v a lu e  
o f a  will m e re ly  a l te r  th e  v a lu e  o f g  co rre sp o n d in g  to  th is  p a r tic u la r  
so lu tio n  o f  e q u a tio n  (7.2C).

F ro m  T ab le  4 we can  fo rm  a n  id ea  o f th e  c o n d itio n s  ex is tin g  in  th e  
p h o to sp h e re s  o f s ta rs  o f class A  0. W e see t h a t  th e  p re ssu re s  p  in  th e se  
p h o to sp h e re s  a re  v e ry  sm all, o f th e  o rd e r o f som e te n s  o r th o u sa n d s  
o f b a rs , w hile  th e  g as  p re ssu re  a t  sea  level in  th e  E a r th ’s a tm o sp h e re  is of 
th e  o rd e r  o f m illions o f b a rs  (one n o rm a l a tm o sp h e re  =  1,013,246 bars). 
T h e  sam e  is t ru e  to  an  ev e n  g re a te r  d eg ree  w h en  w e co n sid er th e  d en s itie s  
in  th e  p h o to sp h e re s  o f o rd in a ry  s ta r s  o f c lass A  0 ; th e y  a re  o f  th e  o rd e r  
o f 10“9 to  lO -11 g /c m 3, w hile th e  d e n s ity  o f a ir  a t  0° a n d  76 cm  o f m e rc u ry  
is 0-0013 g /c m 3.

v ,  0>ar-s) X p  (bars)

T a b le  4 

p '  (bars) (?(g/cm3) h  (km) r *[4700 A]

0 8430 1000 0 12-86 0 0
O 8432 0-783 11-40 12-88 1-67 x lO " 11 —4811 —

15 8448 0-556 42-00 12-97 7-03 x  10-11 —3210 —

25 8477 0-447 81-00 13-14 1-45 x  10~10 —2516 0-005
50 8594 0-350 193-0 13-90 t  3-66 x  10~10 — 1662 0-02

100 8890 0-349 386-0 15-91 , 7-07x lO " 10 — 991 0-07
150 9185 0-406 519-0 18-13 S-83X 10-10 — 686 0-13
200 9467 0-480 616-0 20-46 9-67 X lO -10 — 491 0-20
300 10,024 0-640 768-0 25-72 1-03 x lO - 9 — 210 0-34
400 10,007 0-784 912-0 32-25 1-06X 10-9 +  47 0-54
000 11,746 0-929 1248-0 48-50 , 1-21 X lO -9 +  611 , 1-12
780 12,555 0-966 1587-3 63-29 1-41x10-° +  1102 | 1-79

1020 13,300 0-982 2059-1 81-15 1-71 X 1 0 -° +  1667 2-78

S u ch sm all d e n s itie s  a n d p re ssu re s a re  c h a ra c te r is t ic  n o t o n ly  o f
th e  c lass o f s ta rs  co n sid ered , b u t  in  g en e ra l o f th e  p h o to sp h e re s  o f th e  
m a jo r i ty  o f s ta rs . I n  m a n y  cases (p h o to sp h e re s  o f g ia n ts  a n d  su p e r- 
g ian ts )  th e  d e n s itie s  a rc  ev en  sev e ra l o rd e rs  o f m a g n itu d e  low er th a n  
th e  figures ju s t  q u o te d , th o u g h  o f cou rse  th e re  a re  also  d e n se r  p h o to 
sp h e res , su ch  as, fo r  in s ta n c e , th o se  o f th e  w h ite  d w arfs . H o w ev er, 
th e  p h o to sp h e re s  o f  th e  o v erw h elm in g  m a jo r i ty  o f s ta rs  a re  v e ry  ra re fied  
g aseo u s co n fig u ra tio n s.

A g lan ce  a t  th e  th i rd  co lu m n  o f th e  ta b le  show s th a t ,  a s  we p e n e tr a te  
in to  th e  p h o to sp h e re , th e  d eg ree  o f  io n isa tio n  a t  f irs t d ec reases , a n d  
th e n  beg in s to  in c rease  ag a in . T h is  is ea s ily  e x p la in e d  as follow s. As 
is seen  fro m  th e  second  co lu m n  o f T ab le  4, th e  in c rease  o f  th e  te m p 
e ra tu re  in  th e  o u te rm o s t lay e rs  o f  th e  p h o to sp h e re  is re la tiv e ly  slow. 
H en ce  th e  ch an g e  o f x  in  th e se  lay e rs  is d u e  to  th e  ch an g e  o f  p ,  (w hich 
in creases), a n d  c o n se q u e n tly  x  m u s t d ec rea se  in  acco rd an ce  w ith  (7.24). 
H o w ev er, on p e n e tr a t in g  fu r th e r  in to  th e  p h o to sp h e re , th e  p a r t  p lay ed  

6*
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by the  increase of tem peratu re becomes greater and greater; K 0 begins 
to increase more rapidly than  pe, and the degree of ionisation begins 
to  increase again.

A comparison of the fourth  and fifth  columns of Table 4 shows 
th a t p' is g reater than  the  gas pressure only in the  outerm ost layers 
of the  photosphere, while in the deeper layers it is negligibly small. 
However, in the outerm ost layers of the photosphere its influence on 
the d istribution of the  various physical param eters tu rns out to  be 
com pletely insignificant also. In  fact, it follows from equation (7.1) 
th a t the equilibrium of the  photosphere is determ ined not by the 
pressures p and p' themselves, bu t by their gradients, while it follows 
from  Table 4 th a t even in th e  outerm ost layers of the photosphere 
| grad p | | grad p' |. Similar results are obtained for the photospheres
of the m ajority  of stars. Consequently, in all such cases the radiation 
pressure can be neglected. The part played by the la tte r  can become 
im portan t only in very extended photospheres. Also, selective radiation 
pressure, i. e. the  pressure of rad iation  in the  frequencies of spectral 
lines, m ay become im portan t in some cases (very hot stars).

Let us consider the seventh column of Table 4. We are concerned 
w ith the layers which m ainly produce the continuous spectrum  of the 
star. These are the regions whose optical depth  lies, roughly speaking, 
between OT and To. From  regions with r x >  T5 the rad iation  emerges 
considerably a ttenuated  (owing to the  factor e- n seca). The p a r t played 
by regions w ith small rx in producing the em ergent radiation is, according 
to (3.31), proportional to  A t x and is consequently small because A t x 
is small.

I t  follows from Table 4 th a t the  linear thickness of the layers in 
question is of the order of some thousands of kilometres. Now the radius 
of a s ta r of class A 0 w ith g =  0-55 X 104 em /see2 is one or two million 
kilometres. Consequently, we see th a t in this case the thickness of the 
s ta r ’s photosphere is in fact small com pared w ith its radius.

I t  m ust be borne in mind th a t the  m odel here considered o f the 
photosphere of a star of class A 0 is a purely theoretical model, con
structed  on the assum ption th a t neutra l hydrogen is the  only souree 
of absorption. For values of <j g reater th an  th a t  used in the calculations 
(5-5 X 103 em/see2), the m ean value of pe will be higher, and negative 
hydrogen ions will begin to p lay  a significant part. Reasons have been 
advanced [27] for supposing th a t the m ean electron pressures in the  
photospheres of stars of class A 0 are of the order of a thousand or 
even several thousand bars. However, there are o ther investigations 
which do not corroborate these conclusions (0 . A. M e l ’n i k o v  [83], 
L. H. A l l e r  [2, pp. 196-8]).
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3. The application of the law of darkening towards the limb of the 
star’s disc. We have discussed th e  theory  of the  structure of stellar 
photospheres, starting  from the  fundam ental equation of equilibrium 
(7.1), the  tem peratu re d istribution found earlier, and o ther relations. 
For the  Sun, some inform ation on th e  structu re  of the photosphere 
can be obtained from the  law of darkening to the  limb of the disc, 
which is found directly  from observation. For the  expression (3.3S) 
can be regarded as an integral equation determ ining the law of variation 
of B„ w ith t „, if the law of variation of I v{0,0) w ith the  angle 0 is known 
for a given frequency. H aving found this law from observation, wc 
can thus determ ine also the law of variation of B v w ith r v, which is 
extrem ely im portan t for the theory  of absorption lines*.

In  practice this m ay be done as follows, following D. C h a l o n g e  and 
V. K o u r g a n o f f . We write th e  equation (3.38) in the  form

$ 1 (0 )
7,(0, 0) 
7,(0. °)

CO

0

BX(T) 
7,(0, 0)

— r ,  sec 0
e see 0 d r , (7.29)

The observations show th a t the  function 0 ,(0 )  can be represented with 
sufficient accuracy in the  following form :

0 ,(0 )  =  A x +  Cx cos 0 +  79, cos2 0 . (7.30)

Introducing this into (7.29), it is easy to prove th a t th e  solution of 
(7.29) is

Bx{T)/Ix{Q>Q) =  A x +  Cx r, +  1 Dx r x2 • (7.31)

Thus, having found th e  coefficients A x, C , and 79, from observation, 
we can find the  relation between B x and r ,  in accordance with (7.31). 
F urther, by means of (7.31) we can study  th e  variation  of r ,  w ith A, 
and also of x , w ith /., etc., for every level in the solar photosphere 
(i. c. for every value of T). This m ethod of studying th e  solar pho to 
sphere m ay be called the  “ optical” m ethod. The value of this m ethod 
was first rem arked by P. Parkhomenko in 1934. The m ethod in question 
was also first used by her; in recent years it has come into very general 
use. The coefficients A x, C ,  and D x have been obtained by R .  C a n a v a g o i a , 

D. Barrier  and others from the m ost recent observational material.

I t  must be rem arked th a t the accuracy with which the dependence 
of B x on r ,  is found by this m ethod depends very strongly on the 
accuracy with which the function 0 ,  is determ ined a t the limb of the 
Sun’s disc.

* T h e  s a m e  ca n  b e  d o n e ,  w i t h  le s s  c e r t a in t y ,  fo r  s o m e  e c l ip s in g  v a r ia b le s  a lso .



Chapter 8. The application of the laws of thermo
dynam ic equilibrium to stellar photospheres

1. Prelim inary rem arks on the deviations from thermodynamic 
equilibrium in stellar photospheres. In  the preceding chapters we have 
several tim es m ade use of laws which are. stric tly  speaking, correct 
only for the ease of therm odynam ic equilibrium. Let us enum erate 
these laws: (1) the Maxwellian d istribution of the velocities of atom s 
and electrons [for electrons ef. formula (5.52)]; (2) B oltzm ann’s formula 
(5.D), which gives the d istribu tion  of atom s among the quantum  levels; 
(3) Saha’s ionisation form ula (5.11); (4) the  K irchhoff-Planck law (3.10). 
The valid ity  of the  application of these laws to stellar photospheres 
is by no means evident. H ence this question needs special consideration.

However, before going on to a detailed discussion of the laws which 
we have enum erated, we m ust ascertain why these laws m ay in general 
be violated in stellar photospheres. In  o ther words, we m ust find out 
how the physical conditions existing in stellar photospheres differ from 
those which hold in therm odynam ic equilibrium.

The first violation of the conditions which characterise stric t therm o
dynam ic equilibrium arises from the existence of a tem perature gradient 
in stellar photospheres. The valuation of tem perature in the pho to 
sphere leads to the dependence of the in tensity  of radiation on the 
direction [see, e. g., formulae (3.3G) and (3.37)]. This can be explained 
as follows. Let the in tensity  of radiation of frequency v going in a given 
direction be l v{0,rv). Then we can numerically equate this intensity  
to the Planck in tensity  B„ and determ ine from this equation the tem pe
ratu re T,  which will of course be a function of depth , of frequency 
and, w hat is here particu larly  im portant, of direction; we denote it 
by T(0,v):

- M M , )  =  c2 ‘ cx |>[Ai’/A-T(0. i')J —  1 ' (8 ‘ 1 ^

Conversely, the  substitu tion  of the tem perature T(0, v) in the Planck 
function gives the numerical value of the  in tensity  of r-radiation moving 
in a given direction 0. The tem perature T(0,v)  thus introduced m ay 
be called the temperature of the radiation (or brightness tem perature). 
In  w hat follows we shall denote it by 7 'E. Contrary to  w hat is the ease 
in stellar photospheres, the radiation in conditions of therm al equilibrium 
is stric tly  isotropic. In  o ther words, the value of T(0,v)  is the same in 
all directions.

The effect considered, which we m ay call the geometrical effect, is 
greatest a t the boundary of the photosphere, where for I n  <  0 <[ 7i 
the in tensity  I,.(0,0) =  0; thus in this range T(0,v)  — 0. For the 
outerm ost parts  of the photosphere (conventionally called the reversing

SO
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layer) and for the envelopes of the s ta r which lie still fu rther out, the 
deviations from equilibrium radiation which are due to the geometrical 
effect are allowed for bv introducing thev O
dilution factor lb. We suppose th a t the 
in tensity  of the continuous radiation 
emerging from the s ta r is independent of 
direction and is given b}’ P lanck’s for
mula with tem perature T. Then (Pig. 19) 
the density  of radiation at any point a t 
a distance r from the centre of the 
s ta r is equal, by (5.37), to

Qy =  I I  V y(T) dro =  4 * B v(T) <  , (8.2)
a)'

where a>' is the solid angle subtended by the  s ta r a t the point A.  I t  
follows from Fig. 19 th a t the ratio  of this solid angle to 4 ti, which we 
shall call the dilulion factor, is

O'
2 7i J  sin 0 dO

W = A n =  ° 4 ,  = i [ l - I / { l - ( W } ] .  (8.3)

Introducing the expression for B V( T ) into (8.2), we obtain

8 7i hv3 1
c3 exp (h vj kT) — 1 ' (S.4)

On comparing (8.4) w ith (5.53), we see th a t in the case considered 
the density  of radiation a t the given point A  is equal to the equilibrium 
density  of radiation a t tem peratu re T,  m ultiplied by the dilution 
factor IP. In  particular, it follows from (8.3) th a t in the outer layers 
o f the  photosphere, where II ss r, TP an \  ; this is obvious, since here 
the  radiation comes only from below.

Thus th e  factor IP is a measure of the deviation of the density of ra
diation from the equilibrium density. For stric t therm odynam ic equili
brium a t a tem peratu re T,  the radiation a t the  point A comes from all 
directions, and the dilution factor IP =  1.

The second reason for the violation of therm odynam ic equilibrium 
in stellar photospheres is the  non-Planckian character of the radiation. 
In  fact, even for a given point and a given direction, the variation of 
the in tensity  of radiation Jy(0,ry) w ith frequency m ay differ greatly  
from the Planckian in m any cases. This m ay be seen, for example, 
from the graph constructed to show the radiation emerging from a star 
(Fig. 17). This figure is constructed for the m ean in tensity  over direction, 
/ x. However, it is clear th a t a similar dependence of I  x on X holds good
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for the various angles 0 also. The non-Planckian variation of the in tensity  
of radiation w ith frequency is characteristic no t only of th e  actual 
boundary of the star, bu t also of the  deeper layers of the stellar pho to 
sphere. Only as t „  —> o o  docs the  value of I v{0) tend  to the P lanckian 
for all directions [cf. (6.20)].

The deviations from Planck radiation can also be shown by the 
fact th a t the tem peratu re T(0,v)  in stellar photospheres, defined by 
the relation (8.1), depends on the frequency v, even for a given point 
and a given direction. Thus, for exam ple, if we re tu rn  to  Fig. 17, the 
value of T(0,v)  — in this case for the boundary of the photosphere — 
is anom alously high ju st before the  lim it of the  Balm er series (seg
m ent AB),  and anom alously low ju st beyond th is lim it (segment CD).

The th ird  factor which brings about the  violation of therm odynam ic 
equilibrium  in stellar photospheres is the difference of the kinetic tempe
rature T k from the  tem peratu re of the  radiation. By the  kinetic tem pe
ra tu re  we shall mean th e  tem peratu re which appears in the formula 
for th e  Maxwellian law of d istribution of velocities. In  an ideal gas this 
tem peratu re is the  same as the tem peratu re which appears in the  
equation of s ta te :

p — n k T  . (8.5)

The difference of T k from the tem peratu re of the  radiation in stellar 
photospheres is quite evident m erely from the circum stance th a t a t 
any point of the photosphere the tem perature of the radiation is a 
function of the  angle 0 and the frequency. Consequently, an equality  
between T k and T(0,v)  can exist only for some single direction and 
some particu lar frequency v (or a t m ost for a few). In  general this 
equality  does not hold a t all. I t  m ust be rem arked here th a t the discovery 
has recently  been m ade of the  operation in stellar atm ospheres of 
various factors which raise the  kinetic tem perature quite independently 
of the rad iation  field. Thus, for exam ple, it is known th a t in the  solar 
corona the  kinetic tem peratu re of th e  electrons is of the  order of a 
million degrees, while th e  in tensity  of solar radiation is relatively small.

Finally, it  m ust be borne in mind th a t excitation of the  atom s by 
radiation takes place in the  frequencies of spectral lines, these being 
absorption lines or (in some cases) emission lines. In  the  first ease this 
decreases the  tem perature of the radiation in the frequencies concerned; 
in the second, it increases it.

Summarising w hat has been explained above, we can say th a t the 
rad iation  field in stellar photospheres is extrem ely complex, and cannot 
be described by any one value for the tem peratu re of the radiation. 
All th is implies a violation of th e  conditions which hold for therm o
dynam ic equilibrium, where th e  tem perature appearing in all the  therm al
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laws and, in particular, in those which we have enum erated, has one 
and the  same value. Thus the question of the  application of the laws 
of therm al equilibrium  to stellar photospheres is extrem ely im portan t.

In  the present chap ter we shall consider only three of the laws which 
we enum erated a t the beginning. We shall be able to  deal w ith the 
application of B oltzm ann’s Law only afte r having discussed the theory 
of absorption lines.

2. The velocity distribution of atoms and eleetrons in stellar photo
spheres. Let us first consider the question of the Maxwellian distribution 
of velocities. All the d a ta  indicate th a t the Maxwellian d istribution of 
velocities is m aintained w ith entirely sufficient exactness, not only in 
relatively dense photospheres, bu t also in such rarefied form ations as 
the p lanetary  nebulae and the in terstellar gas.

In  general there are two fundam ental factors which m ight cause 
deviations from the Maxwellian distribu tion : (1) the presence of electric 
fields; (2) the difference of the ionising radiation from the  equilibrium 
radiation for which the law (5.53) holds.

Let us deal with the first factor. The presence of weak electric fields 
on the surface of the Sun has been established beyond doubt. In  p a rti
cular, this is indicated by the s tudy  of the motions of prominences. 
There m ust be such fields also in the atm ospheres of other stars. The 
study  of the  influence of electric fields on the d istribution of velocities 
in a gas forms the subject of a special branch of physics — the physics 
of gas discharges. One of the principal divisions of gas discharge 
physics is the  subject of plasma. Plasm a is the name given to a highly 
ionised gas which is characterised by the fact th a t no noticeable 
volume charges are formed in it. This gas has a high conductivity 
(because of the  presence of a large num ber of free electrons). The gas 
in stellar atm ospheres (and, for instance, in the E a r th ’s ionosphere) 
is such a plasm a. I t  is true  th a t the study  of prominences shows th a t 
volume charges are apparently  present in this particu lar case. However, 
these charges are undoubtedly small. The positive charge of the entire 
solar envelope, brought about by the therm al dissipation of the easily 
“ volatilised” electrons, is even smaller. I f  a considerable charge is 
formed anyw here, it is rapidly dispersed on account of the very high 
conductivity  of the photospheric gas. Hence the photosphere m ay be 
considered as a neutral configuration.

Num erous laboratory  investigations have shown th a t, as a rule, the  
electrons of a plasma have a Maxwellian d istribution of velocities; 
this indicates an intense interaction (collisions) between the electrons 
of the plasma. D eviations from a Maxwellian distribu tion  of electrons 
in a plasm a m ay occur when their concentration is small and, in consc-
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quence, collisions between them  are ra ther rare. However, in stellar 
atm ospheres, where the ionisation of the gas is fairly high because of 
its high tem perature, the exchange of energy between electrons will 
also be fairly considerable. Thus there is every reason to suppose th a t 
the  effect of the electric fields in stellar photospheres on the distribution 
of electron velocities can be neglected.

Let us now tu rn  to the second factor. The absence of a Maxwellian 
distribu tion  of velocities of the electrons m ight be expected on account 
of the fact th a t free electrons arise m ainly from the photo-ionisation 
of atom s (see below), and the d istribu tion  of the ionising radiation may 
deviate very m arkedly from  the equilibrium  distribution (5.59). N ever
theless, this factor too cannot be a t all im portant. I f  these electrons 
were captured by ions im m ediately afte r the photo-ionisation (recombi
nation processes), then  of course the velocity d istribution of the electrons 
a t any  m om ent would reflect the d istribu tion  in frequency of the ionising 
rad iation  and the  deviation of this radiation from isotropy in direction. 
Consequently, in some cases (cf., for exam ple, Fig. 17) one m ight expect 
a very m arked deviation from the Maxwellian d istribution. This, how
ever, is by no means the ease. E lem entary  calculations show th a t, 
under th e  conditions in stellar atm ospheres, where there is a sufficient 
num ber o f free electrons by v irtue of the relatively  high ionisation 
of the m a tte r, the  probability  of the  recombination of an electron with 
an  ion is several orders of m agnitude less th an  the probability  of the 
collision of two free electrons. This is due to two circum stances. F irstly , 
the effective cross-section for recom binations [the q u an tity  f3p in formula 
(5.48)] is very small, and in every case some orders of m agnitude smaller 
th a n  th e  effective cross-section for the  collision of two electrons. Se
condly, collisions between electrons are, by  v irtue  of the ir relatively 
small mass and consequent relatively large m obility, considerably more 
frequent than  collisions between electrons and ions.

I t  follows from  what has been said th a t an  electron which has been 
rem oved from an atom  by photo-ionisation im m ediately undergoes a 
very large num ber of collisions w ith o ther free electrons. Consequently, 
the  d istribution of velocities which corresponds to a non-equilibrium 
density  of the  ionising rad iation  will be com pletely “erased” as a result 
of collisions, and replaced by a Maxwellian distribution of velocities. 
H ere it is clear th a t the considerations given arc unconnected with the 
density  of m atter, and are applicable also to such rarefied objects as 
p lanetary  nebulae and the in terstellar gas, where the  ionisation of atoms 
again produces a fairly large num ber of free electrons. I t  follows from 
this th a t the second factor which m ight destroy the Maxwellian d istri
bution of velocities of electrons (the non-equilibrium  density  of the 
ionising radiation) is also unim portant.
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The question of the  velocity d istribu tion  of heavy particles (atoms 
and ions) is more complex. However, similar conclusions can also be 
arrived at here. In  fact, in consequence of the quite considerable exchange 
of energy betw een these particles and the electrons, a Maxwellian 
d istribu tion  of velocities m ust hold in this case also, h i this connection, 
th e  loss of the energy com m unicated to the  heavy particles by the 
electrons will be very small in view of the low therm al conductivity 
o f the stellar photosphere, and so will the energy which is lost by the 
heavy particles in excitation processes, since the efficiency of such p ro
cesses is generally small. All th is means th a t we arc quite justified in 
expecting equality  between the kinetic tem perature of the electrons 
and  th a t of the heavy particles (i. e. the  tem perature which appears in 
the  corresponding form ula for the  Maxwellian distribution).

3. The photo-ionisation of atoms. We pass now to a consideration 
of Saha’s formula. However, before investigating its applicability to 
stellar photospheres, we shall make a num ber of general rem arks relating 
to ionisation and recom bination processes, since the interconnection of 
these processes determ ines the sta te  of ionisation.

The ionisation of atom s may take place in two w ays: A ion — ionisation 
of atom s by radiation (photo-ionisation), and B iotl — ionisation as a 
result of collisions of atom s with electrons or o ther particles, for instance 
neutral atom s or ions.

I t  is true  th a t, besides this, there exists a th ird  possibility —  the 
ionisation of atom s by interatomic electric fields which are produced 
as a resu lt of the passage of charged particles close to atom s. However, 
this ionisation plays an im portan t part only for highly excited atom s, 
of which there are relatively few, by reason of the  Boltzm ann distribution. 
H ence the  efficiency of the  th ird  ionising factor is negligibly small 
under the  conditions in stellar photospheres, and for this reason wc 
shall no t discuss it here.

The processes converse to the two above-m entioned ionisation p ro 
cesses are respectively the recom bination processes: H rcc — recom bi
nation of two particles with emission of a quantum hr, and 7?roc — 
recom bination of two particles without emission of radiant energy, bu t 
w ith a th ird  particle taking part, to which the excess energy is given. 
We can regard the la tte r  recom bination process as a triple collision of 
the second kind.

Let us com pare the efficiency of the two processes H iou and B lon. 
To do so we first consider more closely the subject of photo-ionisation. 
Wc calculate the  num ber of photo-ionisations which take place 
in 1 cm 3 in 1 second, relating to atom s of some given kind. In  doing 
so we m ust take  into account th a t the photo-ionisation of atom s can 
take place from any level, so th a t, stric tly  speaking, it is necessary
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to  take all the levels in the atom  into consideration. L et the atom ic 
absorption coefficient relating to the photo-ionisation of the atom  from 
the level k be (kv')k. Then, according to  (5.46) and (3.15), the num ber 
of photo-ionisations from the level considered is

4 a
h

©O

J . ( V > * nr> k d r  ,

”k

(S.6)

where hvk =  xr, k is the binding energy of the given level, since by (5.8) 
the  ionisation begins only a t the frequency which corresponds to the  
detachm ent of the  photoelectron (v = 0 ) .

Since the photo-ionisation takes place from all levels, we can write 
for the quan tity  ■Zpi required

Zpi
4 a
* t

- n.r, kt d v  ,

vk

(8.7)

where the sum m ation is over all possible values of k. I t  follows from 
(8.7) th a t the q uan tity  Zpi is determ ined m ainly by th e  spectral regions 
where the product J v(k’v)k nr k is large. L et us consider a case where 
the deviation of J v from the  equilibrium  value is especially large; for 
instance, the  ionisation of hydrogen atom s a t the surface of a s ta r  of 
class A 0. For the boundary of th e  star, where the incident in tensity  
is zero, we can write, from  (3.50), (3.51) and (4.47),

(Jv)o — i' ( v̂)o =  I* > (8.8)

where the values of /„ m ay be taken from Fig. 17, converting I x into /„ 
according to the formulae (4.36) and (4.38). The values of nr k m ay 
be taken in accordance with the Boltzm ann d istribution (5.27) for 
T  =  8430° (see Table 3), pu tting  n =  k, and the values of (£ /)* -«  
from formula (5.24). The value of nTt ! =  ri0> k is im m aterial; we are con
cerned only w ith the  relative variation of J v{k'v)k nr k w ith frequency.

In  using Fig. 17 and B oltzm ann’s formula (5.27), we have postulated 
the validity  of the formulae of therm odynam ic equilibrium. However, 
this need not pertu rb  us, since here it is possible to  use the m ethod of 
successive approxim ations. Moreover, the  theory  of rad iative equili
brium which wc have considered is in satisfactory agreem ent with 
observation, so th a t in the first approxim ation the  application of the 
formulae of therm odynam ic equilibrium  to stellar photospheres may be 
considered sufficient!}' valid. The dependence of J v(k'r)k v r k on fre-
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quency for the  ease in question is shown graphically in Fig. 20. We 
sec th a t the  value of 7 pi is mainly determ ined by the regions of the 
spectrum  where the  product (k')t  ??r k, th a t is. the  absorption coefficient 
refered to  1 cm 3 or to  un it mass, is large. The effect on Zpi of changes 
in J v is much less im portan t; where (k'v)k nr<k J y is large, the  value 
of J„ has actually  dim inished (this is true  for stars of other spectral 
classes also).

On the  o ther hand, where nr kiK)k kirge, the in tensity  of radiation 
a t a given po in t is close to the Planck in tensity  corresponding to the 
tem perature a t this point. In  fact, we have already rem arked more

o
A

than  once th a t th e  in tensity  of radiation a t any po in t (for 0 (> \ n )  is 
a weighted m ean of the values of B v along th e  given direction. (For 
0 <  th is sta tem en t is correct for large rv.) And if the opacity of 
the photospheric m atter is large for radiation of th e  frequency concerned 
[i. e. nr k (k’r)k is large], the  radiation a t th e  point considered will come 
from regions lying close to  this point, i. e. will have a characteristic 
tem perature which is little  different from th e  tem perature a t  th a t point. 
[So far we are assuming the  valid ity  of K irchhoff’s Law (3.10), and 
by the  tem perature a t the point we understand the tem peratu re 
which appears in (3.10).]

Thus we arrive a t an im portan t result. The photo-ionisation of 
atom s in th e  ease we arc considering is m ainly determ ined by the 
intensity of radiation of a black body having the same temperature as that 
at the point in question.

However, th e  application of this result to o ther cases needs a num ber 
of reservations. F irstly, the  fact th a t the photo-ionisation is determ ined 
m ainly by the  intensity  of radiation given by P lanck’s Law for the



94 Chapter S. The laws of thermodynamic equilibrium

tem perature of the point considered does not mean th a t the ionising 
radiation is ecpiilibrium radiation. In  fact, it is necessary to take account 
also of the geom etrical effect in the outer layers; we have discussed 
this above. Both a t  the extrem e boundary of the  s ta r (where / /  =  0) 
and outside the star, this effect can be taken into account by means 
of the dilution factor W. Since, a t the boundary of the photosphere, 
according to our result, the in tensity  of radiation, in the frequencies 
which are the most im portant as regards ionisation, is approxim ately 
B V(T0), where T 0 is the surface tem perature (the local tem perature 
a t this level), we can approxim ately w rite (S.7) as

For elem ents of which the content in the photosphere is fairly high, 
the value of J v approxim ates to  the  equilibrium  value B V{T) for the 
level in question, even a t not very large dep ths in the photosphere. 
Calculations show th a t the photo-ionisation of atom s takes place chiefly 
by the detachm ent of an electron from the ground level, since an 
overwhelming proportion of the atom s are in the ground state . For this 
reason the product (kv')k nr> k is always relatively large for the ground 
level (k =  1). Consequently, the  opacity of the m aterial for the “ground 
continuum ’’ (formed by the ionisation of atom s from the  ground level) 
is relatively large, and for even a small depth  we have r v >  1. Therefore, 
in accordance with (6.20) and (6.21), </,, will no t differ markedl}' from B r.

An estim ate of the value of xv can be m ade from the following 
considerations. We expand the Planck function B y(T) in a series of 
powers of the optical depth  and neglect all powers of tv above the  first. 
This gives

This expansion may lead to very serious errors in some cases. However, 
in the regions where the absorption is large, the expression (S.10) is 
sufficiently accurate for a calculation of the intensity, since here B V(T) 
changes relatively little  over the range of optical dep th  which determ ines 
the  in tensity . Introducing (8.10) into (8.63) and (3.64), we find for /„ 
and I'v

OO

(8.9)

( 8 . 10)

I v(rv) =  B v( t„) + j b „ , ( 8 . 11)
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N ext, for layers of the photosphere which have a large opacity in 
the frequencies considered, the  value of bv is always less than  B„(T0). 
In  fact, for the boundary of the s ta r we have from (8.11)

I v(0) =  B„(T0) + i b „ .  (8.14)

As we have already rem arked, when the opacity  of the  layers is large, 
I v(0) ^  B V(T0), and  w hat we have ju s t said confirms this. I t  then  
follows from (S.13) th a t, even for r„ ^  2, the value of J v is very close 
to  th a t of B„. Q uantita tive calculations show th a t, for elem ents of which 
the content in the  photosphere is fairly high, th is value of r v (for the 
ground continuum ) is reached in th e  outerm ost layers of the pho to 
sphere. Consequently, the  value of J v for the  ionising radiation is, 
alm ost th roughout the photosphere, close to  B V{T), where T  is the 
tem peratu re a t the  point considered.

The second reservation which we m ust m ake is as follows. All the 
results ju s t obtained refer to the  m ost abundan t elements in the stellar 
photosphere (H, He, etc.). F or elements whose percentage content 
(by num ber of atoms) is relatively small, the  optical thickness rv due 
to them  m ay be very  small, even for the ground continuum . H ence 
each case needs additional investigation. However, it is to  be noted 
th a t very frequently, ap a rt from the  dependence on the content of 
the given elem ent in the photosphere, the photo-ionisation is determ ined 
by the tem peratu re a t the point considered. L et us consider, for example, 
the spectrum  of the  Sun. In  the u ltra-violet region of the  Sun’s spectrum  
beyond ?. =  3000 A, there is a concentration and overlapping of a  great 
num ber of ground continua belonging to  the  metals, and consequently 
the in tensity  of rad iation  a t  every point is close to B„(T), where T  is 
the tem perature a t  the  given point. Hence, if the ground continuum  
of any elem ent whose relative content is low falls in this spectral region, 
then we have also, for this elem ent, I v B V(T).

Finally, it m ust be borne in mind th a t in the u ltra-violet region 
of the spectrum  there is a concentration of very m any resonance ab 
sorption lines of various elements, and this causes a deviation of J v 
from B v.

Summarising w hat has been explained above, we m ay draw  the 
following conclusions: the photo-ionisation of elements w ith a relatively 
high content a, (and in m any cases with low as) is determ ined m ainly 
by the in tensity  B V(T), where T  is the tem perature a t the point for 
which Z pl is calculated. Almost th roughout the  photosphere we can 
take J v B V(T) for these elements, while a t the  boundary the  formula 
(S.9) can be used, w ith the dilution factor IF i .  In  the remaining 
cases (for instance, in the interm ediate surface layers where the tra n 
sition takes place from the formula =  W B v to  the formula J v — B r),
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it is necessary to  re tu rn  to the fundam ental general formula (8.7), where 
we can restric t ourselves, for the purpose of estim ating Zpl in the 
first approxim ation, to photo-ionisation from the ground level alone.

4. The ionisation o! atoms by collision. Comparison with photo
ionisation. Itecom bination processes. Let us now estim ate the num ber 
of ionisations by collision (Bioa processes). L et us consider first the 
ionisation of atom s and ions by electrons. We can regard the atom s 
and  ions as sta tionary  compared with the  electrons, which have larger 
velocities on account of their smaller mass. H ence we can use formula 
(5.48) here also. I f  qr<k{v) is th e  effective cross-section for the ionisation 
of an r times ionised atom  in the  s ta te  k by electrons whose A'elocity 
is between v and  v -f- dv, then the num ber of ionisations which take 
place in 1 cm3 in 1 second as a result of these collisions is

nT, k <lr,k{v)vdne , (8.15)

where th e  effective ionisation cross-section depends on the  velocity v 
of the  passing electron, as is shown by both theory  and experim ent. 
We can take  for d ne the  Maxwellian d istribu tion  of velocities (5.52), 
in view' of w hat has been said a t the  beginning of the present chapter.

Since th e  ionisation of the  atom  from  the  kth level ean be effected 
by any electron whose kinetic energy is greater th an  or equal to the 
binding energy Xr,k> the to tal num ber of ionisations from the fcth level 
by collisions is

CO

/  \ 3/2 f  - m e v'IZkT
n r> k nt 4 n  ( -2 n kT  1 / qr, * (w) v3 e dv . (8.16)

r*

The value of vk is determ ined, according to the relation m entioned, by

y, ,k =  l-™e vk* . (8.17)

And since the ionisation of atom s ean take place from any  level, the 
to ta l num ber of ionisations as a result of collisions with electrons is

CO

( m , \  3/2 f  -  tne r ' l ikT
Z ci =  ne 4: 71 \̂ 2 ^  kT j Z nr,k J  qr,k(v)v3 e dv . (8.18)

vk

In  order to eompare with Zci, it is necessary to  know the value of 
qr<k(v). H ere it m ust be noted th a t the average therm al velocities of 
the electrons in stellar photospheres are relatively small. The energies 
corresponding to them  are also relatively small. In  'fab le  5 wc give, 
for a num ber of tem peratures, the  root-m ean-square velocities r, and 
the energies of the electrons in electron-volts.
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Tile calculations are carried out in accordance with the well-known 
form ulae

} me vc  =  2 k T  =  V0e/WO , (8.19)

where V0 is expressed in electron-volts.

Table 5

T° vt (km/sec) J’o(eV) T° vt (km/sec) V0(cV)

3000 3G9 0-39 20,000 953 2-59
5000 477 0-65 30,000 1168 3-88
7000 564 0-90 | 50,000 1508 6-47

10.000 674 1-29 75,000 1847 9-70
15,000 826 1-94 100,000 2132 12-93

I t  follows from this table th a t the mean energy of the electrons am ounts
to a few- electron-volts. I t  is true th a t the electrons w ith velocities

0-6

0-4

0-2

v >  vk arc those which partic ipa te  in the ionisation of th e  m ajority  of 
atoms. However, there  are so few electrons w ith energies of some tens 
of electron-volts th a t they  play a negligibly small p a rt in this respect. Thus 
in ionisation by collisions the slow electrons are those chiefly concerned. 
U nfortunately, th e  d a ta  on 
the values of qTtk{v) f ° r this 
case are very  meagre. They do 
not exist for hydrogen nor for 
practically all the o ther principal 
chcmieal elements found in ste l
lar photospheres. In  Fig. 21 we 
give the cross-section q0t l (v) for 
the ionisation of neutral helium 
from the ground level [called 
q(v) in the figure]. As the unit 
of m easurem ent of q0 , (v), the
value n  a02 is taken , where o0 is the radius of the first Bohr orbit 
of the hydrogen atom : «0 =  0-529 X 10~8cm. The energy of the  ionising 
electron in electron-volts is placed on the axis of a bscissae.

In  the m ajority  of cases, qr tt (v) m ay be considered independent of 
the  veloeitv and some metm value qr> k m ay be taken for this quantity . 
On the basis of existing d a ta  it can be supposed th a t the values of qr k 
for various elements and various states of ionisation and exeitation vary 
between 10-17 and 10“IC cm 2. I f  w-e introduce the  mean value rjr k instead 
of qr k in equation (S. 1G), pu tting

I

/ bserved

100

F ig . 21

200 3 0 0
eV

me v2/2 k T  =  x ( 8 . 20 )

Astrophysics
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and effecting the elem entary integration, we obtain the formula for 
the to ta l num ber of ionisations by electron collision from the H h  level:

where in general it m ust he remembered th a t the  tem perature which 
appears here is the  kinetic temperature of the free electrons-, th is we shall 
distinguish where necessary by the suffix e.

L et us now tu rn  to the ionisation of atom s and ions by collisions 
with heavy particles, i. e. by collisions w ith atom s and ions. The existing 
experim ental data , as well as theory, show th a t the efficiency of the 
ionisation of atom s and ions by heavy particles is much less than  th a t 
of the ionisation by electrons. The ionisation by heavy particles can 
become im portant in comparison with th e  ionisation by electrons only 
in the  ease where the num ber of free electrons in 1 cm ’ is several orders 
of m agnitude smaller than  the to ta l num ber of heavy particles in the 
same volume. I t  is possible th a t such a situation exists in the a tm o
spheres of the cooler stars, where ne is considerably less than  the num ber 
of atom s of neutral hydrogen in 1 cm 3. However, we have not yet at 
our disposal the  necessary data for quan tita tive  results, nam ely, the 
effective cross-sections for the two com ponents, which are still unknown.

Ionisation by collisions is, in the great m ajority  of eases, of minor 
im portance com pared with ionisation b}' radiation. To show this, let 
us consider, for instance, the ionisation of hydrogen in the  photospheres 
of stars of elass A 0 a t the level where T  p x  10,000°. For the  reasons 
already stated , we can confine ourselves to the consideration of ionisation 
from the ground level. For the absorption coefficient, neglecting 
the dependence of g' on frequency, wc can use the expression (f>.24), 
rew riting it as

where iq is the frequency of the limit of the  Lyman series, so that 
hrl =  ‘/ 0. The value of ky is 6-3 X 10-18 em 2. N ext, since the optical 
dep th  just beyond the series limit is considerably g reater than  un ity  a t 
the depth  where T  p x  10,000°, we can with good accuracy pu t 
It, (10.000°) in (8.6). Thus the ratio  of the num ber of ionisations by 
electron collision to the  num ber of photo-ionisations (in 1 em 3) is. bv

(S.2I)

( V )  i  =  M J’i / > ' ) 3 ( 8 . 22)

(8.6) and (8.21),

a  =
n 0, 1 ne %, 1

4 n  
h

(8.23)
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where we have especially noted th a t the num erator is a function of the 
electron tem peratu re a t the given level. Since also, for the tem perature 
considered, ehvlk'1 1 for all v >  iq, we can neglect un ity  in the 
denom inator of P lanck’s function (3.11). In troducing (3.11) and (8.22) 
into (8.23), and using also (6.35) and (5.12), we obtain

a
%'■ 1 (l +  *re)

— Xa ‘k T .

ki v,s (XolW)
(8.24)

Assuming th a t the tem perature T  is equal to the electron tem perature 
Te (see below), we shall take for their value 10,000°, for q0> t the value 
10~17 cm 2, and for pe, from Table 4. the value 300 bars; for these 
values, a  5 X 10~3. Thus the p a rt played by ionisation by electron 
collision is indeed vanishingly small in comparison w ith  th a t of photo- 
ionisation. The p a rt played by heavy particles — m ainly hydrogen 
atom s — in this case is also negligible. In  fact, the values of x  given in 
Table 4 indicate th a t here ne is com parable w ith nn , the to ta l num ber 
of hydrogen atom s in 1 cm3. At the  same tim e, we have already said 
th a t the  efficiency of ionisation by heavy particles is several orders of 
m agnitude less th an  th a t of ionisation by electrons, i. c. for heavy p a r
ticles the value of a  is even less than  the figure m entioned.

For the ionisation of hydrogen in the  solar photosphere a t  the level 
where T  — Te =  5700° and pt is of the order of 30 bars (see P a rt III) , 
the value of a  given by form ula (8.24) is 10“4. I t  is true  th a t here ne is 
approxim ately three orders of m agnitude less th an  n u . However, the 
ionisation by heavy particles can be com pletely neglected even in this 
case, because of its inefficiency.

Similar calculations lead to analogous results for o ther elements. In  
general, the ionisation by collisions is negligibly small in the m ajority  
of ordinary stellar photospheres, in comparison with photo-ionisation. 
The physical reason for this is the relatively low density of the m a tte r 
which forms stellar photospheres. Hence it is quite possible th a t in 
some cases, for exam ple in the dense photospheres of w hite dwarfs, the 
value of a  is g reater than  unity. However, this question has not yet 
been wholly clarified from the quan tita tive  aspect.

In  conclusion, it m ust be rem arked th a t, in the outer envelopes of 
stars (for example in the higher layers of the solar chromosphere and in 
the solar corona), the value of T e in formula (8.24) nmy be considerably 
higher than  th a t of T.  As m ay be easily calculated from form ula (8.24), 
this often leads to the inequality a  1. We shall consider some particular 
cases in P art I I I .
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We now turn  to a consideration of the recom bination processes A rcc and 
/irec. i. e. recom binations with emission of quan ta and those equivalent 
to a triple collision. The probability of recom bination for the case 
d rec has already been calculated. I t  is given by formula (5.50), where the 
quan tity  ft,, is related to the absorption coefficient k'v by formula (5.55).

The num ber of recom binations to the Xrth orbit which take place 
in 1 second in 1 cm3 between electrons and r +  1 times ionised atom s 
is, in accordance with (5.50) and  (5.52),

3 2

6

since all electrons can recombine, w hatever their velocities, from 0 to co. 
We have specially added the suffix k to ft,,, in order to show th a t the 
electrons are captured in to  the level k. The to ta l num ber of ph o to - 
recom binations to  all levels is

(fiv)k ( 1 + 8 7T h v'1 - v
— m e  v ' l 2 k T

e v?> d r  , (S.25)» e  M ,+  1 4  7 1  L ,
me
7i kT

^ p r  T * e ^ r  +  \ 1 +  ,
C3

7lhv3- r
— me r*l‘2kT

e r 3dr. (S.2G)

L et us now consider recom bination processes which involve triple 
collisions. Since here the probability  of recom bination is determ ined by 
the sim ultaneous interaction of three particles, the value of ZCT will be, 
in general, proportional to  ne2 nr + l or to ve ?fa «r+1, according as the 
third particle is an electron or a hydrogen atom . The part played by 
m etal atom s as th ird  particles is small, since they are generally few in 
num ber. However, in all cases the ratio ZCT/Zpr is proportional to the 
num ber of particles in I cm 3. Since the la tte r  is small (small density  of 
photospheric m atter), the ratio  in question will be some orders of 
m agnitude less than  unity. Contrary to w hat is the case with ionisation 
processes, this ratio  does not increase m arkedly when the ratio  T J T  
increases, since the probability of a  triple encounter can increase only 
very slowly with 7'r, and for fairly large Te it even decreases when 
T e increases. All this shows th a t under the conditions in stellar pho to
spheres and even those in the solar corona, where the ratio '1'ftT is 
o f the order of 200, we can usually neglect triple-collision recom binations.

5. The ionisation equation. The electron tem perature. I t  follows from 
the above rem arks th a t the main processes which determ ine the sta te  
of ionisation in photospheres are: (a) photo-ionisation, (b) recom bination 
with emission of quan ta  (photo-recombination). To construct an equation 
describing the ionisation sta te  in stellar photospheres, we must equate 
the quantities Z pT and Z pl from formulae (8.20) and (S.7). This gives
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(8.27)
COCO

‘ ( . . V f  /  +*• u
v3 dr

For th e  ratio  nr kjnT we can use formula (5.54). We shall consider in 
P a r t I I  the question of possible deviations from the Boltzm ann d istri
bution.

The first question concerning the application of the expression (8.27) 
is th a t of the kinetic tem perature appearing in the denom inator. However, 
it m ust be noted a t once th a t the degree of ionisation, as calculated from 
formula (S.27), depends only slightly on the value taken for 1\. In  the 
case considered this tem perature determ ines only the probability  of 
photo-recom bination, while this probability, as calculations show, changes 
very slowly with 1\. Hence we should be in terested  only in the possibility 
of large deviations of 1\  from the tem peratu re of the  radiation which 
determ ines the ionisation. Let us consider this question. A part from the 
outerm ost parts of the photosphere, the  value of J,, in the parts  of the 
spectrum  which arc the m ost im portan t for photo-ionisation is close to 
th a t of B v for the local tem perature a t the  level considered, i. e. for 
these parts  of the spectrum , the density of the ionising radiation is 
close to th e  equilibrium  density. In  other words, the ionisation sta te  
of the atom s (which is here the sta te  of photo-ionisation) is close to the 
equilibrium  state . However, docs this m ean th a t the  electron tem perature 
Tc a t every point of the photosphere is equal to the tem perature T  of 
the radiation a t this point, i. e. the tem perature which determ ines the 
function J  v =  B v \ In  order to answer this question, we consider the 
relation between T  and T c a t the boundary of the photosphere. In  
accordance with (S.9) we assume th a t the equality  J  „ m  IF B„(T0) holds 
for the m ost effective ionising frequencies. The case where J  v =  B„ is a 
particular instance of the  more general ease, obtained by taking IF =  1. 
N ext, in order to  facilitate the investigation, we restric t ourselves to the 
first level of the atom , i. c. in the sums appearing in (8.27) we take only 
the first term , with vk =  Vj. In  all practical eases we can neglect the 
effect of stim ulated processes for the frequencies of photo-ionisation 
from the first level. By virtue of all these assum ptions, formula (8.27) 
takes the form

OO

n,
e oon,T

v* (1 />

(8 28)
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In  (S.28) \vc have, for obvious reasons, taken  nT ljnr =  1. I t is also elear 
th a t by definition hv 1 =  ■/,.

We have w ritten equation (8.27), and therefore (S.28), starting  from 
equilibrium  between the num ber of photo-ionisations and the num ber 
of photo-recom binations. Such an equilibrium, however, m ust also 
exist between the energy absorbed in photo-ionisations and th a t em itted 
in photo-recom binations. In this ease the defining expressions (8.G) and 
(8.25) beeome

C O

4 7L J Jv{kJ)k nT k dv , (8.21))
n

ne nr + x 4 7i 8 a h v3~ -1e
mev\2kT

h v v3 d r (8.30)

The first of these gives the to tal energy absorbed in photo-ionisations 
from the Arth level, and the second, the  to ta l energy em itted  as a result 
of recom binations to the A*th level. The only difference of (8.2fi) from 
(8.G) and of (8.30) from (8.25) eonsists in the appearance of the additional 
factor h v in the integrands.

R eturning again to the  atom  with only one level (vk -= jq), we ean 
now write down the equality  between the corresponding energies. To do 
so, we m ust equate the two expressions (S.29) and (8.30), taking into 
account th e  above remarks, i. e. pu tting  J v =  W B y(T0), assuming 
n r, ilnr =  1> a 'id neglecting the  stim ulated  emission. As a result we 
obtain

r  +  I
«> =

W j  BV(T0) (V hrR  
xrlh

r / w .

(S.31)
— m .  l ’/2 k T .  

e vv3dr

Now, equating the right-hand sides of (8.28) and (8.31), we obtain the 
equation required, giving the relation between T 0 and T t \

6

/  « y(T0) (V) idv
Xr’h

C O

[  (Pr)l e - mev’i2kT> vv*dv  
6

(8.32)

We now introduce, instead of Jiv(T0), the expression for it from (3.11); 
also, using the formula (5.55) for /?,,, we express the quan tity  v d r  in 
term s of dv by (5.40), and finally we introduce, instead of i  me v2. the
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quan tity  k v —• %n in accordance with (5.7). The equation (S.32) then 
takes the form

oo

/
d "

h v 'H T ,Z \

CO

j  v-(kv\ e - hl'>kT^ \ v
Xr'h c * Xrlh

OO CO

/
Xr/A

Vs dv 

thvjkT, _  ! 1 r 8 ( V ) i e “ Av/A;T' d v

Xr!h

(S.33)

We notice im mediately th a t this relation between T 0 and '1\ does not 
depend on IT. Hence this expression will also be valid for the deeper 
layers of the photosphere.

The solution of (S.33) m ay be carried out, for instance, for hydrogen- 
like atom s, for which (kv')l is given by the expression (5.24). Calculations 
based on formula (S.33) show th a t, up to  very high tem peratures, the 
two tem peratures are practically equal. For very high tem peratures it 
is necessary to take account of the effect of stim ulated  emission. Similar 
calculations, taking all the levels of the atom  into account (and not 
only the first), give practically the same result.

In the  above-m entioned calculations it is supposed th a t recombinations 
are the only factor leading to a decrease in the energy of the  electron 
gas. I f  there is any other fairly efficient source of energy loss (not 
com pensated by a corresponding source of energy gain), for example, 
the loss of energy in consequence of the excitation or ionisation of atom s 
by electrons, the tem perature Te of th e  la tte r m ay be less than  the 
tem perature T. In  fact, a part of the energy of the electrons will be lost 
in this case through a process quite unconnected with photo-ionisation 
and recom bination. Prelim inary calculations by S. L. B elousov show 
th a t for the Sun and for stars of the spectral class A 0 the value of 
Te a t the boundary of the photosphere differs somewhat from T 0. 
However, this cannot noticeably affect the  degree of ionisation calculated 
from formulae (S.27) and (S.2S), since, as was shown above, only large 
differences between Tc and T0 arc im portant.

I f  we now consider the regions of the  photosphere where the approxi
m ate equality  J y tv B v holds, and assume in accordance with the  above 
th a t T  tv T t, we can evaluate the  right-hand side of (S.27) by sub
stitu ting  J r =  B v and T  =  T e. To do this, it is necessary to use the 
Boltzm ann d istribution (5.54), the  relation between and kv' given by 
the expression (5.55), and the relations (5.49), (5.G) and (5.S). As a result 
we obtain  Saha’s formula (5.11). This was to be expected, since all the 
formulae which we have used correspond to a sta te  of therm odynam ic 
equilibrium. Thus, w ithin the range of validity  of our earlier conclusions 
(for instance, the equality  of ./„ and B r in the parts  of the spectrum
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which arc the most effective in photo-ionisation) and our assum ptions 
(T  pu Te and the Boltzm ann distribution), we may suppose th a t from a 
certain  depth  in the stellar photosphere we can use the ordinary ioni
sation formula (5.11) for the tem perature at the point considered.

For the outer parts of the photosphere (lying above this depth) 
the approxim ation J„ & B r becomes inexact because of the operation 
of the geometrical effect. In order to study the influence of this effect 
on the ionisation state, let us again consider the boundary of the atm o
sphere. As before, we shall assume th a t the equality J v =  W B v{Ta) is 
here valid for the m ost effective ionising frequencies. Also, we shall 
again restrict ourselves, for the  sake of simplicity, to  the consideration 
of an atom  with one level (the lowest). Then, neglecting the stim ulated 
emission (for reasons explained earlier), we can use formula (8.31). I t  
would be possible also to use formula (8.28), which is derived from the 
general formula (8.27), bu t here the calculations are a little  more 
complicated than  those relating to (8.31).

In troducing into (8.31) the expressions used in obtaining (8.33) from 
(8.32), we find

V+i
2 IV u T + l (2 7i me k T sy ' - ez r - - Xr!kTe / (V>. >•*

~/tT:kT -  1

9 r , l h3 [  (A - /K  v ' c - h'>kT‘ dv

(8.34)

We now consider the case of hydrogen-like atom s, for which k'„ =  cn v~3 
[see (5.24)]. Introducing this expression' into (8.34) and effecting the 
integrations, wc obtain

" r  +  i _  i r  u r + i  2 ( 2 ^ m f - ( k T 0)3!2

Or, 1 h3 ] /  ( ^ ) l o g c ( l c- x r /* r . ) - i .  (8.35)

Recalling th a t, in the  case we are considering (neglecting stim ulated 
emission) the inequality e~*-r,kT• 1 holds (it is valid in general for
the m ajority  of practical cases), we can neglect, in the binomial ex
pansion of (1 — e~xrlkTt)~ l , all term s of higher order than  In
this case the  function considered takes the form 1 -\-e~XrlkTt. Finally, 
using the expansion

logo(1 + x )  =  a:— I x 2 +   ̂ x3 — . . . (8.30)

and rejecting all term s above the first (for the same reason), we obtain 
instead of (8.35)

«r + , 2 (2 ti m f 2 (kT0)il2 ( T \  -zrlKT.

9 r , l  »  \  U o )  C
(8.37)
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Thus we obtain Saha's formula (5.11), bu t with the correction factor 
IF f ( Tef T0) (wc m ay suppose gr x & ur). I f  we again take rl \  rl \ ,  then 
only IF remains.

Here it m ust be borne in mind th a t in stellar photospheres IF is 
little different from unity . In  particular, we can use formula (5.11) 
w ithout a great error even at the boundary itself, though of course 
the factor IF m ust be introduced for more exact calculations. The effect 
of the factor IF is im portan t in the ease of extended atm ospheres and 
particularly  in the ease of the p lanetary  nebulae.

Form ula (8.37) has been obtained for an atom  with only one level. 
However, more laborious calculations which take the higher levels into 
account show th a t the result remains practically the same in principle. 
Moreover, it is to be remembered th a t our conclusions are bound up 
with the application of the equation J „ =  W B v. The effect of an error 
in 1 \  is m uch less im portan t, as we see from (8.37).

6. The application oY KirchhofY’s Law. L et us now consider our 
last topic, th a t of the applicability of K irchhoff’s formula (3.10) to 
stellar photospheres. To do so, we m ust recall th a t the processes which 
m ainly determ ine the radiative power of photospherie m aterial are those 
of recom bination. Free-free transitions p lay a subordinate part. They 
arc im portan t only in the far infra-red region of the spectrum . Hence, 
in discussing the applicability of the law (3.10), we can lim it ourselves 
to recom bination processes. We consider the recom binations which take 
place to some level k of the r +  1 times ionised atom .

The am ount of energy em itted  by 1 cm 3 of m a tte r in 1 second, due 
to these transitions, in the frequency in terval from v to  v +  dv and 
unit solid angle, is determ ined by formula (5.57). Using (5.52), (5.49). 
(5.8) and (5.55), we obtain

j*(0) Q dv =

=  K « r  + l}
) 9r,
l« r + 1c*(2.™e *7f)3'2 1 +

C“
2 h  V' I AO)

- <-h v - X r , k ) l k T e 1
e dv.

(S.3S)

We pu t in this formula I v{0) =  B,(T),  take T  =  T e, and express 
the product nr+1 ne in term s of nr t by the use of (5.11), (5.12) and (5.54). 
Using (5.G), we obtain instead of (S.38)

, ; ( 0 ) 5 di- =  fl,i i I - , '5 , ( ? ') d v .  (S.39)

Thus, by applying to (8.38) the formulae of therm odynam ic equilibrium 
(all for the same tem perature), wc autom atically  obtain K irchhoff’s 
Law (3.10), as was to be expected. Hence the question of the applicability 
of the law (3.10) to stellar photospheres again reduces to th a t of the 
applicability to them  of the above-m entioned formulae.
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The value of j,,(0) in formula (S.3S) is determ ined as the product 
of the two factors in braces. I t  m ight be thought th a t this product 
is determ ined only by the ionisation sta te  of the atom s and by the 
kinetic tem perature. This, however, is not so. In  essence, j v can be 
divided into two factors, x v and B v, of which y.v determ ines the optical 
thickness of the m aterial in the given direction. Hence, in going from 
the  product ne nr+l to  the num ber of absorbing atom s, it is necessary 
to  use B oltzm ann’s Law (5.54), and this we have done in obtaining 
(8.39) from (8.38). However, we defer the question of the applicability 
of B oltzm ann’s formula until P a r t II . A t present we are interested 
only in ionisation. Here, as we have seen, the situation seems favourable, 
i. e. the deviations from Saha’s formula cannot be large.

The second factor in formula (S.38) is determ ined by the kinetic 
tem perature T e of the electrons, and  consequently the main question 
is w hether the tem perature T  which determ ines the ionisation differs 
from T e. The agreem ent between the theory of radiative equilibrium  
and observation indicates th a t, in the greater p a rt of the photospheric 
layers, the  equality of T  and 1\  holds to  a sufficient degree of .accuracy. 
I f  this is so, then the application of Ivirchhoff’s Law to  stellar pho to
spheres is fully justified. However, the question of the relation between T  
and T e of course requires very careful fu rther study.

The problem  of the relation of T  to  T e is particularly  im portan t 
for extended photospheres, where the radiation field J v m ay differ 
very m arkedly from B„. Finally, it m ust be borne in mind th a t, besides 
the  processes considered above which m aintain Te a t a given depth , 
other processes (for exam ple, those of an  electrom agnetic character) 
m ay also occur in stellar photospheres, as is the case in the upper layers 
of the solar chromosphere and especially in the solar corona. I f  in 
some cases there is a considerable difference between Te and the value 
of T  which appears in the formula J v =  W B V(T),  then the application 
of Ivirchhoff’s Law (3.10) is no longer justified. The expression (8.38) 
m ust be used directly for the coefficient j,„ and of course recom binations 
to  all levels possible for the given frequency v m ust be taken into 
account. In  this case the relation between the kinetic tem perature of 
the photospheric layers and the in tensity  of the radiation emerging 
from them  is very complex; we shall consider such an instance in 
P art I I I ,  Chapter 19.

Finally, if there are noticeable deviations from the Boltzm ann d istribu 
tion, this also m ay make the application of form ula (3.10) less justifiable.



PART II.
THE FORMATION OF ABSORPTION LINES 

IN THE SPECTRA OF STARS

Chapter 9. The mechanism of the formation of 
absorption lines in stellar atmospheres

1. Basic definitions. The presence of absorption lines in the spectrum  
of a s ta r shows th a t the in tensity  of its continuous radiation is reduced 
in certain definite frequencies corresponding to transitions of electrons from 
one level to  another.

In  order to  give a 
quan tita tive  description 
of this reduction, we 
introduce w hat is called 
the residual intensity 
r„, which is the ratio  
of the intensity" a t a 
given frequency v inside 
the line, to the intensity  
of the continous spec
trum  I v°, in terpolated 
to  this frequency (Fig.
22 a):

r, =  / , / / , » .  (9.1)

(r„ is similarly" defined 
for the flux I IP.)

I t  is clear th a t in the 
frequencies of the conti
nuous spectrum  r„ =  1. 
As a resu lt wc obtain  
the contour of a line, as 
shown in Fig. 22 (b). The 
quantity" r , equal to the 
least value of rv, is called

107



Chapter 0. Mechanism of formation of absorption lines10S

the central residual intensity. The quan tity  l iv =  1 — r,, is called the 
depth of the line a t a given frequency inside the line. 'The innermost 
parts  of a line are called its core. The outerm ost parts of a line (in 
relation to its centre) are called the wings.

Tor m any problems, as we shall see later, w hat is called the total 
absorption in the line, or the equivalent width of the line, is of great 
im portance. 'Phis quan tity  is defined by

IT,. =  /  (1 — rr) d v =  /  Jiv d v ,  (9.2)
or by

ITa =  /  (1 - r A) d /  =  /  Jty d / .  (9.3)

The symbols v and A show th a t in the first case IT is measured on 
a frequency scale, and in the second case on a w avelength scale. The 
integration in (9.2) and (9.3) extends over the whole of the line con
sidered. In  Fig. 22(b) the q uan tity  IT,, is shown by the shaded area. 
Observers generally give IT on a wavelength scale and measure it in 
angstrom s or in milliangstroms. As follows from its definition, the 
equivalent w idth is the w idth of the continuous spectrum  whose area 
is equal to th a t bounded by the contour of the spectral line considered, 
i. e. is equal to  the shaded area in Fig. 22(b). This is shown in Fig. 22(c).

I t  is clear th a t 1TA characterises the strength or intensity  of the 
given line in the  stellar spectrum . The greater the equivalent width of 
an absorption line, the stronger is th a t  line.

2. The mechanism of the formation of absorption lines. L et us now 
investigate how absorption lines arc generally formed in stellar spectra. 
I t  is evident th a t a t frequencies w ithin absorption lines the absorption 
coefficient is greater than  in the neighbouring frequencies of the continuous 
spectrum . In  the frequencies of an absorption line the absorption coeffi
cient is composed of the coefficient of continuous absorption (free- 
bound and free-free transitions), added to the absorption coefficient 
corresponding to the discrete transition in question. This in fact brings 
about the  existence of absorption lines as spectral regions where the 
photospheric radiation is a ttenuated  by the excess absorption. The 
fundam ental question which arises is how absorption lines arc form ed: 
w hether in the same way as, for example, the absorption bands are 
formed beyond the limits of scries in the continuous spectra of early- 
type stars (sec Fig. 17), i. e. as a resu lt of true absorption processes, or 
by scattering of radiation. In  the former case, the attenuation  of the 
radiation in an)' region of the spectrum  is caused by two factors: (1) the 
absorption coefficient in th a t region is greater than  in the neighbouring 
regions, (2) the tem perature in the photosphere decreases outw ards. I f  
the absorption coefficient inside th e  spectral region considered is very
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large, the radiation will emerge from the most superficial and coolest 
layers of the photosphere; hence the in tensity  ol the radiation emerging 
from the surface will be close to the in tensity  B„(T0), where 7'„ is the 
surface tem perature of the star.

Let us now consider the centre of some strong absorption line in 
the solar spectrum . In this case the absorption coefficient is very large. 
Hence, for the frequencies of the line centre, the  approxim ate equation 
I v sw B v(7'0) holds for any part of the  solar disc. On the other hand, 
according to formula (4.30), the approxim ate equation I v ph B„(T0) 
holds a t the limb of the solar disc for all frequencies and, in particular, 
for the parts  of the continuous spectrum  adjoining the line considered. 
Consequently, the value of rv for the centre of a strong line should be 
equal to unity  a t the  limb of the solar disc, i. e. strong lines should 
be weakened at the limb, and in some cases simply disappear. This is 
entirely  contrary  to  the observations. At the limb of the solar disc

1-0

0-5

0

the contour of a strong line does not differ m arkedly from th e  contour 
of the same line a t the centre of the  disc. As an illustration we give 
(Fig. 23) the contours of the  H  and K  lines for two points of the solar 
disc, the centre (continuous curve) and a point d is tan t from the  centre 
R =  0-9S Rq  (dotted). (These contours were obtained by V. B. Nikonov 
and A. B. Severny!.) Consequently, we m ust reject the  first mechanism 
(true absorption) on observational grounds. This means th a t, for the 
description of the processes which determ ine the form ation of absorption 
lines, K irchhoff’s Law cannot be applied.

In  order to illustrate the  conclusions we have reached, let us imagine 
the stellar photosphere to be divided into two layers: a lower, in which 
the main part of the  observed photosphcric radiation is produced, and 
an upper, in which the absorption lines are m ainly formed. The lower 
layer we shall call the photosphere as before, and the upper layer, 
the reversing layer. Let us assume for sim plicity th a t the reversing 
layer is composed of atoms which have only two energy levels, the 
first and the second. Consequently these atom s can absorb and em it 
only in one fixed line. The excitation of these atom s and the converse 
transitions from the second sta te  to the first can be brought about
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by two causes: (1) by the effect of collisions with the surrounding 
particles, and (2) as a result of the absorption and subsequent re
emission of light quanta.

I f  the first cause is the  principal one, the Maxwellian distribution 
of the  velocities of the colliding particles leads to the  results th a t the 
ratio  of the  num ber of atom s in the second s ta te  to the num ber in 
the first s ta te  is determ ined by B oltzm ann's Law, and the ratio of the 
emission coefficient to the  absorption coefficient by K irchhoff’s Law
(3.10). However, elem entary calculations show th a t, in stellar pho to
spheres, atom ic transitions as a result of collisions are very rare in 
comparison with processes of photo-excitation and subsequent emission. 
As in the case of ionisation by collisions (see C hapter 8), this is due 
to the low density  of m atter in stellar photospheres, i. e. the  low coneen- 
tra tio n o f exciting partieles. Consequently we m ust tu rn  to the second cause.

Atoms in the  reversing layer absorb the radiation of the  photosphere 
in the frequency considered and seattcr this radiation in all directions, 
including the direction baek into the photosphere, where the radiation, 
afte r absorption by the atom s of the photosphere, is em itted  in o ther 
frequencies. The more such atom s there are in the reversing layer, the 
greater the probability  th a t a quantum  of radiation in the frequency 
considered, having undergone a considerable num ber of scatterings, 
falls baek into the  photosphere and disappears. Thus in th is ease the 
p a rt played by the reversing layer am ounts to sending baek into the 
photosphere a definite fraction of the quanta whieh leave the pho to 
sphere in the frequency considered: the quan ta are diffusely reflected 
baek. In  the frequencies of the continuous speetrum , however, the 
radiation of the photosphere passes through the reversing layer entirely 
(or almost) unhindered. An absorption line appears as a result of the 
scattering. Its  depth  depends on the num ber of scattering atom s in 
the reversing layer.

Sinee the part played by the  reversing layer am ounts to diffuse 
selective reflection of rad ian t energy baek into the photosphere, where 
it is converted into other frequencies, the in tensity  of radiation in the 
frequency considered is less in the outer parts of the reversing layer 
than  in the photosphere. The smaller in tensity  of radiation leads to 
a smaller proportion of cxeited atoms. However, the emission coeffi
cient j„ depends on the num ber of exeited atom s. H ence it is evident 
th a t the ratio  of j v to  in the reversing layer must be less th an  in the 
photosphere, and therefore less than  would follow from K irchhoff’s Law.

The assum ption th a t the chief mechanism whieh determ ines the 
form ation of absorption lines is the scattering of radiation is confirmed 
by observation, and also by a more detailed analysis of the conditions 
existing in stellar photospheres.
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3. The derivation of the equation of transfer for coherent scattering.
In  this and the  four following chapters we shall discuss processes of 
coherent scattering, where the frequency of the re-em itted quantum  is 
exactly the same as th a t of the absorbed quantum , the two quan ta 
differing on ly  in direction. Processes of lion-coherent scattering will be 
considered in C hapter 14.

Assuming now th a t we arc concerned with coherent scattering, let 
us construct the equation of transfer for these processes. The absorption 
coefficient corresponding to the discrete transitions which produce the 
line considered will be denoted by av; we refer this quan tity  to unit 
mass. The same coefficient referred to one atom will be denoted by s,,. 
The relation between them  is given by a form ula analogous to (5.22).

L et us write down an expression for the  emission coefficient in the 
case of coherent scattering. As is shown by physical analysis, the p ro
cesses of re-emission of the  absorbed quan ta  arc not, in general, isotropic. 
I t  appears th a t re-emissions in different directions have different pro- 
babilities; in the m ajority  of cases, the probability  th a t the direction 
of a quantum  after scattering will be w ithin the solid angle dm is p ro 
portional to (1 +  cos2 0)  dm, where 0  is the angle between the incident 
and scattered  quanta. However, an analysis of the problem of scattering, 
carried out by V. A. A mu arts  umyan [9], shows th a t, for the law m en
tioned. i. e. 1 +  cos2 0 ,  the  final results of the theory  of scattering  do 
not differ much from those obtained for isotropic scattering. For this 
reason we shall suppose th a t the re-emission is isotropic in character. 
An exaet allowance for the dependence of the re-emission probability  
on 0  is one of the most urgent problems of theoretical astrophysics.

Supposing the re-emission to be isotropic, we can im m ediately write 
down an expression for j v in the case of pure scattering. In  fact, according 
to (3.6) the am ount of energy absorbed by one gram  of m a tte r in 
1 seeond in unit frequency interval is

Now, since we are considering stars in a steady state (not varying 
with time), all this absorbed energy will be restored by the atoms, 
in the same tim e interval, in th e  form  of re-em itted quanta. And since 
we suppose the re-emission to be isotropic, the value of j v is obtained by 
dividing (9.4) by the solid angle of the whole sphere, i. e. 4 7t. Consequently.

In  writing (9.5) wc have obviously assumed th a t we are concerned 
with purely coherent scattering, since the  absorbed energy is re-em itted 
in the same frequency.

(9.4)

(9.5)
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Thus, for isotropic re-emission processes, the difference in the 
formulae for true absorption and for scattering is th a t, in the expression 
for the emission coefficient, the  function B v is replaced by the mean 
in tensity  J v. Therefore we can im m ediately write the equation of 
transfer for plane-parallel scattering layers in the following form:

eos 0 d l v(0)[drv =  I,.(0) — J v , (9.6)
where

d rv =  av n dh . (9.7)

H ere it is clear th a t the equation of transfer (9.6) takes account only 
o f the ehange in I y(Q) due to the presence of coherent scattering pro
cesses.

We now m ultiply both sides of (9.6) by I/4 rr and integrate the 
result over the whole sphere:

d
/ /,, (0) cos 0 (I CO

4 71

1
4?r /  I„(0) (9.S)

Thus, in a purely scattering atm osphere, composed of plane-parallel 
layers, the flux n  //„ is constant at all depths. In  contrast to the case 
of local therm odynam ic equilibrium, this constancy of the flux holds, 
in the case of coherent scattering, for each single frequency.

4. The solution of the equations of transfer. Let us now consider 
the  following model. Above the layers which rad ia te the continuous 
spectrum  (the “ photosphere” of the  star) lies a scattering layer (the 
“ reversing layer” ). H ere we again sharply separate the layers which 
form the continuous spectrum  and those which form the  absorption 
lines. We shall discuss la ter to w hat ex ten t this model ean represent 
the actual envelope of a star.

Our main problem  is to calculate the flux n I i v emerging from the 
surface of the scattering layer. We denote by /,,°(0) the intensity of 
the continuous radiation emerging from the “ photosphere” . Bearing in 
mind the difference between the model considered and the actual photo
sphere, it will be sufficient, in considering the model, to use the same 
approxim ate m ethod, introducing mean intensities, as we discussed in 
C hapter 9.

Denoting again by 1Y and / '  the m ean intensities of radiation in 
the appropriate hemispheres and noting th a t equation (9.6) is similar 
to equation (9.12), or for the lower hem isphere (introducing the angle 
y> — 7i — 0) to equation (9.17), we ean im m ediately write for /„ and / ' ,  
from (9.61) and (9.62),

l d I vfdrv =  I v - J v , 

d / '/ d r ,  =  — / „ '+  J v .

(9.9)

(9.10)
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Adding equations (9.9) and (9.10), we obtain

d ( / ,  + / , ' ) / d r , =  2 ( / ,  — / / ) . (9.11)

Noticing th a t by (3.50) the difference of the mean intensities is //„, 
while, according to w hat was said above, the  value of I l v in scattering 
plane-parallel layers is constant, we find

I y I„ =  I H v t v +  Dv , (9.12)

where D v is a constant of integration. I t  follows from (9.12) th a t Dv 
is equal to  th e  in tensity  I v a t th e  outer boundary of the reversing layer, 
where t„ =  0 and I'v =  0. In  tu rn , for xv — 0 (where / '  =  0) this 
in tensity  is equal to H v, in v irtue of (3.50). Consequently D v =  H v, 
and henee

I v -f- I v =  I IIv T-v “I” Hv • ( 9 .1 3 )

W e now determ ine the value of H„. To do so, we write th e  equations 
(3.50) and (9.13) for the  lower surface of the  reversing layer. D enoting 
the  optical thiekness of th e  ivhole. reversing layer by t„ „, we have

(Iv)xv< a {Iv)rv> „ — Hy  >

^ I ^ Tv, a  ^  „  —  I  H y  r v,  o +  H y .

(9.14)

Adding these two expressions, we obtain

/ / , / ( / , )  = ! / ( !  + | r Vi0) .  (9.15)

The value of (/„) is the m ean in tensity  of radiation a t th e  lower 
surfaee of the scattering layer. I t  is elear, however, th a t this mean 
in tensity , m ultiplied by ji, is also equal to  the flux of photospherie 
continuous radiation in the  frequency considered, i. e. to

I"
7i I I =  2 7t j  I v°{0) cos 0 sin 0 d0 . (9.16)

o

Iu  faet, pu tting  r„ 0 =  0, i. e. supposing th a t  there is no attenuation  
of the radiation by scattering in th e  given frequeney, we obtain from 
(9.15) (I„)T — H„°. The value of 7t- t l y° is ju s t th e  flux of continuous
radiation in terpolated  to the  given frequeney. And sinee the  flux 71 H v 
is the flux in the  line, we ean write for the residual in tensity

rv =  Hy/IIy0 — 1/(1 +  } r v, a) .  (9.17)
8  A s l r o p h y s ic s
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The residual intensity  r„ determ ined by the  expression (9.17) is 
derived for the Hux of radiation. Consequently, the formula (9.17) is 
applicable to  the radiation of a distant star or to the radiation of the 
Sun's disc as a whole. According to this formula, when sr (and conse
quently  rr a) increases, r„ decreases. In  the centre of the line, where sv 
and T|rj a have their greatest value, rv is least. Thus we obtain a contour 
of the  form shown in Fig. 22(b).

In  order to  obtain the contour of an  absorption line, not for the 
whole dise of the Sun, but for a definite point of it, i. e. for some direc
tion 0, we m ust solve equation (9.6). S tarting  from the formal identity , 
already pointed out, between this equation and equation (3.12), we can 
use the solutions given by formulae (3.26) and (3.27). H ere it is necessary 
to  take the  la tte r  of these formulae, sinee it gives th e  intensity  determ ined 
by a layer of finite optical thickness. In  the  ease considered we are 
interested in radiation bounded by the  directions 0 <  0 <  J rr, and 
lienee we m ust introduce 0 =  ti — ip into (3.27) instead of y>. We then 
obtain  for J„ (0, tv)

I,{JO, t„) =  Gv cT-sec0 — e ^ 9cc0 /  J v e~lr9Oc0 see 0 d*„ , (9.1S)
6

where Gv is a constant of integration.
For J v we ean take  the expression which follows from (3.51) and 

(9.13):
J V= U 1 V( 1 + K ) .  (9.19)

According to  (9.IS), we have a t the  upper (outer) boundary of the 
reversing layer, where r,, =  0, the equation

I v( 0 , 0 ) = G v . (9.20)

Also, a t the lower boundary of the  reversing layer, where r,, — r,.. „, 
we have

I  AO, t v,„) =  /,°(0) • (9.21)

W riting (9.IS) for this level and solving for (?„ the resulting expression, 
we obtain by (9.20)

Tr,o
/ v( 0 , 0 ) = / , 0(0 ) c - '" ,« s“ “ +  /  J „ c - C 5Cc0sec O de . (9.22)

o
Finally, substitu ting  in (9.22) the  expression (9.19) and efieeting the 
integration, we find

/,(0 ,O ) =  Jv°{0) +

+  H;  { ( l +  I cos 0) — e - \ » scc9(1 d- -2 r Vi 0 +  2 eos 0) J , (9.23) 

where we m ay substitu te  for / / ,  the expression for it given by (9.17).
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The residua] intensity  rv (0) in the case considered m ust be determ ined 
as the ratio  l v(0,0)jl„°(0). Using the definition of the (lux //,.°, it is

M0)-= A(0,O)//,°(0)

-- e“ T". ° scc 0 +  1
1 + 3- T1 ^  ■* »',<

J Iv°(0) cos 0 sin 0 dO 
o

V (0 )
( 1 + 2  cos 0) —

— e—r,,i ° scc ® (1 +  %t a +  |  eos 0) (9.24)

Consequently, in order to find the dependence of r,,(0) on the frequency 
for a  given angle 0, we m ust know: (1) the law of variation of r Vi 0 with 
frequency, (2) the law of darkening of the disc tow ards the limb for 
the in tensity  of the continuous radiation in the given spectral region, 
i. e. the variation of I v°{0) as a function of the angle 0. The la tte r  m ay 
be taken  directly  from observation.

We shall discuss later, when considering the form of the dependence 
of ar on the frequency, the comparison of formula (9.24), as well as of 
form ula (9.17), with observation. In  particular, we shall see th a t, for 
the wings of some lines in solar and stellar spectra, these formulae lead 
to a satisfactory agreem ent of the results of theory and observation, 
this being achieved by an appropriate choice of the  param eters appear
ing in rv<a.

Form ula (9.24) shows, in agreem ent w ith observation, th a t the 
variation of absorption-line contours from  the centre to the limb of 
the solar disc is generally small*.

However, the agreem ent between the  above theory and observation 
is very often not a t all satisfactory. A quan tita tive comparison between 
the results of the theory we have developed and  observation discloses 
a num ber of discrepancies. Thus, for instance, in the centres of strong 
absorption lines, where xr> a is very large, the central residual intensities 
ought to  be close to zero, from formulae (9.17) and (9.24). However, 
such a result is contrary to observation. This, of course, is explained 
by the fact th a t our model docs not exactly  correspond to actual photo
spheres.

* For the centres of strong lines, where t v is very large, tills follows imme
diately from (9.24), since, on the one hand, for t v -> oo the residual intensity 
r p(0) is proportional to the ratio (1 +  \ eos 0)//t,°(0), while, on the other hand, 
in the visible part of the spectrum the intensity Iv°(0) itself approximately follows 
the law (1 +  2 eos 0), so that in general the variation of rv(0) with the angle 0 
is small.

8 *
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5. TJio derivation of the equation of transfer, taking account of 
processes of scattering and of true absorption. The main simplifying 
assum ption in the model we have analysed is the artificial division of 
the  atm osphere of the s ta r into two quite different regions, the “ photo
sphere” and the  “ reversing layer” . In  reality, of course, no such division 
exists. In fact, the power of scattering is possessed not only by the 
atom s of the reversing layer, bu t by those of the photosphere also. Thus, 
in the form ation of an absorption line, all the photospherie layers of 
the  star (or the Sun) take part. I t  follows from this th a t, for a rigorous 
solution of the  problem  in question, we m ust abandon the  division 
of the  atm osphere into the photosphere and the reversing layer, and 
s ta r t from the general equation of transfer, which takes aeeount not 
only of scattering processes, bu t also of those of absorption.

To construct this equation, we m ust s ta r t from the faet th a t, in 
a real atm osphere, the a ttenuation  of a beam of radiation in a segm ent ds 
is determ ined, in the frequencies of an  absorption line, not only by the 
selective absorption coefficient a„, bu t also by the continuous absorption 
coefficient x v. Thus the am ount of radiation absorbed in a cylinder of 
volume dcr d-s (see Fig. 3), in the frequency in terval d r , solid-angle 
elem ent dco and tim e elem ent d I, is, by (2.25),

A E &h =  — /„ (y.v +  av) o ds da> dcr dt d r  . (9.25)

W e now write down the am ount of energy em itted by the cylinder 
as a result of processes of true continuous absorption. In  aeeordanee 
w ith (2.21) and (3.10), we ean write for these processes

=  x v B v q dcr ds da> c\t dv , (9.26)

since for processes of true  absorption we assume the laws of thcrino- 
dynam ie equilibrium  to be applicable.

The processes of the selective a ttenuation  of radiation, i. c. those 
taking place only a t frequencies w ithin lines, require special atten tion . 
These processes include: (1) scattering proper of radiation, which has 
already been considered in the  present chapter, (2) true selective ab 
sorption, caused by discrete transitions of electrons. These la tte r  p ro
cesses were dismissed in Section 5.3. Let us first calculate A Eem for 
scattering processes. Of the to ta l energy selectively absorbed by the 
cylinder, i. e. of the  am ount I va„ o d sd a i d a d /d r ,  let the  fraction 1 — ev 
be re-em itted as coherently scattered, radiation, so th a t  the fraction e„ 
of this energy will be expended on processes of true  selective absorption. 
In o ther words, the q uan tity  of absorbed energy which is re-em itted 
in the  form of scattered radiation is l r av{ 1— e„)p ds dco da  d /d r .  This 
means th a t the absorption coefficient wieh corresponds only to  pro-
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cesses of subsequent scattering is no t ov, bu t <r„(l— £„). Consequently, 
in aeeordanee with (9.5) and (2.21), the am ount of energy re-cm itted 
by the cylinder as a result of coherent scattering processes is

/lA’en,*2' =  ov (1— £„) J v q dcr ds dcu d< d r  . (9.27)

We now tu rn  to  the  radiation which corresponds to processes of 
true selective absorption. The am ount of energy, absorbed (from the 
beam) in the  cylinder, whieli corresponds to  these processes is, by w hat 
has been said above, l v ov £„ o ds dm do df d r ; consequently the ab 
sorption coefficient belonging to  true  selective absorption is ov £„. And 
sinee, for processes of true  absorption, we assume K irehhoff’s Law to 
be applicable (i. e. we assume the existence of loeal therm odynam ie 
equilibrium), the am ount of energy em itted  by the cylinder which 
corresponds to  processes of true  selective absorption is, by (2.21) and
(3.10),

^ £ em(3) =  av £„ R v o ds dm d td v  do . (9.28)

We notiee the following difference between processes of scattering 
and those of true  selective absorption: in scattering, all the absorbed 
energy J,.oy( 1 — £„) q ds dcu da  dt d r  is again re-em itted in the form 
of scattered energy, while for processes of true  absorption this equality  
between the absorbed and re-em itted energy does not hold. The am ount 
of em itted  energy, expressed by form ula (9.28), has no direct relation 
to the am ount of absorbed energy, i. e. I v ov £„ q ds dco do df d r. This 
corresponds to the sta tem en t made in Seetion 5.3, th a t in the presence 
of true  absorption processes there is no direet relation between the 
absorbed and em itted  quanta.

Now, constructing the balanee between absorbed and em itted energy 
as in the derivation of (2.2G), and using (2.27), we obtain the  required 
equation of transfer:

<11 (0)
e°s 0 ^ dh =  (y.t + o v) l v(0) —  (1 — £„) ovJ v—  x v B v —  ov £„ B v . (9.29)

I f  processes of true  selective absorption are disregarded (£„ =  0), this 
equation takes th e  form

e°s 0 p dh* =  (xy+ a v) 1,(0) —  ov ./„ — B v . (9.30)

The equation (9.29) ean be modified by pu tting

(1 — £v) ov =  o,° , a,. £„ =  x,° . (9.31)

I t  then  takes the form

eos 0
dly(0) 

q <lh — (x„ +  (Tv° +  >q0) I\{0) — crv0 J ,, — (xy +  xy°) B„ . (9.32)
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The physical m eaning of the coefficients crv° and y.„° which have been 
introduced is quite clear. We m ay call the  coefficient or° the scattering 
coefficient in (he line, since it takes account only of scattering processes 
(not including those of true absorption). The coefficient y. i s  the 
coefficient of true selective absorption.

In  the  n ex t chapter we consider the m athem atical m ethods by which 
the  above-m entioned equations arc solved.

Chapter 10. The solution of the equations of transfer 
for frequencies inside absorption lines

1. Introductory rem arks. The problem of solving the equations of 
transfer (9.29), (9.30), and (9.32) is extrem ely com plicated. F irstly , all 
the physical param eters appearing in these equations, i. e. I v{0), x v, 
(X„, e„, B v, and o, vary  with depth , and the dependence on h is different 
for each of them . Secondly, difficulties arise concerning the dependence 
of the in tensity  I v{0) on the angle 0. H ence it appears impossible to 
obtain  a t once a general solution of the  equations in question. I t  is 
therefore necessary to introduce various simplifying assum ptions. We 
first consider the solution of the equation of transfer under the assum ption 
th a t the  ratio  of the absorption coefficient av in the line to  the continuous 
absorption coefficient x v is the same, for a given v, a t  .all depths. This 
assum ption is fairly well satisfied for the  centres of strong absorption 
lines.

A second m ethod is the numerical integration of the  equation of 
transfer. This m ethod leads to  exact results, bu t is very  laborious.

Finally, we shall analyse the solution of the  equation of transfer 
under the assum ption th a t bo th  the scattering coefficient in the  line 
a v° and the  true  selective absorption coefficient y.„° arc very  small com
pared w ith the  continuous absorption coefficient x v. The solution for 
this special case is of great im portance for fain t absorption lines and 
for the  wings of medium and strong lines.

2. A model of the atmosphere with a constant ratio of the absorption 
coefficient in the line to the continuous absorption coefficient. We
introduce the  following simplifying assum ptions: (1) we shall suppose 
th a t th roughout the atm osphere of the s ta r the  ratio

7i, =  a j x v (10.1)

is constant for any given frequency; (2) the same assum ption is made 
regarding the  value of ev\ (3) w'C shall suppose th a t the linear expansion
(S.10) of the Planck function B v is applicable. The optical depth t,, is 
here defined in term s of the continuous absorption coefficient
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Dividing (9.29) by and using (10.1), we obtain 

eos 0 d / r (0)/dr, =  (1 +  T]f) I  AO) -  (1 — ev) VvJ v —  B y— Vv ev B v , (10.2) 

where
d r , =  y.„ o dh . (10.3)

We m ultip ly  both sides of equation (10.2), first by eos 0/4 n  and then 
by 1/4 7i, and in both  cases in tegrate the result over the whole sphere. 
Taking account of the definitions (2.5), (3.15) and (3.46), we obtain 
respectively

d K J d r v =  ’ (1 +  )?v) I I „ , (10.4)

I  dH Jdr ,  =  (1 +  ilv) (.J v— B v) . (10.5)

We introduce the first m athem atical simplification by assuming th a t 
the equation (3.54) holds also in the ease we arc considering. [This 
equation is rigorously true  if /„(0) can be represented as the sum of 
a constant term  and some odd function of eos 0.] Assuming the validity  
of (3.54), we can rew rite equation (10.4) as

d J vfdrv =  Z ( i + Vv) H v . (10.6)

We differentiate (10.6) with respect to  r v, tak ing  into account the  fact 
th a t, by  our assum ption, t]v =  constan t th roughout the atm osphere of 
the  s ta r:

d 2J vjdTv =  I  (1 +  rfv) d / / r/dzr . (10.7)

N ext, introducing in (10.7) the  expression for the derivative dIIvjdTv from 
(10.5), we obtain

& J rldT* =  q * ( J r —  B y),  (10.8)

where

Qv =  I7 [3 (i +  rfv) (1 + £ vrj»)] ■ (10.9)

According to  our assum ption, B v is a linear function of optical depth, 
and hence the second derivative of B v w ith respect to  r v is zero. This 
m akes it possible to rew rite (10.8) in the following form :

d H J - B v)ldrA =  q A { J - B v) . ( 10. 10)

The solution of equation (10.10) can be represented in the following 
fo rm :

J v —  B r =  C , e - ' * z’ . ( 10. 11)
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Wc have not here added a term  of the form Dy eq’' T“ to the right-hand 
side of (10.11), since, according to  the results of C hapter 6, the value 
of J y as i ,  oo m ust tend  to  B v, and consequently D y =  0 .

Let us determ ine th e  constan t Cy. From  (10.11) and (8.10) we can 
write

J„ =  a„ +  by r„ +  Cy e~q-T- . (10.12)

D ifferentiating th is expression w ith respeet to  xv and substitu ting  the 
result into (10.6), we obtain  for H v

U, =  i  {K - C v qv e - q (10.13)
1 V V

For the  boundary of the  stellar atm osphere, where rv =  0, the flux 
H y(0) is

n v(0 ) = { -  V l % {by- C y qy} .  (10.14)

On th e  o ther hand, the  value of «/„ for ry =  0 is, according to (10.12),

J,(0) =  a, +  Cp . (10.15)

As a boundary condition we shall take  the  following:

2 J y( 0 ) = H y(0). (10.16)

This equation, which is of course approxim ate, follow's from (3.50) and 
(3.51), on tak ing  into account th e  fact th a t I y — 0 a t the  boundary 
of the  atm osphere. In troducing now th e  expressions (10.14) and (10.15) 
into (10.16), and solving th e  equation obtained for th e  constan t Cy, we 
find

I +_Vy)

§?► +  (! +  Vy)
(10.17)

Substitu ting  this expression for Cy in (10.14), wc obtain

Jfy( 0)
4 K +  ay %
3 1 +  V y  +  !  <ly '

(10.18)

This is th e  “observed” flux of stellar rad iation  for a given frequency 
inside th e  line, which is w hat in terests us. The flux //„°, corresponding 
to the  continuous spectrum  interpolated  to  th is frequency, is found by 
pu tting  r]y =  0. This means th a t there is no selective a ttenuation  of 
the  radiation in the  frequencies of the  continuous spectrum . From  (10.18) 
and (10.9), the value of //„°(0) is

tf,°(0)
4(br +  av y:i) 
3 ( 1  + 2  V 3) •

(10.19)
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Hence we have for the  residual in tensity  rv

_ Hy (0) _ 1 +  5 ( *1
r” -  y/r»(0j -  6v +  a , 1/3  1 + r,r + l % ( 10. 20)

We notice th a t, in deriving th is expression for rv, we have used two 
approxim ate equations: (1) J V =  3 K V, (2) H v (0) =  2 J v (0). B oth
these equations are borrowed from the  m ethod using averaged intensities 
which we considered in Chapter 3. A more exact discussion of the problem  
leads to the following results: (1) the  approxim ation J v =  3 K v is
sufficiently exact for practical purposes; (2) the  approxim ation 
H v(0) =  1-8 J„(0) is more exact th an  H v{0) =  2J„(0).

In  order to  find r„ from form ula (10.20) for any  frequency inside 
the line, it is necessary to know the  values of rjy and  ev for this fre
quency, and also the coefficients o„ and  bv. In  the general case both

and e v v ary  w ith depth, sometimes very  m arkedly. Moreover, in 
general the function B,, is not a linear function of t „ .  The assum ption 
of its linearity  often leads to  serious errors in the  final result.

The case considered above is not far from the tru th  for the  central 
p arts  of m edium  and strong absorption lines. For the  wings of lines this 
model, stric tly  speaking, can be applied only in particu lar cases.

The coefficients ay and bv m ust be so ehosen th a t  the  linear approxi
m ation to  B y best represents the actual law of variation  of B v w ith xv. 
This law is found from the theory  of stellar photospheres.

We shall discuss the  actual application of form ula (10.20) in the 
following chapters.

Since form ula (10.12) together w ith (10.17) establishes the dependence 
of J v on t v, we can solve equation (10.2) no t only for H v{0), b u t also 
for Jy(0,0). This is done in the same w ay as the  solution of equations 
(3.12) and (3.17).

3. The numerical integration of the equations o! transfer. The chief 
defect of the  solution, considered above, o f equation (10.2) is the  in troduc
tion of simplifying assum ptions concerning the  functions r\v, ev and 
By. The simplifications which are of a purely  m athem atical character 
[Jv =  3A%and 2 J r(0) =  H v{0)] as a rule introduce much smaller errors. 
Bearing this in m ind, we can solve equation (10.2) num erically, starting  
from  the  two equations (10.5) and (10.6).

L et us consider a m ethod of numerical in tegration of equation (10.2). 
The dependence o f B v on r v, for a given frequency, is derived from the 
theory of photospheres, which gives, for each level in the photosphere, 
the tem perature T,  the pressures p  and pe, the density  q, the optical 
depth  t v( ty is here defined in term s of the continuous absorption coeffi
cient), etc. From  these param eters and the  appropriate expressions for
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yv and a,., wc can determ ine the value of i]r, and independently th a t 
of f ,., for every level.

As boundary conditions for the integration of equations (10.5) and 
(10.G) it is m ost convenient to take the following: (1) 2 ,/r (0) =  I IV(0), 
(2) as t ,. —> oo , the value of J v tends to By. The la tte r  condition is 
evident from the results of Chapter 6. The factor 2 in the former con
dition can be replaced, as wc have said, by the more accurate factor 1-8.

The integration of equations (10.5) and (10.G) is perform ed as follows. 
H aving taken  various definite values of . /v(0) [and consequently of 
I Iv{0), from the condition 2J„(0) =  //,,(0)]. we carry out the numerical 
integration of equations (10.5) and (10.G) for each of these values. The 
value ./,,*(0) for which J v tends to B v for large tv is the required boundary 
value. The flux ti //,.(0) corresponding to this boundary value (0) 
is the solution of the problem proposed. Since the variation of J v with 
tv is found by this m ethod, we can also find, by means of the original 
equation, the em ergent in tensity  /,,(0,O) a t the surface of the Sun, for 
various angles 0.

The numerical m ethod described is generally sufficiently accurate, the 
more so since from the results obtained we can estim ate a more reliable 
ratio of .7,(0) to I I v(0) .and thereby  again carry out the integration of 
equations (10.5) and (10.6). However, this m ethod is inconvenient, 
since it requires a great expenditure of tim e on the numerical integration. 
In  fact, the integration of equations (10.5) and (10.6) has to be performed 
for m any points (frequencies) inside the line. Hence a more rapid m ethod 
is to be preferred.

4. The solution of the equation of transfer for faint lines. As a th ird  
m ethod, we shall discuss the  solution of equation (0.32) given by 
A. U nsold  for fain t lines and  for the outerm ost wings of strong and 
medium lines. This m ethod is unsuitable for residual intensities ry <  0-85. 
As we shall see, fain t lines play an extrem ely im portan t part in a num ber 
of cases, and  particu larly  in the problem of the chemical composition 
of the photosphere. H ence the theory  m entioned deserves consideration.

In  order to  solve equation (9.32), we introduce the function S v, 
defined by the equation

Oy0 Jy +  (y.y 4* X By — (*„ -f" Qŷ  -j* ^  ̂ ) S f . (l0 .2 l)

The equation (9.32) then takes the form

cos0  llo d f  =  ( * , + ^ °  +  *.°) I A 0 ) - ( y ^ + O y °  +  y.y°) Sy .  (10.22)

Wc now introduce the optical dep th  dzv( =  d x v):

dZy =  (yv +  ov° +  %v°) Q d/i . (10.23)
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Then (10.22) m ay be w ritten

eos 0 cl/,, (0)/dz„ =  /„ (0) — S v (z„) . (10.24)

We shall now obtain an integral equation for S v{zv).
The equation of transfer (10.24) is identical with th e  fundam ental 

equation (3.12). H ence we can use the solutions (3.36) and (3.37) for 
the  intensities in the respective hemispheres, replacing B v by the 
function S v. As a result, we obtain  for J v

J v =  J  I y(0) dco/4;t

■» 71 71

=  2 { /  Iv(0izv) sin 0 dfl +  J  I v'(ip,zv) sin ip dip} 
o o

co (10.25)
=  2 { /  [ /  S v(xv) &~ ^ f ~ zf)sec0 see 0 dx„] sin 0 d0 +  

o

1 n zv
+  J  [ J  S v(x„) e - ( zi '- ;rt')sccvi sce y, d x v] sin ip dy> } .

o o

We change the order of integration in (10.25) and introduce, instead 
of 0 and ip, a new  variable w by m eans of the  relations see 0 =  w and 
sec ip =  w. Then we can rew rite (10.25) as

C O  Z \>

J V =  H  /  Sy(Xy) E ^X y— Zy) dXy ^  ^  S  y (Xy) E  ̂ Z y ~  X y) dX^ , (10.26)
0

where the function E l is defined by th e  expression (6.35). We can write 
th e  expression (10.26) as

=  2 /  Sy(Xy) /?,(! Zy ~  Xy  ̂C^, . (lO ^)
o

Introducing th is form for J v into formula (10.21), we obtain  for S v the 
inhomogeneous integral equation

[y-Y +  y-V0 +Ĉ V0) Sy(Zy) — (Xy-\-HV°) By(Zr) +
co (10.28)

+  \  0,P f  Sy[Xy) E1 { | Zy ~  X y \ ) {I*,. .
0

For fain t lines, and for the outer p arts  of the  wings of medium and 
strong lines, xv° and crv° are considerably less th an  x v. Consequent!}’,
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the second term  on the right-hand side of (10.2S) represents a small 
correction. H ence we can introduce in this term  (under the integral sign) 
the  approximate value of S v, obtained by pu tting  this second term  on 
the  right of (10.2S) equal to  zero. T hat is, we introduce in the in tegrand 
the following expression for S v\

S M  =  Xy + x , * i o r0 ■ <10-29>

Taking into account the fact th a t in our case x y° x„ and ar° <% x v, 
we can assume th a t S y(zr) B v{zv). Using this result, we can rew rite 
(10.28) as

(* r  +  *»° +  O  $v ( Z v )  =  (* r  +  xr°) B r (zr) +
OO

+  £ ov° J  B v{xv) E 1{ \ z v —  xv \)  d x r . 
o

(10.30)

We shall now calculate the flux II y(0) a t the surface of the star, which 
is the  q uan tity  in which we are interested. From  formulae (2.5) and
(3.36), in which wc m ust p u t t „  =  0 and introduce S v instead of B„, we 
find

1 Hv(0) =  j  I v{0,0) cos 0 sin 0 d 0

1" (10.31)

=  j  cos 0 sin 0 dO J  S v(zv) e zvSfc0 see 0 dzy .

Changing the order of integration and introducing a new variable iv by 
means of the relation sec 0 =  w, we obtain, using (6.35),

\ H M =  f  S r(zy) E 2(zy) d z y .
6

Substitu ting  for S y(zy) from (10.30) in (10.32), wc obtain

C O

I IIy(0) =  f  2 x °  +  a o E ‘i(z>) dz- +J  r' v > r'  V ‘ U v

(10.32)

(10.33)
C O  OO

+  i- J  x +  +  a o { /  E\(\zv—X*\) d x .J A’g(zr) d zr
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In  (10.33) \vc carry out the following transform ations. In  the first integral 
we introduce instead of dz, the differentials dr„ and dr,,0:

V Z„  o 1 a  0 z* =  Q o  dh  =  d r , -f dr,° . (10.34)

N ext, we use the  following differential relation, which follows from the 
definition (6.35):

dEn(x)/dx =  — E n_ i (x) . (10.35)

From  this expression, we can write

E 2(x-\-Ax)  =  E2(x) — E 1(x) A x  . (10.35a)

Introducing  now the optical thickness r ,  0 by means of the relation 
d r , a — cr,0 o dh  and  taking into account the  fact th a t in our case 
r„° +  t ,,a r v . we obtain from  (10.35 a)

E 2 {z v) =  E 2{t v +  r,°  +  a) =  B 2 (t v) — ( t , °  +  t , ,  a) E x(tv) +  . . .  . (10.36)

This expression for E 2(zv) is substitu ted  in th e  first integral in formula
(10.33), and equation (10.34) is also used. N ext, in the  second integral 
in form ula (10.33), we take into account th e  definition (10.23), and 
write r ,  instead of z„ since r,°  +  r,, „ r ,  . As a result, we obtain

J-77,(0) =
C O  o o

=  /  7?,(r,) E 2(t , )  d rv — /  B J j A E x (t,) (r,° +  r,, „) d r , +  (10.37)
0 0
co co co

+  /  7?,(r,) E 2(t ,)  d r ,0 +  /  I E 2(tv) dr,., „ f  B v(xv) E x{ | r ,  — :r, | ) d . r , . 
o o o

In  transform ing the first integral in formula (10.33) wc have neglected, 
for reasons already given, the second term  in the  second parenthesis 
in the  expression (r,° +  r , f a) (x, +  x v°) q dh, i. c. wc have w ritten, instead 
of this expression, (r,° +  t,, „) d r , .

Wc now perform  our last transform ation of the expression for // ,(0 ) . 
In  calculating the  second integral on the right-hand side of (10.37), we 
introduce the following function of r , :

C O

0 ( 0  =  /  71, (r,) Ex (r,) d r ,  . (10.3S)
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In tegration by parts then gives

/ ^ v , a Bv(xv) E1(tv) dr,,
CO

— [t,, „ 0 ( t„ )  ]r +  /  <it ,̂
0 (10.39)

C O

/  0 ( T „ )  d r , , ) a .
o

We obtain  a similar expression for the  term  in r,°. As a result of these 
transform ations, the  expression (10.37) takes the  form

C O  0 0

1_ Hv{0)=f Bv{r„) E2{t ,)  d r , — /  [0(0 — B v{tv) E2{tv)] d r,° —
o

oo

0
oo

(10.40)

— /  {0  ( O  — i- E 2 ( T r ) f  B„ (x„) E t ( \ r v— x v \) dx,} d r,, „. 
o 6

P u tting  y.v° and o,0 equal to zero, we obviously obtain  the flux i / ,° ( 0) 
for the continuous radiation, i. e. for the ease where there is no selective 
scattering and absorption in the given frequency. We find from (10.40)

J JJV°(0) =  /  B v{r,,) E2(tv) d r , . (10.41)
o

Now, writing

d r ,0 =  (*,0/ O  d r , and d r ,>(J == (ov°jy.v) d r ,  , (10.42)

we obtain for the line depth  R v =  1 — ry the following expression:

// °(0) — H (0) r f
B , . =  1 I ° ( 0 ) V =  j  G i ( T v ) d r v 0  +  J  C 2 ( T v ) d T v < a

0 0
co co

= j  *” Gi (O d r , + j  a* G2(tv) d r , , 
o o

(10.43)

where G1{tv) and C2{rv) are weight functions determ ined only by the 
dependence of 7i, on r , :

^ i ( h )
0 (O — B v (r,) E2 (tv)

OO
/  Bv(rv) E.,(Tv)dTv 
0

(10.44)

0(0G2(tv) :
CO

i  £ 2 (0  /  Bv(xv)E1( \ t v —  x v )dx„ 
0

C O

/  71 ,(0  E2(r„) drr 
o

(10.45)
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The dependence of B v{t„) on t,„ and consequently the functions (?, (t„) 
and G2(tv), are given by the theory  of photospheres. For the Sun, this 
dependence can be found from the lim b-darkening law (for various 
frequencies, see Chapter 7) established by observation. The ratios «r°/xv 
and <Jrafy.v are known functions (see Chapter 11) of density, pressure, 
tem perature, etc., while the d istribution of these physical param eters is 
in tu rn  known from the theory of photospheres. Thus, for given Gk(r„) 
and G2(Ty), the  calculation of R y for a given frequency reduces to  a 
simple calculation of the integrals in formula (10.43). This considerably 
facilitates the study  of contours. However, it m ust be remembered th a t 
this m ethod is applicable only to the  wings of medium and strong lines 
and to fain t lines (in general for eases where R v <  OI5).

The integral equation (10.28) for the function S v(z„) can be used to 
calculate not only the flux H v(0) at the boundary, but also the emergent 
in tensity  I„(0,0), i. e. the depth  R v(0) corresponding to an angle of 
emergence 0.

Besides the m ethods of solution of the  equations of transfer (9.29), 
(9.30) and (9.32) which have been explained here, a num ber of other 
m ethods have been proposed by various authors. The m ajority  of these 
m ethods involve simplifying physical or m athem atical assum ptions, and 
hence arc of lim ited interest. They are most frequently concerned with 
assum ptions about the linear expansion of the function B v and the con
stancy  of the quantities ?iv and £„. All these assum ptions are, as we have 
said earlier, far removed from reality.

Recently, the  iterational m ethod of solving the equations of transfer, 
both for absorption lines and for frequencies in the continuous spectrum , 
has been widely used. A description of this m ethod is given by, am ongst 
others, L. H . A lle u  [2].

Chapter 11. The coefficients of selective absorption
1. The relation between the absorption coefficients and the transition 

coefficients. In  this chapter we shall consider the coefficients of selective 
absorption, i. e. the absorption coefficients inside spectral lines. This 
subject am ounts to an exam ination of the factors which bring about 
the finite width of absorption lines in stellar (and solar) spectra. The 
coefficients of selective absorption are functions which give the distribution 
of the to tal num ber of absorption processes nt B ik nv.k in a finite frequency 
interval.

W ith a view to fu ture applications, we shall now derive an  integral 
formula for the absorption coefficient, which is of wide use in astrophysics. 
Let tii and nk be the num ber of atom s in the ith  and i*th excitation 
states respectively in I cm3. Also, let the atom ic selective absorption
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coefficient corresponding to the transition  i -> k be sv. Let the radiation 
incident on the atom s considered have a density qv. We shall assume 
th a t, w ithin the spectral region (generally very narrow) where sv is 
fairly large, the density of radiation varies only slightly with frequency. 
We recall th a t this condition m ust be satisfied for the transition coefficients 
A ik, B ik, B h to be applicable.

Let us w rite down expressions for the num ber of transitions i -> k 
which take place in 1 cm 3 in 1 second. This num ber is determ ined, in 
term s of the  transition  coefficients, by formula (5.38):

=  n- nv .k B ik . (11.1)

W e now write an expression for using the coefficient sr. The
num ber of absorptions (»,-_**)„ dv inside the  frequency interval dv can 
be w ritten , from formula (5.47), as

d v =  n-i sv C*J qv . (11.2)

In  order to obtain this equation m ust be in tegrated  over the
frequency. As a result we find

/

»*.--»* =  J  ( % - t ) r  d v  =  n i  I  J  Q r * * - d v .  ( 11.3 )

N ext, because of the narrowness of the region where sv is fairly large, 
we can take qv and v outside the integral in (11.3). This gives

»;->t =  l a  Q vik J  sy dv . (11.4)

Identify ing (11.1) and (11.4), we obtain

J  sv d v =  h ] ik B i k . (11.5)

According to this form ula, the integral of the absorption coefficient 
is a constant quan tity , and is consequently independent of the mechanism 
which broadens the line in question.

We m ust now acquaint ourselves w ith the chief processes which 
determ ine the form of s,,. H ere we shall use classical ideas as well those 
of quan tum  theory.

2. Itadiation damping. Let us consider the process of the dam ping 
of a classical atom ic oscillator by radiation. The energy of a radiating 
oscillator, according to classical electrodynam ics, diminishes according 
to the law

E  =  E0 e ~ y,t , (ll.G)
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where
(11.7)

is called the (lamping decrement. The waves em itted by such a dam ped 
oscillator do not produce an infinitely narrow  spectral line, bu t one of 
finite w idth. S trictly  m onochrom atic radiation (i. e. an absolutely sharp 
emission line) is obtained only when wc deal with an infinite wave train 
of constant amplitude.

The actual frequency d istribution of th e  radiation is obtained by 
analysing th e  oscillation in question into purely harmonic components 
(using a Fourier integral). Correspondingly, the absorption process is 
also non-monochrom atic. The absorbed energy is d istribu ted  in a definite 
m anner w ithin a finite frequency interval. The classical theory  of 
dispersion gives th e  following expression for the selective absorption 
coefficient:

where v0 is th e  natural frequency of the  oscillator vibrations, and y0 
is the  dam ping constant determ ined by formula (11.7).

The absorption coefficient which we have w ritten  is referred to  one 
oscillator. F u rther, the  formula (ll.S ) is valid only for a fairly narrow  
frequency interval inside an absorption line, where v is close to v0. 
(We notice th a t  the  same dependence on frequency is obtained for the 
process of emission by th e  oscillator.)

The quan tity  y0 is called the natural line width. This nam e relates 
to the  fact th a t, in the  scale of circular frequencies co =  2 n v, th e  absorp
tion coefficient, as follows from (ll.S ), diminishes by half a t  a distance 
co —  co0 =  -I y0. Doubling this q uan tity  to take account of the  two halves 
of the contour of sp in both directions from the  frequency r 0, wc obtain 
y0. H ence y0is sometimes called also the total half-width of the absorption 
coefficient. I f  the value of y0 is expressed in the wavelength scale by 
means of (11.7) and (4.3S), it is independent of A and equal to  1- IS X 10~4 A.

The quan tity  r 0 which is the  reciprocal of the  dam ping constant y0 
is called the  damping time of the oscillator. The reason for th is definition 
is clear from formula (11.6). For the sodium lines D t and D 2, whose 
mean wavelength A =  5S93 A, the dam ping tim e calculated by means 
of (11.7) is 1-5S X 10-8 sec.

A t fairly large pressures, the dam ping of the oscillator by collisions 
begins to play an im portan t part, as well as radiation damping. In  each 
collision, the v ibration of the oscillator is in terrup ted  for a mom ent, 
and alm ost a t once a new vibration is excited w ith arbitrary phase and 
amplitude. In  o ther words, the collisions cu t short the sequence of em itted 
waves and thereby  also increase the non-monochrom atic character of 
the spectral line.

<•- y« 1 _ _
mcc 4 a  (»- — v0)- +  (*/„/4 a )

1
( 11.8)s,V

9  As t rophys ics
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The appropriate analysis [2-1, § 87] shows th a t collision dam ping 
(as yet w ithout taking account of radiation dam ping) leads to an absorp
tion coefficient of exactly the same form as (11.8). However, in this 
ease y0 m ust be replaced by a new dam ping constant, the collision 
dam ping constant yc. This constan t is related  to the mean time r c between 
two collisions by

Yc — 2/rc (11.9)

(whereas for radiation dam ping we have the  relation y0 =  l / r 0).
If. finally, we take account of sim ultaneous radiation and collision 

dam ping, then the form of the  absorption coefficient still remains the 
same [formula (11.8)], bu t it is necessary to introduce into this formula 
the effective dam ping constant y, defined by the equation

Y =  Y o + Y c -  (11.10)

Collisions in m any eases play a very g reat p a rt in the form ation of 
absorption lines in stellar spectra.

In  all th e  cases m entioned the absorption coefficient st„ given by 
form ulae similar to  (11.8), was referred to one oscillator. To pass from 
the num ber of oscillators h to the num ber of atom s n in the s ta te  from 
which th e  transitions begin which form the given absorption line, we 
introduce w hat is called the  oscillator strength / :

n =  f  n . (11.11)

Thus the oscillator strength f  gives the number of classical oscillators which 
reproduce the absorbing action of one atom in the given line. I t  tu rns out 
th a t in th is ease the  absorption coefficient for one atom  is expressed 
by a formula of th e  same type as (11.8), w ith the  difference th a t y0 +  yc 
m ust be w ritten  in place of y0, and the whole expression m ust be multiplied 
by the  oscillator strength  corresponding to the given line:

s =  e\  Y ___ . J_ _ /I ]  10}
” m e C 4 ; t  —  »'o)' -I’ (‘/ / '4 • 'd ' ‘

I f  we in tegrate both sides of (11.12) over frequency from 0 to +  co, we 
find

CO

/  sv dv =  (ti e2jme c) f  .
o

Comparing the  expressions (11.5) and (11.13), we obtain

(11.13)

fik =  (™e hvik/x e~) Bik . (11.14)
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fik
9  k  m e c i  . _ 0 k A k i

9i 87l' e2 V   ̂ ki 9i 3y0 ‘
(11.15)

In  order to emphasise th.at we are speaking of the  quantum -theory 
transitions i —> k of the atom , wc have added th e  symbol ik to the 
oscillator streng th  /.

L et us now consider the  question of th e  broadening of absorption 
lines according to th e  ideas of contem porary quantum  mechanics. Let 
there be nk excited atom s in 1 cm3. Neglecting stim ulated  transitions 
(both downwards and upw ards from the level k) we can write the obvious 
expression for the  decrease of nk w ith time

d n jd t  =  - n k Z A k i . (11.16)
i

In teg ra ting  this expression, we find

w* =  » (H  I 7)

where (nk)Q is the  value of nk for t =  0, while

Yk =  E A ti =  l l rk . (11.18)
i

I f  we m ultiply both sides of (11.17) by 2  A ki h vik, the law (11.17) which
i

gives th e  decrease of the  to ta l excitation energy is wholly similar to 
the classical law (11.6). H ence wc can call yk here also the  (lamping 
constant, and rk the (lamping time.

The q u an tity  rk is also the mean life of the  atom  in the  sta te  k (or 
simply the “ mean life of th e  s ta te  k”). In  fact, th e  probability  th a t 
the m ean duration of the a tom ’s existence in the  excited s ta te  k lies 
between t and t -f- d< is proportional, according to  (11.17), to  the differ
ential e~ŷ y k dt. Consequently, the (weighted) mean life lk of the  
atom  in th e  s ta te  k is

h  = f te~Yt t y k dtl J e y t dt =  l /yk =  T k  , (11.19)
0 0

which is the result required.
The values of xk and of yk can be found from  formula (11.18) if the 

A ki arc known for all downward transitions. I f  the atom s are in a fairly 
strong radiation field (high tem peratu re of the radiation), it is necessary 
to take account not onl}' of the spontaneous transitions downwards 

9*
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from the level k, bu t also of the transitions, both upw ards and dow n
wards (stim ulated emission), due to  th e  action of the radiation. As a 
result, we can w rite for r* and yk, instead of (11.IS),

Yk ■ i / t * =  2. A ki +  y  Q,,.k B ki +  y_ o„ak B ka +  z p i . (11.20)
i i a

The first sum on the right-hand side of (11.20) takes account of spon
taneous transitions downwards from the level fc, the second takes account 
of stimulated transitions, also downwards, the  th ird  gives all possible 
{discrete) transitions upw ards from the level k, and finally the last term  
on the  right-hand side of (11.20) gives the  photo-ionisation transitions 
from the  level k. The la tte r  m ust be calculated in accordance with 
the expression (8.G), which of course m ust be first divided by nT> k.

The finiteness of the m ean life of the atom  in the excited s ta te  leads, 
in accordance w ith w hat is called the  uncertainly principle, to  a broad
ening of the energy level in question. Here, as is seen from the well- 
known formula

A E A t ^ h / 2 ^ ,  (11.21)

the broadening of any level is the greater, the  shorter the  mean life 
of th e  atom  for th is level.

I f  the  excitation of the atom  to  th e  s ta te  k takes place under the 
action of light w ith a constant in tensity  in the  given frequency interval, 
or under the  action of collisions w ith particles having all possible 
velocities, then , for a finite value of the mean life of the  atom , the  p roba
bility th a t  an  atom  in the s ta te  k has an energy between E  and E  +  <1E is

W{E)  d E =  V£ <l\E
(2 n/h.)- ( E - E kY + { y kl2? ( 11. 22)

The norm alisation of (11.22) is such th a t  j  W (E) d E  =  1.

I f  now we are concerned writh  transitions between the levels i and k, 
where the  d istribution (11.22) holds for each level, then  it  can be shown 
[1GS, p. 2S2] th a t the  rela tive probability  of the emission or absorption 
o f a quantum  in the frequency range from v to  v -j- d r  is

By d r ( n -  +  v d i l v

4 ,-T2 (v — Vik)2 +  (yk +  y,.)-/4 (11.23)

Consequently, we have the same d istribu tion  as in the ease of (11.12), 
b u t w ith y0 =  y i +  yk.

Finally, tak ing  account of the normalising equation (11.13) for the 
coefficient sy, which is proportional to  P v, we arrive a t the result th a t 
the same classical expression (11.12) can be used for sy, bu t the value
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of y0 m ust be taken as the sum of the constants y£ and yk. Hence, from 
the standpoin t of quantum  theory, we can write for sy

__ <‘2 c /  _  c- 911

’ _  m e c ik (»’ —  v ik)-  +  V  ~  8 ** v ik 9i  ( v  —  v ik f  +  6 ik
- (H-24)

where

r ik
6«  — 4.“  -  4n +  y* +  ^  -  4*  ( T. +  T, +  T J  • (1L25)

Thus th e  existence of dam ping in the  lower s ta te  is also taken  into 
account in the quantum  formula.

I f  the lower level i is th e  ground level of th e  atom , its m ean life 
is large, and consequently the  constan t y; is sm all; lienee the  ground 
level m ajT be considered sharp (if, of course, the radiation field is not 
too intense in the  frequencies of the  transition  
from the  lower to th e  higher state). Thus the first 
term  in parentheses in (11.25) disappears for lines 
which s ta r t from th e  ground level. Fig. 24 shows 
a schem atic representation of the  ground level and 
two excited levels k and I. The energy broadening 
of the levels k and I is shown in the  figure by the 
sets of parallel lines.

We m ust now notice the  following im portan t 
circum stance. I t  follows from C hapter 9 th a t, 
besides th e  processes of selective absorption, those 
of re-emission of absorbed energy also p lay  a very 
im portan t p a rt in the  theory  of stellar absorption 
lines. I t  was supposed in C hapter 9, and therefore 
in C hapter 10, th a t  we are concerned w ith processes 
of coherent re-emission, where the absorbed quan
tum  corresponds to a re-em itted  quantum  of exactly 
the same frequency. I t  is quite evident th a t  this 
condition eannot be satisfied for transitions between excited levels. 
In  fact, it follows from Fig. 24 th a t the  absorption of a quantum  
of frequency v' can lead to the  re-emission of a quantum  of frequency 
v. which is different from v' , though elose to  it. In  this ease the 
equations of transfer (9.G), (9.29), (9.50) and (9.32) and the  funda
m ental expression for the coefficient of emission (scattering) eease to 
be valid. I t  follows from Fig. 24 th a t the coherence of emission 
necessarily holds only for a  resonance line, i. e. for a line whose lower 
level is the  ground sta te , and whose upper level is th a t eloscst to  the 
ground state. In  this case the frequencies of the  absorbed and em itted 
quan ta m ust be equal. I t  is true, as we shall sec in Chapter 14, th a t

/ = 1
Fig. 24
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even here there are effects which destroy the coherence. However, the 
deviations from coherence are least for resonance lines. The whole of 
the present-day theory of absorption lines has been developed for 
coherent re-emission. H ence we shall, for the tim e being, be concerned 
with this case, and consequently we shall be discussing m ainly resonance 
lines, or a t any  ra te  lines starting  from the ground level. In  this last 
case the coherence m ay be destroyed because, for instance, an electron 
which has been raised from the  ground level to some excited level I 
falls back from there not to the ground level, bu t to some lower excited 
level k (see Fig. 24), and the frequencies of the absorbed and em itted 
quan ta  will simply correspond to  different lines of the  atom  concerned 
[168, §71],

3. Therm al and turbulent motions of atoms. Let us consider another 
process which leads to  the  broadening of lines, nam ely the  Doppler 
effect brought about by the m otion of the absorbing and em itting 
atom s. H ere there arc two possibilities: (1) the  therm al motion of the 
a to m s: since a large num ber of atom s always takes p a r t in the  absorption 
of radiation, and their therm al velocities are very different in both 
m agnitude and direction, this would inevitably lead, even if dam ping 
by radiation and collisions were absent, to a broadening of absorption 
lines; and (2) as we shall see in the next chapter, the m aterial in stellar 
atm ospheres (a gas) is characterised by the presence of irregular large- 
scale m otions in every direction; apparently , gaseous masses (separate 
condensations) of th e  m ost various dimensions take p a r t in these 
motions. These m otions have acquired in astrophysics the nam e of 
“ tu rb u len t” motions, although the natu re  of this “ turbulence” m ay 
in some cases differ from th a t of the ordinary turbulence considered 
in hydrodynam ics. I t  is quite evident th a t  these m otions also, like 
the therm al m otions, lead to  a broadening of absorption lines.

L et us consider a t first only the therm al D oppler effect, assuming 
th a t the  effects of radiation dam ping and collision dam ping are absent, 
i. e. in form ula (11.24) dik =  0. L e t the com ponent o f the a to m ’s velocity 
in the line of sight be v. Then, in the presence of a Maxwellian velocity 
d istribution, the proportion of atom s whose radial velocities lie between v 
and v -f- dr' is

da
n (11.26)

(the integral of the right-hand side of (11.26) over all v from — oo to  -j- co 
is equal to  unity), where i r 02 is the mean value of r 2:

t.2
oo

—oo

v- e dvfv0 =  \ r02 . (11.27)
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The qu an tity  v0 is related  to the tem perature of the gas by

V  =  2 HT/fi ,  (11.28)

where jU is the atom ie weight and It the gas eonstant.
The law of d istribution of “ tu rb u len t” velocities w ithin stellar a tm o

spheres is not yet com pletely known. If, postulating ehaotie irregular 
“ tu rb u len t” motions, we assume th a t the d istribution law (11.26) with 
i’0 — i'i holds here also, then, according to the rule of superposition of 
dispersions, the resu ltan t velocity distribution of atom s will be of the 
same form as (11.26), bu t with

V  =  2 IlTIfi +  t r  • (11.29)

According to D oppler’s principle, which was first experim entally 
tested by Academician A. A. B e l o f o l ’s k i T, the frequency or wavelength 
displacem ent from the normal value is determ ined by the law

J r  _ r — i'o _d A __  A — A0 _ v
v v A A c (11.30)

where the absolute values of the differences X — X0 and r  — r0 are 
here understood. P u tting

^  vnh’o =  A XDjX0 =  volc > (11.31)

we ob ta in  the following expression for the relative frequency distribution, 
inside the line, of absorbing and em itting atom s:

or

d a
a

1
/

-(Jv/J.j.j)1
-  e
71

d vjA vD

da
a

1
1 ^

— (J  MAXU)1
e dX/AXD ,

(11.32)

where we have taken into account th a t d(Av)  =  d r  and A (AX) =  d/„. 
For purely therm al motion

and

: V (T) =V ( " 1

(11.33)

where k is B oltzm ann’s eonstant and m  is the mass of the atom  con
sidered.
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Taking into consideration the proportionality  between dnjn  and 
the absorption coefficient sv. we ean normalise the la tte r  by means 
of formulae (11.6) and (11.14); here the integration can be taken from 
v — v0 =  — oo to v —  v0 =  +  oo, since even for relatively small 
(v — r 0)/zl I’d the exponential factor tends rapidly to  zero, and the 
ehange of lim its of integration does no t involve a notiecablo error. As 
a resu lt of the integration we obtain

s V

\ne'- lik 
mec A vd (11.34)

A similar expression is obtained for sx.
The quantities A v D and A?.D are called Doppler widths. For 

v —  v0 =  A vu or A— =  the absorption coefficient diminishes
by a factor e. I t  ean easily be ealeulated from form ula (11.33) th a t, 
for a tem peratu re equal to  the effective tem perature of the Sun (5710°), 
the  D oppler w idth A?.J} for the H a line of hydrogen is 0-212 A, for the D! 
line of neutral sodium (A =  5S95-9 A) it is 0-0399 A, and for the K  line 
of ionised calcium (A =  3933-7 A) it is 0-0202 A. A t 10,000° the values 
for the  same lines are respectively 0-2S1, 0-0529 and 0-0267. Thus these 
quantities arc considerably larger than  the  n a tu ra l w idths of the  lines, 
whieh are of the order of 10~4 A.

4. The simultaneous action of radiation damping and the motion of 
atoms. A direct application of (11.34) to  determ ine the  absorption in 
some gaseous layer is possible only if  the num ber of absorbing atom s 
is not too large. W hen the num ber of atom s increases, the broadening 
by dam ping begins to  p lay  a part. Thus, in the general case, it is 
neeessary to  take both effects into aecount a t once (the dam ping effect 
and the D oppler effect).

The absorption coefficient in the general case ean be obtained as 
follows. L et us assume th a t an atom  having an absorption coefficient 
determ ined by formula (11.24) is moving with velocity v relative to 
the observer. In  this case the central frequency of the absorption proecss 
Vac is displaced by a q uan tity  Av  determ ined by formula (11.30). For 
the  observer, the absorption eoeffieient in the frequency v referred to 
one such atom  is

^  dit 7 fik, . > i c 2 - (11.35)me c (” — vik — A v)‘ +  dik

On the o ther hand, the relative proportion of such atom s is, according 
to  (11.32),

1
i n

e
( J v / J v ^ V

dAv/Avjj

since d r  =  d ( r — va.) =  dzlr.

(11.36)
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Consequently, the  absorbing effect produced by the atom s in question 
is determ ined by the product of the expressions (11.35) and (11.30). 
In  order to obtain the  resu ltan t absorption coefficient, we m ust take 
into account the fact th a t the absorption in the  frequency v is due no t 
only to  these atom s which move w ith radial velocity  v, but to all the 
atom s, having all possible velocities (relative to  the  observer) from 
v =  — oo to v =  +  oo. A dding th e  absorbing effect of all these atoms, 
we obtain

OO

, = "2 -5 */* f  e ~ ^ ^ ' d A VIAV]) 
V ]'  n  m e C J  ( v ~ v i k — <i  ” )* +  d ik

(11.37)

Here, of course, we have used the fact th a t th e  integral of (11.36) over 
all A v is unity . N ext, we pu t

V =  AvjAvD, p =  (v —  vik)/AvD, a =  6ik/AvD . (11.3S)

Then (11.37) takes the form

sv

$**•
a
71

e~y‘ d2/
<*■- + (p — yY -- <f>{a,v) , (11.39)

where

V n e2 fik 
me c Avd ’ (11.40)

and, in accordance with (11.34), s,,t is equal to  the  central value (for 
v =  r0) of the  absorption coefficient due to the  Doppler effect alone.

I t  follows from formula (11.39) th a t the problem  of determ ining sv 
as a  function of v reduces to th e  calculation of th e  integral on the right- 
hand side o f this form ula, i. e. the  function <fy(a,p). We shall no t tre a t 
this integral in its general form. For values of a considerably less than 
un ity  (« 1), it can be evaluated w ith sufficient accuracy by means
of various expansions of the function <f>{a,p) in series [1G8, p. 263]. 
We shall omit th is analysis, and give only the final results. These are 
im portan t because the case a 1 holds for the  g reat m ajority  of the 
absorption lines formed in stellar atmospheres.

The m ost im portan t of these results are as follows. For a 1, the 
absorption coefficient given by form ula (11.39) m ay be approxim ately 
represented in different p arts  of the line by two different expressions: 
the first is determ ined only by the D oppler effect [in accordance with 
formula (11.34)], and the second only by the dam ping [formula (11.24)].
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The expression (11.34) plays the chief p a rt in the central frequencies 
close to v =  vjk; the  second expression (determ ined by the  dam ping) 
does so for frequencies more d istan t from the centre, where the Doppler 
broadening does not play any p a r t [this follows from the exponential 
character of the  law (11.34)]. In  th e  in term ediate p a rt which joins these 
two regions, the absorption coefficient cannot be represented cither by 
formula (11.24) or by formula (11.34)*.

For the case a <4 1, the value of s,,e is in fact the central value of *>■,„ 
calculated from (11.40). All these results are illustrated  in Fig. 2:1, where 
the  graph of — l°gio(sr/'s.'„) ' s shown (left-hand ordinate scale) for the 
transitions which produce the sodium line I)1. The values of the absorption

coefficient calculated for 
dam ping only and for D opp
ler broadening only are 
shown dotted . H ere T  is 
taken as 5700°. The values 
of | /. — /.0 ] in A are placed 
on the axis of abscissae 
a t the top, and the values 
of p from formula (11.3S) 
a t the bottom . The values 
of — log10(s,,//), i. e. the ab 
sorption coefficient referred 
to one oscillator, are given 
on the axis of ordinates 
a t the right. Calculations 
show f th a t a t this tem 
perature a =  3-0 x  10~3.

We m ay m ake the following rem arks concerning Fig. 25, which is 
valid generally for the case a 1. F irstly , it follows from this figure 
th a t the Doppler core alm ost entirely  determ ines the value of the 
integral on the  left-hand side of the  fundam ental expression (11.5). 
Secondly, th e  in term ediate joining p a rt of the  curve is narrow  for the 
case a <  1, so th a t we can use cither formula (11.24) or form ula (11.34) 
in practically  the whole frequency interval.

In  cases where a does not satisfy the  inequality a <£. 1, it is necessary 
to use the tables of the  function <f>(a,p) which are given a t  the end 
of the book (see Appendix I).

W hen a increases, the  representation of sv in two parts, the Doppler 
p a rt and th e  dam ping part, becomes less and less accurate. This is 
expressed in the fact th a t the  in term ediate joining p a rt of the sr curve

* Tables for the calculation of the function <f>(a, p) are given in Appendix f 
at the end of this book.

f  Only radiation damping is taken into account.



o. Pressure effects 139

becomes wider and wider as a increases, and the right-hand side of 
formula (11.39) for p =  0, i. e. for the centre of the line, ceases to be 
equal to unity  (though it does not differ very m uch from  unity). Thus, 
it, follows from  the tables m entioned th a t, for instance, for a =  0-2 
the ratio  sv/sVt for /  ).ik is 0-S09, so th a t s,,t ceases to be the central 
value of sv.

However, in the m ajority  of cases encountered in practice, a is very 
small, and hence we can construct sv in these cases in the maimer 
shown above, i. e. from two expressions. Moreover, for practical cal
culations 5,  ̂ m ay be taken  as the central value of sv. In  general, the 
validity  of this m ethod m ust be tested  in doubtful cases by m eans of 
the above-m entioned tables.

5. Pressure effects. To conclude the present chapter, we shall discuss 
the question of line broadening as a result of the interaction of the 
absorbing atom s with the surrounding particles. This form of line broa
dening has the general nam e of the pressure effect, since it  is the greater 
(for a given tem perature), the g reater the  pressure of the  gas. As we 
shall see in the two following chapters, the main p a rt in determ ining 
the value of dik [see (11.25)] is very often played not by radiation 
dam ping (i. e. the sum y { +  y k), bu t by collision dam ping, due to  the 
collisions of the absorbing atom s with the particles surrounding them  
(yr >  yi  + y * ). Moreover, for hydrogen lines and some helium lines, 
form ula (11.24) is in general inapplicable by reason of the pressure 
effect.

The pressure effect includes the following two processes:

(1) Collisions in which the  absorbing atom  gives up its excitation 
energy to the surrounding particles w ithout subsequent re-emission 
(collisions of the second kind).

(2) Collisions between absorbing atom s and neighbouring particles 
which lead to a broadening of the absorption line w ithout loss of the 
excitation energy of the atoms.

In  the first case, the collisions lead to a transform ation of excitation 
energy into hea t; thus (rue selective absorption takes place, which we 
considered a t  the end of Chapter 9. However, if the  chief processes 
which determ ine the energy balance in absorption lines were processes 
of true absorption, then the absorption lines would disappear a t the 
Sun’s limb (see Chapter 9), and this is contrary  to observation. A nother 
form of loss of excitation energy is th a t by collisions of excited atoms with 
molecules. Here the excitation energy of the atom  is used to excite the 
molecule which collides with it. The efficiency of processes of this kind 
is due to the g reat com plexity of the term  system  of molecules. When 
a molecule collides w ith an excited atom  whose excitation energy is e{.
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there is a high probability  th a t there is a transition  in the moleeule 
with the same value of e;. However, th is case also eannot be im portant, 
since there are m any more neu tra l hydrogen atom s, which produce 
line broadening (see below), th an  molecules in the  atm ospheres of cool 
stars. H ence the p a rt played by hydrogen atom s is g reater than  th a t 
played by molecules. H aving regard to these rem arks, we shall in 
fu tu re  consider only the second of the  two cases s ta ted , which causes 
line broadening w ithout loss of the excitation energy of the atoms.

A physical analysis of the corresponding processes shows th a t the 
approach to the solution of th is problem  can be m ade in two ways. 
In  one, processes are considered which we have already discussed, called 
collision damping of atoms. In  the  other, th e  direct influence of neigh
bouring particles on the energy level of the absorbing atom  is considered. 
This influence is determ ined by th e  aggregate effect of m any p.articles 
a t various distances from the atom , and consequently it can be com puted 
by statistical methods. The principal effect here considered is broadening 
by the  interm oleeular S tark  effect (see below). The relation between 
the two aspects of the same pressure effect has been investigated only 
very recently. I t  has been shown th a t collision dam ping plays the 
principal p a rt in the more central p arts  of absorption lines, while the  
“s ta tis tica l” p a rt of the effect operates in the  outer parts. For given 
physical conditions, there is a certain critical distance A/.g inside each 
line, measured from the  centre of the line. W ithin the region AzAXg 
the broadening is due to  collision dam ping, bu t outside it th e  broadening 
is determ ined by statistical theory.

On th e  other hand, in various particu lar eases the conditions of 
in teraction between atom s and other particles (or even between atom s 
of the same kind) m ay be to ta lly  different. For exam ple, an interaction 
m ay take place between neutral atom s, or between neutra l atom s and 
ions or electrons, etc. H ence the value of AXg m ay be quite different 
in different cases. In  some cases AXg is relatively so small th a t the 
broadening can be described by statistical theory  w ithin alm ost the 
whole spectral line. In  o ther cases A?.g is so large th a t collision dam ping 
plays the principal p a rt w ithin the whole observed line; in this la tte r 
case statistical broadening begins to  p lay  an im portan t p a rt only for 
very d istan t p arts  of the wings, which cannot be recorded by obser
vation, since r„ 1 there.

Thus, in order to  ascertain  w hat type of in teraction m ust be con
sidered the  m ain one, we have to  determ ine the  physical conditions 
exsiting in the given region of the stellar atm osphere, and also between 
which particles the in teraction takes place.

We shall briefly discuss both forms of the pressure effect.
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6. Lino broadening )>y collisions. We have already, in deriving the 
constant yc, investigated the physical side of the question of collision 
broadening of lines. A t every collision the  oscillatory motion which is 
perform ed by the  harm onic oscillator is m om entarily curtailed, and 
begins again afte r a very short in terval of tim e, though with a different 
phase. Thus, in constructing the theory, we m ust suppose th a t the 
wave tra in  with frequency r0 undergoes from tim e to tim e a phase 
jum p, the  phase change a t these jum ps being a rb ritra ry  each time.

The starting  point of the  theory is the  nature of the  phase change 
when a perturb ing  particle passes near an absorbing (or em itting) atom . 
If  Av  is the change of frequency in the radiation of the atom  a t th a t 
m om ent, due to the passage of the perturbing particle past the  atom, 
then the to tal phase change Acf> in the whole (very short) time of their 
m utual approach is

where th e  in tegration is extended over the whole tim e of approach. 
The calculation of this integral is one of the m ain problem s of the 
present theory.

A study  of all physically possible cases shows th a t the value of A v 
as a function of the  distance r between the absorbing (or em itting) 
atom  and the perturb ing  particle can be expressed in the  form

where k is some integer and C a constant. The constant C can be deter
mined from quantum -m echanical calculations or from laboratory  m ea
surem ents. In  the case where the broadening particles are ions or elec
trons (with the exception of hydrogen lines and some helium lines), 
the change of frequency of the absorbing (or em itting) atom  due to 
the ion or electron moving past it can be considered as a quadratic 
S tark  effect (the splitting of the line is proportional to the square of 
the field strength  F  =  c /r2). Consequently, we can put

so th a t in this case k — 4. Measuring th e  field strength  in kilovolts 
(F in kilovolts =  Fj0-3 in CGS electrostatic units) and the  displacem ent

(1141)

Av =  C/rk , (11.42)

Av  =  Cjr* , (11.43)

A/, in A, we find

(11.44)

Thus, knowing the  value of the splitting  AX and the corresponding 
field strength  F  from laboratory  m easurem ents, we can determ ine the 
constan t C from (11.44).
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Let us now consider the principal cases of collision dam ping which 
cause line broadening in stellar atm ospheres. These cases correspond 
to k =  3, k =  4 and k =  6. Wc shall consider them  in turn .

k =  3. In  this case the pertu rb ing  particles are atom s of the same 
element as the  one whose line broadening we are studying (“ self-pressure 
broadening” ). H ere th e  following expression is obtained for yc:

ye — 4 rr3 C n , (11.45)

where n is the num ber of pertu rb ing  particles of the given kind in 
1 cm 3 [in this case, the  absorbing (or em itting) atom s them selves]. 
The value of C is here approximately

< » •« >

where f ik is the  oscillator strength  for the  given transition  and v0 is, 
as usual, th e  frequency of the  line centre.

k =  4. We have already considered this case above. The perturbing 
particles are ions and electrons (quadratic S tark  effect). For y c we 
obtain  in this case

ye =  3 8 - 8 C M n .  (11.47)

In  th is form ula n is again the  num ber of perturbing particles (in this 
case, electrons or ions) in 1 cm3, and v is th e  mean relative velocity of 
the perturbed  and perturbing particles. I f  the  atomic weight of the 
form er is /av  and of th e  la tte r  then  by th e  kinetic theory of gases

v — 11T
X

(11.48)

werhe It is the gas constant and T  the kinetic tem peratu re of the 
medium. The values of C, as wc have said, are either determ ined in 
the laboratory  or calculated from the laws of quantum  mechanics.

k — G. In  this case the line broadening is caused by the collisions 
of the perturbed  atom s w ith those of neutral hydrogen. The forces of 
interaction for k =  G are of the van der W aals type. H ere ye has the form

ye =  17-0 C2/5 v315 n , (11.49)

where n is the  num ber of neutral hydrogen atom s in 1 cm 3, while v is 
determ ined by form ula (11.48) with p 2 =  1-00S0.

In  this case it is extrem ely difficult to obtain the value of C in the 
laboratory. For this reason the following approxim ate formula is still 
used for it:

(11.50)
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H ere a  is the polarisability of the neutra l hydrogen atom , equal to 
6G3 X 10 2o cm 3, while R k2 is the mean square radius of the orbit 
for the  higher excited s ta te  of the transition  i k in question. The 
value of R k2 has been ealeulated in a num ber of eases, of which we 
shall give the  most im portant. For the sodium 1) lines Rk2 =  41 a02, 
where a0 is th e  atom ie un it of length (radius of the first Bohr orbit of 
hydrogen). For th e  H  and K  resonance lines of ionised calcium 
Rk2 =  23a02) for the  ealeium resonance line 4227 A, Rk2 =  G9 a02. 
W ith th e  value of R k2 given above for the  sodium D lines, for instance, 
the value of C is found to  be 2G5 X 10~32.

I t  m ust be rem arked th a t all the formulae given above for ye could 
be w ritten  (as is sometimes done) in term s of the effective eross-seetions 
for broadening. To do so, one can use the  formula relating r e to the 
num ber of collisions Ze undergone by a given absorbing atom  in 1 second:

r e =  l /Ze , (11.51)

and also the  approxim ate formula which expresses Ze in term s of the 
effective eross-seetion a for broadening collisions:

Ze =  a n v  . (11.52)

Using these formulae, we obtain  from (11.9)

ye =  2/re =  2 Z e =  2 a n v .  (11.53)

Comparing (11.53) w ith (11.45), (11.47) and (11.49), we can estim ate 
the respective mean values of a also.

We shall discuss la ter the  application of formulae (11.45), (11.47) 
and (11.49). A t the m om ent we shall consider another “ varie ty” of 
the pressure effect — the statistical broadening of lines.

7. The statistical broadening of lines. The clearest exam ple of s ta 
tistical broadening is th a t due to the inlcrinolccnlar Stark etl'ecl, which 
arises from the electrostatic fields created by ions and electrons. On 
account of the presence of these fields, the frequency of the emission 
(or absorption) of each atom  is displaced relative to its norm al position. 
And since for each atom  the  configuration of the charged particles 
(ions and electrons) closest to it is in general different, the  displacements 
6f the line will also be different for various atom s of the kind in question 
(at a given moment). The resulting absorption line in tho stellar (or 
solar) spectrum , being formed by a large num ber of atom s with various 
displacem ents of the absorption frequency, will therefore be broadened.
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Consequently, the principal task in this problem is to establish 
the  law which gives the  probability  H (-f ) of a given in tensity  F  as a 
function of the field F  itself. In  doing so a ‘s tan d ard ” field F 0 is usually 
introduced, to which the  field F  is referred:

F0 =  2-61 e n2!3 , (11.54)

where n is the num ber of charged pertu rb ing  particles in 1 cm 3. The 
ra tio  F/F0 is generally denoted by ff. Then the problem reduces to 
finding the probability W (ff) th a t ff lies between ft and ft +  dff. In  
order to find the probability  th a t the frequency increase lies between v 
and v +  d r , it is necessary to know the law which gives the  value of 
th e  splitting A v as a function of the field in tensity  F. We m ust distinguish 
two cases: (1) the linear Stark effect (the splitting Av  is proportional 
to  the  perturbing field). This case holds in the  broadening of hydrogen 
lines, and  also for a fairly small splitting of some helium  lines; (2) the 
quadratic Stark effect (Av  proportional to  F 2). In  this case th e  line 
sp litting  is less than  for the linear effect. Besides this, the  quadratic 
S tark  effect causes the  appearance of lines forbidden by the selection 
rule for the orbital quantum  num ber I.

Let us consider the linear S tark  effect for hydrogen lines. Each 
level of th e  hydrogen atom  (above th e  first), when in an electric field, 
undergoes a sym m etrical sp litting  into several com ponents. The num ber 
of these com ponents increases w ith the principal quantum  num ber of 
th e  level. The distance of the split levels from  the norm al position is 
determ ined by the form ula

A E  =  h A v  = ^  —  F n n F , (11.55)8.T emt * ' '

where the product of the  principal quantum  num ber n with the magnetic 
quan tum  num ber n F is given in Table 6.

Table 6

n nF nnp N u m b e r  o f  c o m p o n e n ts

1
2
3
4

0 1 0 1
0, ± 1 0, ± 2 3
0, ± 1 , ± 2 0, ± 3 , 5
0, ± 1 , ± 2 , ± 3 o, ±*> ± 8 , ± 1 2 7
0> ±1> ± 2 , ± 3 , ± 4 0, ± 5 , ± 1 0 , ± 1 5 , ± 2 0 9

The possibility of any transition  from a level with principal quantum  
num ber n and m agnetic num ber nF to  one with num bers n and nF 
is determ ined by the appropriate selection rules. I t  follows from Table 6 
and form ula (11.55) th a t the  w idth of a line of a given series increases 
w ith the principal quantum  num ber of the upper level.
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I t  m ust be noticed tha t for very strong fields, exceeding 100,000 volts/ 
em, the S tark  effect changes from the linear to  the quadratic, and then 
the line splitting ceases to  be sym m etrical relative to  the unperturbed 
position. However, such fields apparently  do not exist under stellar 
conditions.

We now tu rn  to  the absorption coefficient for the Balm er lines, 
which are broadened by the intermolecular S tark  effect. This coefficient 
is found from the distribution W{ff), taking account of all perm itted  
transitions between the corresponding levels with n =  2 and n =  k. For 
the purely static ease where the perturbing particles (ions and electrons) 
m ay be supposed stationary w ith regard to the perturbed  hydrogen 
atom , calculations for the absorption coefficient in the wings of lines 
of the Balm er series give the formula [108, § S2]

8 k =  C F * l ' - i a - ) .  o)5'2 , (11.50)

where for H a, H^, H y and H a the constant C is respectively 3-13 X 10~16, 
0-SS5 X 10~16, 0-442 X 10~16 and 0-309 X 10-16, X — ?.0 being expressed 
in angstrom s.

This formula is applicable only in the  wings of lines of the  Balm er 
series. A comparison of the theoretical and observed contours of the 
inner p arts  of the lines H „  H^, H y and H a often shows a considerable 
divergence. This is explained chiefly by the  fact th a t formula (11.50) 
has been deduced for the purely static  case. I t  is quite evident th a t 
in reality the perturbing particles are in a s ta te  of continuous motion 
relative to the neu tra l hydrogen atoms. W hen this factor is taken 
into account, it is found th a t the decrease of sx when X — XQ increases 
in the inner parts  of the wings of the lines H a, H^, H y and H a is slower 
than  th a t given by formula (11.50); further, the m anner of dependence 
of sx on X is greatly  changed in the central parts of the lines.

The quadratic Stark effect in the m ajority  of eases appears as collision 
damping, and not as statistical broadening. The same is apparently  
true for the m ajority  of helium lines (see C hapter 13).

S. Concluding remarks. NVc shall now investigate in which cases we 
m ust use the statistical theory, and in which the theory of collision 
broadening. We begin with broadening by charged particles, corre
sponding to  the cases k =  2 and k =  4.

k =  2. The broadening of hydrogen lines and some helium lines by 
the linear Stark effect. I t  is clear th a t in this ease the index k in formula 
(11.42) is equal to two, since F  is proportional to  r -2 . A study  of the 
lim iting values of A7.,p and of the  relative p a rt played by the two 
forms of the pressure effect, shows th a t in the atm ospheres of stars 
the broadening of the wings of lines of the Balm er series takes place

10 Astrophysics
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in accordance with the statistical theory, the broadening particles being 
apparently only ions; it may be, however, that electrons should also 
be taken into account (C. de Jagek 1952).

k =  4. The quadratic Stark effect, due to ions and electrons. The 
appropriate analysis shows th a t here, contrary  to the preceding case, 
the  broadening agent is dam ping by collisions with electrons. For the 
case in question we m ust use formula (11.47), pu tting  n =  ne, and 
calculate v for collisions between atom s and electrons. For lines where 
the constan t C is fairly large, the form of broadening considered m ay 
play an im portan t p a r t in the  atm ospheres of stars of all spectral classes. 
The broadening of lines of ionised elements by collisions w ith electrons 
has not yet been sufficiently studied.

We now tu rn  to line broadening as a result of the interaction of 
atom s with neutral particles.

k =  3. Broadening by self-pressure. Calculations show th a t this effect 
is negligible for metallic lines, by reason of the  relatively low content 
of m etals in the atm ospheres of stars, i. e. the small values of n in 
formula (11.45). It m ay apparently  occur in the first few term s of the 
Balm er series in the spectra of the cooler stars.

k =  6. B roadening of lines by collisions of atoms with neutral hydrogen 
atoms. (At tem peratures where hydrogen is com pletely ionised, the 
broadening m ay be caused by the nex t m ost abundan t element, neutral 
helium.) For k =  6, collision dam ping predom inates; the  “statistical 
wings” lie a t a great distance from the centre of the line, where rv 1. 
Consequently, in this case we m ust use form ula (11.49) for ye. I t can 
also be used in the case where the  atom s perturbed  by neutral hydrogen 
arc in an  ionised state.

We m ay make the following general rem ark relating to the use 
of the  formulae given above for yc and sv. In  stars with T e less than  
6000°, the hydrogen is m ainly neutral. Hence, on account of the very 
high content of hydrogen, the broadening of the m ajority  of m etal 
lines takes place through collisions of the  atom s with neutral hydrogen 
[formula (11.49)]. The broadening by collisions with electrons [fc — 4, 
formula (11.47)] can take place only for lines which are very sensitive 
to  the quadratic S tark  effect (large C). A t tem peratures above S000°, 
the hydrogen is alm ost wholly ionised. Hence the case k =  6 does not 
hold here, and the broadening of lines takes place through the in ter
action of the atom s with ions and electrons. For neutral metals, the 
line broadening is here caused by collisions of the atom s with electrons, 
and for some helium lines by collisions of helium atom s with protons.

Finally, the broadening of the wings of lines of the Balm er series 
is determ ined in the m ajority  of cases by the statistical theory  [& =  2, 
for the wings far from the centre, formula (11.56)]. H ere the broadening
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particles are ions and possibly electrons (see above). In  the inner parts 
of the  lines it is necessary to introduce corrections to take account of 
the m otion of the perturbing charged particles relative to  the hydrogen 
atoms. In  the atm ospheres of supergiants and very hot stars, radiation 
dam ping begins to become im portant.

In  conclusion, it m ust be rem arked th a t, in the cases k — 4 and 
k =  6, not only broadening but also displacem ent of the line occurs. 
This eireum stance m ust be taken into consideration in studying the 
gravitational displacem ent of lines in the Sun.

Chapter 12. The application of the elementary 
theory of contours. Curves of growth

1. The elementary theory of contours. Let us consider the application 
to stellar (and solar) absorption lines of the  elem entary model of a 
scattering “reversing layer’’ which we studied in Chapter 9. We recall 
th a t for this model we obtained the  following form ula for the residual 
in tensitv :

r, =  J / ,//i ,°  =  1/(1 +  * r „ 0) .  (12.1)

H ere we are speaking of the spectrum  of the integrated radiation sent 
ou t by the  whole disc of the  star (or of the  Sun).

We have noticed in Chapter 9 th a t the model in question is very 
schem atic and th a t in reality  there is no justification for dividing the 
atm osphere into the “photosphere” and the  “ reversing layer” . However, 
by using form ula (12.1) it is possible to ob ta in  a satisfactory represen
ta tion  of the eontours of m any fairly intense absorption lines in solar 
and stellar speetra. (For fain t lines, purely instrum ental effects play 
a considerably greater p a rt th an  for strong lines.) Moreover, form ula
(12.1) is also im portan t because by using it we can conduct a large 
num ber of investigations of a (so to speak) exploratory nature.

In  order to use formula (12.1) to construct an absorption line eontour, 
it is necessary to know *•„. E xeept in the  ease of lines broadened by 
the S tark effect, we ean use form ula (11.99) for sv. For the case a 1, 
which is the m ost frequently  encountered, the absorption coefficient 5,. 
ean, as we have already said, be represented by means of two expressions, 
one determ ined only by the D oppler effeet, and the other determ ined 
only by dam ping [see (11.24) and (11.94)].

Sinee. in formulae (11.24) and (11.94), the absorption coefficient is 
referred to one atom , we obtain for the optieal thiekness r Vi „ in form ula
( 12. 1)

in
r r, „ =  j n{ sv dh ( 12. 2 )
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where tq is the num ber of absorbing atoms, of the  kind considered, in 
1 cm 3 whieh are in the excitation sta te  ?'.

In  general the coefficient sv depends on ft. In  formula (11.24) dik 
depends on h (through the constant yr) \ in formula (11.114) A v n depends 
on h. In  the form er ease the dependence on h m ay be m arked; in the 
la tte r  case it is slight, since T  changes little w ithin the “ reversing 
layer” , and moreover. T  appears in form ula (11.33) under the radical 
sign. However, in order to simplify the problem further, we shall take 
for dik and A rD their mean values inside this layer. Then (12.2) can be 
rew ritten

a =  /  »i dA =  Ni . (12.3)

The num ber AT; is the num ber of atom s of the kind considered which 
arc in a column of base 1 cm 2 and height equal to th a t of the “ reversing 
layer” . W e shall call AT,- simply “ the  num ber of absorbing atom s above 
the photosphere” , bearing in mind th a t it refers to a base area of 1 em 2.

H aving regard to  (12.3), the  form ula (12.1) can be rew ritten

r . — 1/(1 + I ^ V , . ) .  (12.4

Let us now consider w hat should be the contour of an absorption 
line when formulae (12.4), (11.24) and (11.34) are applied. We denote 
by A”0 the  optical thickness in the line centre (i. e. for v =  rQ = vik). 
In  accordance with (12.3), (11.34) and (11.40), this optical thickness is*

A'0 a ^  i
j ik ^

mt c A vD * ' (12.5)

Thus, in the  case of Doppler broadening, the optical thickness xv> „ is

sv Ni  =  t v. 0 =  X 0 e“ I(v- ” (12.6)

L et us find th e  corresponding expression for t v> „ in th e  case of radiation 
dam ping. We notice th a t dam ping begins to  become im portan t only 
a t a distance v — vik from the central frequency r,* — r0 which is 
several D oppler w idths (see Fig. 25). For the m ajority  of practical 
cases this frequency interval considerably exceeds dik (usually by several 
orders of m agnitude). For th is reason we can neglect the second term  
in the  denom inator of form ula (11.24) for frequencies where radiation 
dam ping is im portant. Thus, using (12.3), (12.5) and (11.24), we obtain

* Wc recall (see Chapter 11) that, when a does not satisfy the inequality 
a 1, the value of sr determined by formula (11.40) is only approximately the 
central value of
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for a, in regions where only the influence of radiation dam ping is 
im portant,

N* = e1 kfilc y  __ y  ^ ik ^ r,) 
me c (v — I’d)2  ̂ ‘ _   ̂ 0 ] ,-t (»’ — »’0)2 (12.7)

Using formulae (12.4), (12.6) and (12.7), wc shall consider the change 
in the form of the contour when A'; increases, and therefore when A'0 
increases. So long as the optical thickness of the  layer is considerably 
less than  unity  (X0 1), the  value of rv is very little different from
unity, even in the centre of the  line, where sv is g reatest; thus the 
line is practically invisible on the background of the continuous spectrum . 
W hen N { increases further, a noticeable absorption first occurs in the 
m ost central D oppler part of the curve of sv. Thus, if for the case re 
presented in Fig. 25, i. e. for the Dx line a t T  =  5700°, the value of 
r,, =  X 0 =  1, then, even in the transitional p a rt of the curve of s„,
the optical thickness m ust be of the  order of 10~*, so th a t a t this point r,, 
will be practically equal to un ity ; a t the centre of the  line, however, 
r r is equal to (1 +  -J-)-1 =  057 .

The p a rt played by dam ping in the form ation of the  line contour 
begins to be noticeable only for iY4 such th a t the value of r,, a for the 
transitional connecting part of the coefficient sv (see Fig. 25) is no longer 
so small compared with 
unity  th a t it can be 
neglected. Before this 
critical value of is 
reached, the absorption 
line contour is d e te r
mined by the  Doppler 
cfTect, i. e. by formula 
(12.6). Fig. 26 shows 
contours calculated from 
formulae (12.4), (12.5) 
and (12.6) for /I ?.n = 0  01 
A and various values of the product* f ik. Wo notice th a t the absorbing 
effect o f the atom s is determ ined in formulae (12.6) and (12.7) not by 
the num ber N t itself, bu t by the product AT;

An exam ination of Fig. 26 reveals the very characteristic form  of 
contours due to  the D oppler effect: the rapid decrease of rv tow ards 
the  line eentre (for fairly large AT, / iJt).

W hen AT; f ik increases further, the parts  of the curve of sv which 
are determ ined by radiation dumping become more and more effective. 
I f  the Doppler effect were completely absent, th e  line contours would

* Figures 20, 27, 28 and .40 are taken from the review article by O. A. Mkl’ni- 
k o v  [ 8 1 ] .  In constructing the contours, the factor in the denominator of (12.4) 
was replaced by 1.



have the form shown in Fig. 27, where the value of dik has been tran s
formed to  the wavelength scale by means of (4.38), and is 0 001 A. This 
value is approxim ately an order of m agnitude larger than  the  natura l 
w idth, but, as we shall see later, the constant yc for collosion dam ping

is often an order of m agnitude 
larger than  y0 (in particular, 
for lines of metals in the Sun’s 
atmosphere).

W e see from Fig. 27 th a t, 
for pure dam ping (contrary 
to the case where the contour 
is determ ined by the Doppler 
effect), very well-defined wings 
are formed in the lines, and 
these pass very  sm oothly into 
the continuous spectrum .

In  Fig. 28 we give contours constructed from  form ulae (12.4) and 
(11.39), using the appropriate tables for sv. The initial values were: 
A?.D — 0 1  A; dik (transform ed to  the w avelength scale) =  0 001 A.

I t  follows from  Fig. 28 th a t for relatively small Ay f ik the  absorption 
line contour is determ ined m ainly by the D oppler effect, bu t for large 
Ay f ik by dumping. I t  is true  th a t, even for large A^ f ik, the  variation 
of the  in tensity  a t  the very centre of the line is determ ined by the
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a.

r-A.

D oppler effect, bu t for the frequencies concerned (<$ — <5 in Fig. 28) rr 
is so small th a t it is im m aterial to  the observer which effect plays the 
chief p a rt in th is frequency interval. H ence we can stay th a t, for large 
Â j f\k) the ichole contour is determ ined m ainly by damping.

Consequently, the contours of faint absorption line (where there are 
no m arked wings) are determ ined m ainly by the Doppler effect, while 
for fairly strong lines (with well-developed wings) they are determ ined 
m ainly by damping effects.



2. Comparison of theoretical and observed contours 151

2. Comparison of theoretical and observed contours. Let us consider 
to w hat ex ten t the  theoretical contours agree with those obtained from 
observation. Such a comparison is the most reliable for the stronger 
absorption lines. The contours of faint lines arc usually very  much 
distorted by purely instrum ental effects. The removal of these distorting 
effects is not generally sufficiently trustw orthy . For strong lines, the 
contour is determ ined m ainly by dam ping processes. Introducing (12.7) 
into (12.4), we obtain the formula

' .  =  ‘ a(1 • (12-8)
1 4 -3 .___ . - N f .

1 m e e  ( v  —  v 0 ) *  *

The comparison of the theoretical contour, given by formula (12.S), 
with the observed contour is carried out as follows. B y inserting in
(12.8) a num ber of values for the product dik f ik we a ttem p t to  obtain 
the best possible agreem ent between theory and observation. [The same 
has to  be done for rv(0) in formula (9.24).] I t  is found th a t th is agreem ent 
is satisfactory for the contours 
of m any strong lines in solar 
and stellar spectra. Fig. 29 
shows an exam ple of this, for 
the  H  and K  lines in the spec
tru m  of the centre of the 
Sun’s disc.

I t  is seen from Fig. 29 th a t 
theory and observation are in 
greatest disagreem ent in the 
central parts  of the  line. The 
observed central in tensity  is 
g reater th an  the theoretical.
This excess of the  observed central in tensity  over the theoretical exists, 
in fact, for all strong absorption lines. D espite this divergence (to 
which wc shall re tu rn  in C hapter 14), Fig. 29 and similar figures 
indicate th a t dam ping is the principal factor which determ ines the 
contours of strong absorption lines. This conclusion is confirmed by 
num erous o ther data . A similar result also follows from  a theory  which 
is much more rigorous th a n  th a t leading to the original form ula (12.1).

Taking these results into account, we can use the  values of iVf / ik dik, 
found in the m anner described above, to  determ ine the num ber of 
atom s above 1 cm 2 of the photosphere, i. e. to determ ine the value of Arf. 
To do so, wc m ust know f ik and dik. The values of f ik =  f xk for resonance 
lines arc usually known. As a rule they arc of the order of unity. The 
values of dik =  <5U. are more uncertain. According to  (11.25), they are
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determ ined not only by radiation dam ping, bu t also by collision dam ping. 
The value of yc is known as yet only in a small num ber of cases (and 
then only approxim ately). On the average, for lines of the solar spectrum, 
yc is approxim ately 5 to 10 tim es greater th an  y0 (the classical dam ping 
constant). I f  we om it the collision dam ping constant in 6ik, we shall 
overestimate the num ber of atom s obtained, and. as follows from formula
(12.8), we shall make an error in the  value of N, am ounting to a factor 
of the  order of ) [(y{ +  yk)!yc}. I f  we take into account th a t for resonance 
lines y t -f- yk yt  ^  }'o an(l use the m axim um  factor 10, the value of A7,- 
found by om itting the constant yc is exaggerated by a factor of about 3.

We can find the value of A7,- in the  m anner described, not only from 
formula (12.S), which refers to the whole disc of the Sun (or star), but 
also from formula (9.24), which is applicable to individual points on 
the  solar disc. The value of rv< a which appears in this formula m ust 
again be taken from the expression (12.7).

The values of N k obtained by A. U nsold for resonance lines in the 
solar spectrum  (in the part of the spectrum  accessible to d irect obser
vation) are given in Table 49 in the first (193S) edition of his Physik 
der Sternatmosphdren [1GS]. These values are overestim ated, since colli
sion dam ping was not taken  into consideration in obtaining them .

Similar calculations can be used for the  study  of the chemical compo
sition of stellar atm ospheres. Here, using the formulae of Boltzm ann 
and Saha, we can go from the num ber of atom s in some one sta te  to 
the num ber in other sta tes and, by summing, find the to ta l num ber 
of atom s of the elem ent considered. However, besides the  inadequacy 
of the “ reversing layer” model which is used, this method of determ ining 
the num ber of atom s suffers from the defect of being inapplicable for 
fain t lines, since the ir contours are alm ost entirely of instrum ental 
origin. Because of this circum stance, a m ethod of determ ining the values 
of Ar£ not from line contours bu t from the total absorption, i. e. from 
the  equivalent w idth of the line, has great advantages. The instrum ental 
distortion has very much less effect on the equivalent w idth than  on 
the contour itself. The chief distorting factor in this case is scattered  
light, and ghosts in the  case of a grating spectrograph.

3. The elementary theory of curves of growth. A curve which relates 
the equivalent w idths of lines (i. e. the quan tities Wk or ITJ to the 
values of / it iY; is called a curve of growth. In  constructing a theoretical 
curve of growth, we again use formula (12.4). However, it m ust be 
borne in mind th a t, even for the “ reversing layer” scheme considered, 
formula (12.4) has been deduced by making several m athem atical 
simplifications. A more rigorous m athem atical analysis shows th a t, 
instead of the factor J in the denom inators of (12.1) and (12.4), r r> „ 
should be preceded by some factor p  which itself depends on r v a and

152
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is unity  for t„ a =  0, while for xv< a —> oo it tends to f . Bearing in 
mind the approxim ate nature of our calculations, we can pu t this 
factor / i ( t V| a ) equal to unity . For this reason wc shall use, instead of 
formula (12.4), the even simpler formula

r , =  V(1 +  J  =  1/(1 +  ,V,- sv) . (12.9)

If, instead of assuming /n =  1, we introduce fi explicitly7, this factor 
will appear in the final formulae for the equivalent w idth as a factor 
in front of iV{, and its effect is thus th a t the values of which we d e te r
mine will differ from the true  values by a factor jn.

Wc obtain  from (12.9) for the depth  l iv

R. =  1 = 1 +
A' i Sv _  1

l ' + A Ti « „  1 + '(A1,. * , ) - *
( 12. 10)

Consequently, we have for the  equivalent w idth IFV, 
w ith (9.2),

Wr r  y
dv

1 +  ( ^  \ ) ~ l

CO

V *

in accordance

( 12. 11)

The last m em ber of equation (12.11) is obtained by using the  sym m etry 
of the  function s„ abou t the central frequency v0 [see (12.6) and (12.7)]. 
Consequently, according to (12.10), Iiv is also sym m etrical, and both 
halves of the contour give the  same to ta l absorption.

The integration in (12.11) extends, stric tly  speaking, over the whole 
spectrum , but in practice it is restricted  to the relatively narrow  region 
occupied by the absorption line for which Wv is calculated, since s„ 
becomes practically equal to zero even for relatively small values of 
v —  v0.

Observers generally use values of and not 1TV. F urther, as we 
shall sec, it is convenient to  use not the values of Wx itself, bu t those 
of IF;.,//. Because of the  relatively small values of equivalent widths, 
we can use for the connection between Wx and JF„ the  differential 
formula (4.38), and this gives

WxJ X = W vj v .  (12.12)

Bet ns now investigate the  dependence of IF,,, and so of IFA, on X0, 
i. c. on the values of j ik. We shall first consider values of iV,- f ik for 
which the line widths are determ ined only by the  Doppler effect. In  
this case we can use for N {sy the  expression (12.0); using (12.11) wc find

IF..
1 +  gUv-v,)/^-ipI>\'lX0

(12.13)
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We now introduce a new variable p :

p =  ( v — v0)/AvD . (12.14)

Then (12.13) takes the form

OO  CO

Wv =  2 AvD / ‘ d; ,  =  2 X 0A vD f  (e^ +  X 0)-i d p .  (12.15)
J  1 +  e1 IA0 J
o o

We first consider the case where f ik is so small th a t A 0 <  1. In  
th is case the  integral (12.15) can be calculated by means of a binomial 
expansion of the in tegrand:

OO

Wy =  2 A vu X 0 I  (e-r'  — X 0 +  X 02 e~ 3p’ -  . . .) dp  . (12.16) 
o

Since
OO

/  e - ”P‘ dp =  ’ }/(7r/n) , (12.17)
o

we find

IF, =  }f7t A vD X 0 (1  -  (12.18)

This expansion is applicable in practice for 0 <( A" <  0-5.
To calculate (12.15) when A'0 increases fu rther, we pu t

X 0 =  e \ b  =  loge A”0, p 2 =  « . (12.19)

In  this case (12.15) takes the form
O O

W v = A v d f  f — ^ b • (12.20)
o

The integral on the  right-hand side of (12.20) is of g reat im portance 
in the  electron theory of metals. For fairly large b =  logc X 0, it can be 
represented by the following asym ptotic expression:

OO

0

7 n* 
384 b* ( 12. 21)

In  view of (12.21) and (12.19), wc can rew rite (12.20) as

W , . = 2 A v d  l '( lo g e A'0) 1 — , ■T 7.T4
24 logc~ X g 384 ioge4 A'0 ( 12. 22 )
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This series can be used in practice for loge A"0 >  4 or A'0 >  55. For 
0-5 <  X 0 <  55, the integral (12.20) or its equivalent (12.15) m ust be 
evaluated by m ethods of numerical integration.

W hen A7; f ik (and consequently X 0) increases further, the p a rt played 
by th e  D oppler effect in producing the line contour becomes entirely 
negligible, and the line contour is determ ined by dam ping processes. 
For very large values of X 0, \vc introduce (12.7) into (12.11):

P u tting  

we find

IF, = 2

O O

>*0

dr
”o)-/A'o<Stt A  v d

] ' 7i (v —  v0)2JX0 dik A vD =  x2 ,

O O

(12.23)

(12.24)

17(A0 dikAvD) J  1 ^  =  J  ]/(A0 dik Avd ) . (12.25)
o

The in term ediate p a rt of the curve of growth, corresponding to  the 
transition  from (12.22) to (12.25), is found by m ethods of numerical 
integration from  the original form ula (12.11), using the  values of sv 
determ ined, for exam ple, from the tables in A ppendix I.

Transform ing now to the  w avelength scale by formula (12.12), and 
using the expression (11.31) for A vD, we obtain for the three cases we 
have considered:

0 <  AT0 <  0-5:

] /  71 vo Y  . .Ar A,
/

A,
y V̂ 7 i X 0 , (12.2G)

A q ^  5o *. 

W* = 2 y(ioge x0) |Y \ f i __ rty
2p n) 1 241oge2 X0

384 log 4 X 0 2 v;  y(ioge x0)
X Q very large: 

\V

(12.27)

• ' = y  s:  * . ) = -1- y  (?  • <i2-2s»

I t  follows from these formulae th a t, to remove the dependence of 
the  curve of grow th on the wavelength of the  lines considered, it is in 
fact necessary to use not JF^ bu t WkjX. The frequency r0 (and therefore Aq) 
appears only in (12.28), and then  under the radical sign.
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The following conclusions can be draw n from these formulae. For 
fain t lines, where A'0 1, the equivalent w idth increases proportionally
to  A 0, i. e. proportionally to  the num ber A^/^.. This relatively rapid 
increase of 11  ̂ is here due to  the fact th a t when A 0, i. e. A\ f ik, increases, 
a “sa tu ra tio n '’ of the  line takes place in its central parts, so th a t rv 
diminishes from un ity  (when A'0 =  0) alm ost to zero (when loge A'0 >  1), 
and the dep th  in th e  line eentre increases from 0 to approxim ately 1. 
W hen Ar0 increases further, and r,,( <4 1, the increase of If7* takes place 
not because of an  increase of the  depth R v in the central parts  of the 
line, bu t m ainly because of an increase in its w idth. I t  follows from an 
analysis of form ulae (12.9) and (12.6) th a t the change in the line w idth 
when A'0, i. e. A7,-/,-*, increases, is extrem ely slow, because of the presence 
of the exponential factor in formula (12.6). Finally, when X Q is already 
very large and increases still further, th e  equivalent w idth increases 
proportionally to the  square root of f ik.

Io9io 
Fro. 30

For a num ber of reasons, the curve of grow th is constructed, no t 
d irectly  as a relation between Wx/X and A'0, bu t as a relation between 
the (common) logarithm s of these quantities. Fig. 30 shows a curve 
of grow th for various values of AXn and dik, constructed from llic 
form ulae (12.26) to (12.2S) above. We denote by A).s  the value of dik 
expressed in the  w avelength scale. According to  (4.38), we have

AXs  =  (V /c )  dik . (12.29)

I t  follows from Fig. 30 th a t, when A?.0, i. e. the velocity dispersion r0, 
increases, the entire curve of growth is raised, while the first two portions
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are raised more than  the th ird . Also, for a given A},D the th ird  and 
straigh test part of the  eurve of growth, which corresponds to damping, 
is raised when / l / .v, i. e. d[]c. increases. Thus the  curves of growth in 
Fig. 50 form a family depending on the two param eters A/.D and /17,v.

Theoretical curves of growth are often constructed so tha t not 
ln g io d iy /.)  hu t logI0( i r 4c/;.e0) appears on the axis of ordinates. In  this 
case formulae (12.26) — (12.28) take the form

c
A ro

ii

N» to

c
A vo a ?.d

o I X 0- 
12  ( 3

I TV
384 log 4 A'0 ^  2 1 (loge X 0) ,

\Vx c
/. i\.

ir
x =  ] '(XUZ) =  n* y (aXA  ,
D

where

Z = i \ k _  r ik c _  , <hk
A vD ~  v0 v0 — 71 A v A n a .

D

(12.31)

(12.32)

(12.33)

The value of a is determ ined by formula (11.38), and Z  =  A n a .
In  the ease considered, the  ordinate is a function of A'0 alone for 

the first two parts  of the curve of g row th ; the last portion is determ ined 
also by the  ratio  of dit to A vu . This is all shown graphically in Fig. 31. 
We sec th a t, in this ease, only a b randling  of the  eurve of growth takes 
place, corresponding to different values of Z, and therefore of a.



158 Chapter 12. Elementary theory of contours

4. Methods of constructing curves of growth from observations. Curves 
of growth can be constructed from observations only by using lines 
which appear in niultiplets. I t  follows from formula (12.5) th a t log10 A'0, 
i. e. the  abscissa of the curve of growth, is equal, for a given element, 
to  C +  log10 (ATi /a )  =  c +  log10 X { +  log|Q f ik. where C is independent 
of Ay and f ik. I t  thus follows th a t Ay and f ik are on an exactly  equal 
footing. The construction of an empirical curve of growth from obser
vation m ust therefore take place as follows. We select some m ultiplet 
whose com ponents have a common lower level. For such a m ultiplet, 
Ni  is practically  the  same for all the  lines composing it. (There is a 
small difference in connected with the  fact th a t such a level is, as 
a rule, composite, the sub-levels differing among them selves by some 
small am ount, from some hundredths of an electron-volt to a few ten ths 
of an  electron-volt.) We assume also th a t the relative values (or, better 
still, the absolute values) of f ik are known for all lines of the  given 
m ultiplet. We can then  represent this m ultiplet in the following way. 
On the axis of ordinates in Fig. ill, we m ark off the values of log10( JfVA) 
found from observation for each line of the m ultiplet, and on the  axis 
of abscissae we m ark off the corresponding log10 f ik, m arking on the 
graph the corresponding points. We then  join all the  points thus obtained 
by a sm ooth line. Consequently, one m ultiplet gives us a segment of the 
required curve of grow th. (In th e  m ajority  of cases th e  range of values of 
f ik in one m ultip let is insufficient to  construct th e  entire curve of growth.)

We m ust carrjr ou t the  same procedure for o ther niultiplets also. 
From  the  separate portions of the curve, found in the m anner described, 
we can construct the  whole curve of growth by displacing the portions 
of the curve parallel to the  axis of abscissae and aiming a t a minimum 
scatter of points about the  final curve. This m ethod is very similar 
to the construction of the  characteristic curve of a photographic p late 
in photographic photom etry.

We move the curve of growth, constructed by this m ethod, on 
Fig. 31 upw ards and sideways as a whole, in order to m ake it coincide 
as well as possible with one of the  theoretical curves shown in Fig. 31. 
In  doing this, the  upw ard m ovem ent of the constructed curve (to 
coincidence w ith the selected theoretical curve) gives directly logi0(c/i'0), 
i. e. the  velocity r 0. Also, th is comparison fixes the  value of Z, i. e. the 
constant i ’a /) ’0, v0 being already determ ined. Finally, by bringing into 
coincidence the theoretical curve and th a t constructed from observation, 
wc can determ ine log10 Ag for any line from the log10(WJX) known 
from observation. I f  the absolute value of f ik also is known for this 
line, then  we can determ ine A7{, b}r means of formula (12.5), from the 
known A'0 and AvD. (This is another m ethod of determ ining the relative 
chemical composition of stellar atmospheres.)
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We notice th a t, in constructing the  curve of grow th by the above 
m ethod, and in comparing it with th e  fam ily of theoretical curves, it is 
supposed, firstly, th a t F ik!v0 is the  same for all the  lines and, secondly, 
th a t  r 0 is t-lie same for all the  elem ents whose lines are used in con
structing th e  curve of growth.

L et us now consider ano ther m ethod of constructing the  curve of 
growth, which is very similar in principle to  th e  foregoing, bu t differs 
from it in th a t the excitation tem peratu re of th e  atom s can be obtained. 
Let N r be the to ta l num ber of atoms of the kind considered, in th e  rth  
ionisation sta te  (above 1 cm 2 of th e  “photosphere” ). Then, assuming 
B oltzm ann’s Law to  be applicable, we can write, from (5.54), for the 
num ber i\T{ (the num ber of atom s in the ith  excited state)

Ni = N r>i =  {Nr/ur) (Ji e“ £i/Arex , (12.34)

where T ex is a tem peratu re which we shall call the  excitation tempe
rature. (The suffix r has been om itted from  the  statistical weight and 
the  excitation potential.) Introducing (12.34) into (12.5) and using (11.31), 
we obtain

logio =  log10

=  logio

y.-T e- Fr 1
m ~r ~ur fo

y n p- 1
m~c ur *•0

f .

+  Jogio (9ifa K)  —  *TPX logi° e

logio (t7i fik ^o) 71 G >
■* n v

(12.35)

where in  the  last m em ber of this equation £{ is expressed not in CGS 
electrostatic units, bu t in electron-volts.

We now assume th a t we know either the  relative or the absolute 
values of f ik for all the lines forming the m ultiplets of the  given r times 
ionised clement*. Giving T cx a provisional value, which is generally 
somewhat less than  the  effective tem peratu re of the star (sec below), 
we m ark off on the  axis of abscissae the  quan tity

logio X t =  logio (9i fik K) ~  (5040/Tex) et , (12.36)

and on the axis of ordinates, log10( W xjX). As a result, we obtain  a curve 
of grow th for the given r tim es ionised elem ent, and this curve is to be 
im proved by making T cx more accurate. Then, by  seeking the  best 
coincidence (as above) of this curve w ith one of the  theoretical curves 
in Fig. 31, we obtain  the values of vQ and F ikjv0.

The value of the excitation tem perature can be refined as follows. 
We rewrite (12.35) as

Y =  log10 A 0 -  log10 (& f ik / 0) =  L  — (5040/7'cx) , (12.37)
* The relative values must be on the same scale for all the multiplets, so 

that, to pass from the relative values of fik to the absolute values, the former arc 
multiplied by the same factor for all the lines of all the multiplets.
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where

L  =  logolO

Then we mark, on the graph which has already been used to find the 
coincidence of the theoretical curve of grow th and the prelim inary 
curve of growth obtained from observation (i. c. the dependence of 
l°g10(U V /^ o ) on l°oio -V0), the m ultiplets which served for the con
struction  of this graph. As abscissa for each line we take the corre
sponding value of log,0 (gt f ik ?.0), and as ordinate, the value of 
logio( where ]Vk is the observed value of the equivalent w idth,
and r0 is the velocity, which we have already determ ined in the first 
approxim ation. Then the  horizontal distance from the given m ultiplot 
to  the curve of grow th is ju s t the quan tity

In  this w ay we can determ ine Y  for all the m ultiplets which appear 
in the  curve of growth.

If  the assum ption which we have m ade regarding the Boltzm ann 
distribution of atom s is justified, the  relation between the values of Y  
and e; found for different m ultiplets should, according to (12.37), be 
linear. Then, placing the values of f; on the axis of abscissae and those 
of Y  on the axis of ordinates, we obtain a straigh t line from whose 
slope we can determ ine T ex. By producing this line to the point where 

=  0 we find L, and thereby Ay, v0 being already determ ined. This 
also is a m ethod of chemical analysis of stellar atmospheres. Of course, 
it is necessary in the analysis to take account of the other ionisation 
states of the elem ent considered. (It m ust be rem arked th a t we could 
find the excitation tem perature T ex w ithout appealing to  the theoretical 
curve of grow th, by using only the equation (12.30). In  this case there 
would be a linear relation between Y' =  log10 X f — log10 (Ui fik and 
the excitation poten tial e{. The defect of this m ethod is th a t it does 
not give the  constant L.)

The linear dependence m entioned is found most accurately by using 
the m ethod of least squares. F urther, the more exact value of T ex 
obtained can be used once more to construct a curve of grow th with 
the argum ent log10 X f, etc. The values of v0 and J \ k/r0 are found more 
accurately a t the same time.

Curves of grow th m ay be similarly found for the  o ther ionisation 
sta tes  of the elem ent considered, and for o ther elements. All these 
curves of grow th can be reduced to a common curve, though, as we 
shall see later, the curves of grow th for neutral and ionised elements 
are sometimes found to be different.

Y  =  logio -V0 — log10 (ft /.0) .
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The curves of grow th obtained for different elements m ay also be 
different. H ence, stric tly  speaking, the curve of growth should be con
structed  separately  for each elem ent (in each ionisation state). The 
com parison of such curves leads to im portan t results (see below).

5. Laboratory, theoretical, and “ solar” line intensities. Before going 
on to discuss the  principal results obtained from curves of growth, 
we m ust also briefly consider the  topic of the  values of f ik used for 
the  curve of grow th [SI]. The m ost reliable values of f ik for m ultiplets 
are a t present those found in the laboratory. These “ in tensities” are 
always given in the form of the  product gifik, and are determ ined in 
the laboratory  either from absorption lines or from emission lines. The 
accuracy of the laboratory relative intensities gc f ik is usually about 
10 % on the average. The absolute values of gc f ik are much less accurate 
in m any cases.

Since laboratory  data  on the values of gt f ik exist as yet only for 
a few elements (chiefly Fe I, Ti I, Ni I, V I), theoretical intensities of 
m ultip let lines are also used for the  construction of curves of growth. 
Let us consider, for instance, the  group of all possible transitions between 
some two electron configurations. Such transitions are divided into 
several m ultiplets. Let S  be the  relative in tegrated  in tensity  of some 
m ultiplet (with respect to th e  other m ultiplets of the  group of tra n 
sitions considered), and s th e  relative in tensity  of a given line in this 
m ultip let. Then in the  to ta l of all the transitions, the relative in tensity  
of this line is

S s j L s ,  (12.39)

where the  sum is extended over all the  lines of th e  given m ultiplet, 
and the quantities S  s /Z  s for the given group of transitions (between 
two electron configurations) are proportional to  the quantities,^  f ik A0 [81].

Since there are usually not enough m ultiplets belonging to  one 
group of transitions for a reliable construction of the  curve of growth, 
several sueh groups arc used. A separate curve of grow th is constructed 
for each of them , and a resu ltan t eurve is constructed from these by 
parallel displacem ent along the  axis of abscissae (as explained above, 
since S  s/X s for each class of transitions is proportional to g{ f ik / 0).

The calculations of the  quantities S  s /Z  s have been based h itherto  
on the assum ption th a t Russell-Saundcrs coupling can justifiably be 
applied to all atom s [59, p. 128]. However, it is known th a t this assum p
tion is erroneous in m any cases. A comparison shows th a t in some 
eases the  laboratory  intensities gi f ik / 0 m ay differ from the theoretical 
S s j y  s by a factor of 100, although the  laboratory  values of gt f ik k0 
generally contain errors of no more than  10 %. H ence solar line inten
sities, as they  are called, are often used; these arc obtained as follows.

11 A s t r o p h y s i c s
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We assume th a t we have constructed a curve of growth for the 
Sun from the  m ost reliable existing laboratory values of gt f ik (sav, 
for Fe I or Ti I). H ere the  values of log10 X,  are placed on th e  axis of 
abscissae, and those of log10 ( W JX) 011 t-lic axis of ordinates. The excitation 
tem perature Tcx for th e  Sun is determ ined as above (from the same 
lines). Then, for ail}’ line in the solar spectrum  whose gt f ik value is 
unknown, we can find the “ solar” value of log10 X i; from the “ stan d ard ” 
curve ju st m entioned, corresponding to the  m easured for this line.

We now distribute, according to elem ents and ionisation states, all 
the lines of the stellar or solar spectrum  whose gt j ik values are unknow n; 
lines belonging to a given elem ent in a given ionisation sta te  are 
arranged in groups according to the  excitation poten tial ei of the lower 
level, for exam ple: from 0 to 0-5 eV, from 0-5 to 1-0 eV, etc. The variation 
of log10 (<7f f ilc A0) for each such group is then  determ ined by the variation 
of log10 Xj, in accordance w ith (12.36). For each line of such a group 
log10( IFa/A), obtained from  m easurem ents, is placed according to  the 
“solar” value of log10 X f for it, and a sm ooth curve is draw n through 
all the  points of th e  group, giving a segm ent of th e  curve of growth. 
All such separate segments are moved, as described above, in a hori
zontal direction, and we obtain the  resu ltan t curve of growth. After 
doing this, we find th e  best possible coincidence of this curve with a 
theoretical curve of growth. We do th e  same with our original “s tan d ard ” 
curve of grow th constructed from the m ost reliable I11 each case,
we can find log10 A”0 (stellar and solar respectively) from the  measured 
Wx/X and the v0 already determ ined, and consequently the  difference
0°gio -^o)st 0°Sio * 0 )0  •

The excitation tem perature for a given elem ent can be determ ined 
as follows. W riting form ula (12.35) once for the  Sun and again for the 
star and subtracting, we obtain

(logio *o).t — (logio X o)© =  logio
W . t
( n , ) q

K )0
(“At

— logl0
(hilst

(1’o)q
— 5040 1 1

(TUst (?’ex)o

(12.40)

I t  follows from this th a t, for th e  lines of any atom  or ion, the difference in 
the values of log10 A”0 is a linear function of Consequently, on m arking 
off on th e  axis of abscissae th e  difference (log10 A0)st — (log10 A' 0 ) q  for 
various groups of lines, and on th e  axis of ordinates the potential 
we should obtain  a stra igh t line. The gradient of this line determ ines 
the value of [ l / (7 'cx)s t— V ^'c*)© ] aiK^ if ( ^ \ x)q is known, then  so 
is (7'PX)s t. This m ethod of determ ining (T cx)st is also used in the case 
where the difference in log10 X f is found, and not th a t in log10 Ar0. The 
form ula (12.40), which is related to the ad justm ent of the  observed 
curve to the theoretical, is im portant, because by m eans of it we can
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study  th e  chemical composition, com pared with th a t of the  Sun, of 
stars close to  the  Sun in spectral type.

Finally, it should he m entioned th a t the m ethod described for finding 
(7’cx)st from (TPX)0  is also applicable when the curve of grow th for a 
star has been constructed from laboratory  values of j ik.

Instead  of comparing th e  atm osphere of a star with th a t of the 
Sun, one can with g reater confidence compare the atm ospheres of two 
stars of close spectral type, for example A and F  supevgiants, A and F 
dwarfs, e tc .; th is was first pointed out by 0 . A. M el’nikov. In  fact, 
it can be assumed in th is case th a t both stars have the same atm ospheric 
structure. This m ethod has been applied in practice by T. M. Fofanova  
a t Pulkovo to  the study  of a num ber of supergiants [42].

R eturning again to  the use of “solar” values of log10 X,,  it m ust 
be pointed out th a t great caution has to be exercised. For, in 
determ ining log10 X t from the curve of growth of the solar spectrum , 
it is im plicitly assumed th a t all the  “s tan d ard ” lines here used correspond 
to the same absorbing (scattering) layer. A t the  same time, the  presence 
of continuous absorption which varies w ith frequency m ay have the 
result th a t layers of varying “ thickness” correspond to lines in different 
p arts  of the spectrum . This m ust be borne in mind. H ence, stric tly  
speaking, it is best, in constructing curves of grow th, to use laboratory 
values of ^ / i t , or theoretical values if they  arc sufficiently reliable.

6. Curves of growth constructed from observation. Turbulent velocities 
in the atmospheres of stars. L et us now tu rn  to the results obtained

11
Fig. 32
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by constructing curves of growth and to  the  in terpreta tion  of these 
results.

A very large am ount of work has been devoted to the construction 
of curves of grow th for the Sun and stars. In  the  Soviet Union such 
work is carried out a t Pulkovo by 0 . A. M e l ’n i k o v  and his co- 
workers.

In  Fig. 32 we give a curve of grow th for th e  Sun, constructed a t 
Pulkovo by L. A. M i t r o f a n o v a  from Fe I lines (the values of <7;/,* 
were determ ined in the  laboratory  from emission lines of Fe 1). Fig. 33

shows a curve of growth 
for the supergiant a  Cygni, 
constructed a t  Pulkovo by 
0 . A . M e l ’n i k o v  from T i l l  
lines. H ere again laboratory 
values of gifik were used, 
as determ ined from  em is
sion lines. The points for 
each line are shown in 
Fig. 32, while in Fig. 33 the 

m ean points (for several lines) arc given, the diam eter of the circle being 
proportional to  the num ber of lines entering into the  determ ination 
of th e  mean.

As a result of this work, it has been possible to  establish a  num ber 
of interesting relations concerning the physical s ta te  of stellar a tm o
spheres. The construction of curves of grow th and the ir comparison 
w ith theoretical curves of grow th has shown th a t in m any cases, p a r ti
cularly in the atm ospheres of supergiants, the  value of v0 is considerably 
larger than  the m ean kinetic (therm al) velocity corresponding to the 
mean tem perature of the stellar atm ospheres. Thus, for example, for 
supergiants of tem peratu re com parable with th a t of the Sun, the 
tu rbu len t velocity vt, found from the curve of grow th and the  value 
of vQ [formula (11.29) is used w ith T  &  !Fe], reaches in some cases 
tens of kilom etres per second, while th e  mean therm al velocity in this 
case is of the order of 1 km/scc. F or th e  Sun itself, the  tu rbu len t velocities 
in the “ reversing” layer arc apparen tly  no t more than  1-5 kin/scc. 
This resu lt indicates th a t the conditions arc more favourable to  the 
appearance of tu rbu len t currents in the  very extended, relatively rarefied 
envelopes of supergiants, than  in the dense non-extended atm ospheres 
of dwarfs*.

* There are apparently exceptions (though as yet unexplained) to this rule. 
For example, the turbulent velocity in the supergiant a Carinac is approximately 
the same as in dwarfs. This shows that one must be cautious in making generali
sations.
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Furtherm ore, the existing da ta  indicate th a t the value of vt is larger 
for ionised than  for neutral atoms. This is apparently  because the 
mean level a t which ionised atom s are found in the atm osphere of a 
supergiant is higher (since pe is less) than  the level for neutral atoms. 
Thus, for example, in the dw arf Procvon vt 1 kin/sec for neutral 
atom s and vt =  3 kin/sec for ionised atoms. In  the supergiant a  Persei 
the corresponding num bers are i\ 3-5 and 6-5 km''sec. Finally, there
are indications th a t in the atm ospheres of supergiants vt diminishes 
when the excitation potential increases. This, according to da ta  on 
the solar chromosphere, corresponds to an increase of vt when the level 
where the absorbing atom s are found becomes higher. As an  example 
we m ay sta te  th a t for a  Persei the lines w ith 0-0 eV give 
vt =  7-0 km/sec, bu t those with an 4-5 cV give vt 3 5 km/sec. All 
these facts indicate the  presence, in the atm ospheres of supergiants, 
of different effective layers for different atoms. Ionised atom s lie con
siderably higher than  neutral atoms.

The increase in the tu rbu len t velocity w ith height in the atm osphere 
of th e  star is particu larly  m arked in such binary systems as £ Aurigae. 
The system  £ Aurigae consists of a g iant of class Iv 5 w ith a very extended 
atm osphere, and  a considerably smaller star of class B 8. Outside 
eclipse, the spectrum  of the system  is com posite: in the red p a r t the K  
spectrum  is dom inant, in the blue and violet p a rt the B spectrum . 
W hen the  B star passes behind the  Iv star, numerous sharp absorption 
lines, formed by the  absorption of light from the B s ta r in the extended 
atm osphere of the red giant, appear in the blue and violet p arts  of the 
spectrum  of the system , where the B spectrum  has till then been 
dom inant. B y th is means it becomes possible to s tudy  the  nature of 
the atm osphere of the K  star as a function of the height above its 
photosphere. W hen the B star emerges from behind the Iv star, the 
same events happen in the reverse order.

The construction of the curve of grow th for various times afte r the 
emergence of the B sta r from behind the K  star, i. e. for various heights, 
has led to the following results: for a height of 0-S X 10r> km the tu rb u 
lent velocity was equal to 6-5 kin/sec, and for a height of 20- 6 X 108 km 
it was 13 km/sec. This d irectly  confirms what was been said above.

In  some cases the tu rbu len t velocities are particularly  high. Thus, 
for exam ple, in e Aurigae the tu rbu len t velocity is apparently  close 
to 20 km/sec, and the tu rbu len t velocity in the atm osphere of 17 Lcporis 
is even greater (67 km/sec).

I t  is clear th a t the presence of tu rbu len t currents m ust lead to an 
increase in the line w idths and to the obliteration of the lines. This 
effect is noticeable for large vt even on m erely glancing a t a spectrogram  
of the star.
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The presence of tu rbu len t m otions in the atm ospheres of stars and 
the increase of turbulence with height indicate a com plexity of the 
structu re of the atm ospheres of such stars. The atm ospheres of the 
supergiants are m arked by especial complexity. Here, besides the  general 
tu rbu len t motions, differential motions of various elements are observed. 
Thus, according to th e  investigations of G. A. Siiaix and P. F.Siiain  
[146], the hydrogen lines in the  spectra of th e  supergiants a  Cvgni 
and /? Orionis have a positive displacem ent relative to the lines of 
ionised metals, am ounting to +  1-9 km/sec for the  former and  +  4 km/sec 
for the  la tte r. In  the  spectrum  of a  Cygni it is probable th a t there is 
small displacem ent of the lines of ionised m etals relative to  th e  neutral 
metals, and so on. Here, besides the general turbulence, we apparently  
have certain currents of m aterial with somewhat different velocities 
for different elements.

In  concluding the  subject of tu rbu len t velocities, we m ust make 
the  following rem ark. The study  of absorption line contours in extended 
envelopes shows th a t they  m ust differ from the case where the  a tm os
phere is a thin layer (see Chapter 13). The appropriate analysis shows 
th a t, if this factor is not taken  into account, the  tu rbu len t velocity 
obtained from the curve of grow th is less than  the actual tu rbu len t 
velocity in th e  atm osphere of the star. For supergiants, whose a tm os
pheres are extended, this effect m ay be considerable.

7. The excitation tem perature. The damping constant. L et us now
consider the  determ ination  of the excitation tem perature. The m ethods 
of determ ining T PX explained above are im portan t not only from the 
viewpoint of finding 2'cx itself, bu t also from th a t of testing  the  B oltz
m ann tem peratu re d istribution in the  outer layers of stars. I f  the values 
of Y, and therefore, according to  (12.5), (12.35), (12.37) and (I2.3S), 
the values of

logio 9i Y — logio
y ip -
m e c

1
l’o °ol0 u

5040
rp G > CI

(12.41)

are linear functions of f (-, th e  application of B oltzm ann’s formula for 
the  range of involved is justified. [The equality  of the  first and last 
members of form ula (12.41) is B oltzm ann’s formula w ritten in logarithm ic 
form.]

The results of the  corresponding investigations show th a t, for 
from 0 to about 5 eV, linearity  holds in th e  m ajority  of cases (of course, 
w ithin the  lim its of observational error)*. As an exam ple, we give a 
graph by 0 . A. M el’nikov (Fig. 34), obtained from lines of neutral 
iron in th e  solar spectrum  (u0 is the  partition  function for neutra l iron).

* For e. >  5 cV there are ns yet no reliable results. See Chapter 15 concerning 
cases of deviation from the linearity mentioned.
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However, when the tem perature 7'cx. is determ ined from graphs of this 
kind, it is lower, in the m ajority  of cases, than  the effective tem perature of 
the star. Thus, for exam ple, 7’efor the Sun =  5710°, while 0 . A. M el’nikov 
obtained for the Sun T ex =  4580° ^  100°, using calibrated values of f ik 
for Fe I. A. N. Demidova ob
ta ined  7’ex =  4 7 0 0 °^  450° using 
the theoretical S  s/Y s for Fe I ,and
S. E. Voinova obtained 7,cx =
47S0° ^  15° from the  mean 
curve of grow th for F e l .  Similar 
anom alously low values of 7'ex 
for the Sun have been obtained 
from other data , although in 
some cases, such as, for instance,
V I, a value 7'ex % 5100° is ob
tained, which is closer to  T e 5700°. Moreover, the  aggregate of all values 
of 7’cx for the Sun shows a very large dispersion, as regards T ex, among 
different elements. I t  is possible th a t here 7’ex is actually  different for 
different elements.

Similar results (7'(.x <  T e) are usually obtained for stars, and the 
difference between T e and T ex m ay sometimes am ount to several 
thousand degrees*. Moreover, the difference T e — T ex is apparently  less 
for giants th an  for dwarfs. Thus, for exam ple, for Sirius and y  Geminorum 
(stars of the m ain sequence), where T e 10,000°, L. H . A lle k  finds 
7'ex ^  6000°.

We m ay rem ark th a t, for stars, T ex can be determ ined either from 
the linear dependence of Y  on e,-, or by means of a comparison of line 
intensities in the s ta r ’s spectrum  with the corresponding lines in the 
Sun’s spectrum  [see formula (12.40)].

In  conclusion, let us consider briefly the in terpreta tion  of the ine
quality  T PX <  7'f. The position here is no t yet altogether clear, bu t 
two possibilities m ust be m entioned: (1) an a ttem p t m ight be made 
to explain the anom alously low 7Tex by using the  fact th a t, in the fre
quencies of absoqition lines, where the processes of excitation of atom s 
take place, the density of radiation is lessened by the  presence in these 
frequencies of the absorption lines themselves. However (as we shall 
see in Chapter 15), this explanation m ust apparently  be rejected from 
the theoretical po int of view. (2) A detailed analysis of curves of growth 
shows th a t an increase of vt, i. e. the tu rb u len t velocity, w ith the exci
ta tion  potential f f has the same effect on the curve of grow th, in a 
finite in terval of log10 X 0, as a decrease of 7'ex. In  o ther words, one

* According to O. A. M e l ’n i k o v  [S2], the same result is obtained for ccpheicLs, 
which aro non-stcady stars.
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of these factors can com pensate the  other. Let us now assume th a t vt 
increases when decreases. Then, on m aking the erroneous assum ption 
th a t the  scattering of points round the  curve of growth is due only to 
errors in Wk and f ik, i. e. assuming vt — constant, we obtain too low 
a value for T cx. I t  is possible th a t the difference between 7'cx and T t 
m ay be partly  due to this circum stance, since, as we have seen, vt 
in fact increases when e{ decreases, i. e. with increasing height in the 
stellar atm osphere. This explanation (proposed by 0 . Stru ve and A. U n 
sold) can be tested  only on m ultiplets whose intensities cover the 
entire curve of growth.

L et us now discuss the values of r ik/v0 obtained from the curve of 
growth. In  the m ajority  of cases th e  value of r ik/r0, 'which, as we have 
said, is taken as a m ean for the whole curve of growth, is considerably 
greater than  the  value which corresponds only to  radiation dam ping, 
which is on the  average about 1- 5 X 10“7 (for /. = 5000 A). Thus, for 
instance, for the  Sun, the m ean value of I \ k/v0 from a large num ber 
of investigations is found to  be some 5 to  10 times g reater th a n  the 
value m entioned, 1-5 X 10~7. The same thing is found for the m ajority  
of dw arf stars. These results can be explained only by the fact th a t 
th e  constan t 6ik in form ula (11.25), and therefore ] \ k also, is m ainly 
determ ined not by rad iation  dam ping, bu t by collision damping.

W e shall confirm this im portan t resu lt in the  n ex t chapter. H ere 
we can te s t the  result (though only qualitatively), starting  from  the 
following considerations.

I f  the value of r ikfv0 is in fac t determ ined by collision dam ping, 
then  from  form ulae (11.45), (11.47) and (11.49) this q uan tity  should 
increase and decrease with the density of the m aterial. In  o ther words, 
i t  is to be expected th a t r ikfv0 is smaller in the  atm ospheres of giants 
th an  in those of dwarfs. For ionised atom s it should be, on the average, 
less th an  for neutral atoms, since the form er lie, on the average, higher 
than  the la tter. These suppositions arc partly  confirmed by observation, 
although in some cases there are exceptions to the expected relations. 
Thus, it follows from  the  existing d a ta  th a t for neutral elements in 
supergiants the value of f ^ j v 0 is fairly close to  the value for dwarfs,
i. e. 10 tim es g reater than  th e  radiation dam ping constant, bu t for 
ionised elements J \ k/v0 is close to the value 1-5 X 10-7.

In  general, the m aterial a t present existing is meagre, and further 
investigations arc necessary here before final conclusions can be reached.

S. Critical rem arks. The rational use of curves of grow th can lead ■ 
to a num ber of im portan t results. However, it m ust be kept in mind 
th a t the  theory  developed above is very simplified and schematic. For 
this reason a num ber of critical rem arks m ust be m ade. F irstly , caution 
m ust be exercised in the use of observational data . Thus, for instance,
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T. M. Fofanoya (at Pulkovo) has shown [42] th a t, when spectrographs 
of small dispersion are used, the velocity found from  the curve of 
grow th increases (spuriously) when th e  dispersion of th e  spectrograph 
used decreases. H ence th e  spectrogram s used to  construct curves of 
grow th m ust have a fairly large linear dispersion (better than  5 to 
lO A /m m ). Secondly, the theory  of curves of growth developed above 
is based on a large num ber of simplifying assum ptions, of which the 
m ain ones are as follows:

(1) The model of the ‘‘reversing layer” which we have used, and 
the  formula (12.9) corresponding to it, are very much simplified. In  
particular, this form ula presupposes the same “ thickness” of the re
versing layer for all X, which is equivalent to  excluding any dependence 
of y.v on v. In  this connection, a num ber of calculations have recently 
been m ade which were based on the  more exact form ula (10.20) and its 
various modifications.

The expression for r]y, by v irtue of formula (11.39) and the  fact 
th a t avjav% =  sr/sVt, can be rew ritten  as

7]r =  ov/ kv =  ( a J x v)cf>(a,p) =  7]t,o(f>(a,p) , (12.42)

where
Vu =  0J H* • (12.43)

The argum ent A"0 of the  elem entary theory  of the curve of grow th is 
thus replaced by r]Vt. We again obtain  a fam ily of curves of growth 
for various values of the constant a. In  constructing such a fam ily of 
curves, a fixed value m ust be taken  for the ratio  bja„, and for the 
quan tity  ey which appears through (10.9) in form ula (10.20). As we 
shall see in Chapter 14, in m any eases we can take  ev =  0 for th e  calcu
lation of equivalent widths.

The results of the corresponding calculations show th a t the  general 
character of the  curves of growth constructed by  m eans of formula 
(10.20) is the  same as in Figs. 30 and  31, although there are eertain 
differences of detail. However, a comparison of the curves of growth 
constructed by T. M. Fofanova [42]* for various models shows th a t 
these differences cannot be investigated w ith reasonable certain ty  with 
the present dispersion of the separate points round the curve of growth. 
Nevertheless, the  problem of constructing a physically correct th eo r
etical curve of growth is one of the m ain tasks of theoretical astro 
physics.

* In this work the influence of the change in the coefficient of continuous 
absorption with wavelength on the parameters found from the curve of growth 
is studied. This influence appears to be comparatively small.
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(2) In  the elem entary theory which we have considered, some mean 
value of F ik/v0 was taken  for all lines. This assum ption, however, is 
a crude one both in the case of rad ia tion  dam ping and in th a t of col
lision dam ping. Moreover, in the theory  explained above it is supposed 
th a t r ik/v0 does not depend on the  depth  in the stellar atm osphere. 
In  the  ease where I \ k/v0 is determ ined by collision dam ping, this is 
obviously incorrect, since the value of I \ k depends on the num ber of 
particles a t the point considered.

(3) Furtherm ore, in constructing the  composite curve of grow th 
from several elements, a m ean value is taken  for r 0; this is usually 
justified on the grounds th a t the  tu rbu len t velocity is about the  same 
for all atom s, which is also an approxim ation.

(4) Finally, it is assumed in the theory explained above th a t the 
excitation tem peratu re T ex is constan t throughout the s ta r ’s atm osphere. 
This, as we shall see in C hapter 15, is likewise a fairly crude approxi
m ation.

H ence it is no t surprising th a t the agreem ent between the  theoretical 
curves o f grow th and those derived from observation is very often u n 
satisfactory. The discordances in the  direction of the  A”0 axis sometimes 
reach 0-15 to 0-20 in the logarithm  of A"0, or, w hat is the same thing, 
in the log.arithm of N i f ik. The use of form ula (10.20) instead of (12.9) 
does no t appreciably change the  situation.

Chapter 13. The interpretation of observed contours 
of absorption lines in stellar and solar spectra

1. The calculation of the ratio of the coefficients of selective and 
continuous absorption. In  the  present chapter we shall consider the 
subject of absorption line contours in the  spectra of stars of various 
classes. We shall first consider lines of m etals, and then  those of 
hydrogen and helium. We shall also discuss the  effect of the s ta r’s ro ta 
tion  on the  line contours in its spectrum .

The theoretical calculations relating to  resonance lines are a t present 
the m ost trustw orthy* . For lines which begin from excited levels (sub
ordinate lines) the calculations are more indefinite (sec C hapter 14). 
The chief difficulty arises from the  fact th a t the processes of absorption 
and subsequent re-emission are completely lion-coherent for subordinate 
lines.

* This remark does not refer to the theory of contours distorted by the rotation 
of the stars.
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The construction of a line contour am ounts in the first place to the 
calculation of the  q uan tity  r/y:

i)y = o v/x y , (13.1)

-which appears in the equation of transfer (10.2). The quan tity  e„ is 
less im portan t, and usually plays a small p a rt except in the central 
frequencies of the line. I f  all three quantities rjy, ey and B y in equation
(10.2) are expressed in term s of the fundam ental physical param eters 
T, p, pe, g, etc., and the  la tte r  arc related to  the optical dep th  t„ for 
the frequency of the line (as in C hapter 7, using the theory  of pho to
spheres).. the problem  reduces simply to the solution of equation (10.2). 
Bearing these rem arks in mind, le t us consider an actual exam ple: 
the  absorption lines in the Sun’s spectrum . (H otter stars will be con
sidered later.)

Wc shall suppose throughout th a t the density  of m a tte r o to  which 
the  coefficients av and y.v in equation (9.29), and therefore in (10.2), 
relate, is the total density  of m atter* , taking account of all the atom s 
in 1 cm 3. We shall determ ine the value of oy, starting  from the general 
formula (5.23).

L et s„ be the absorption coefficient for an atom  in the ith  excitation 
s ta te  and r th  ionisation sta te . The num ber of sueh atom s in 1 cm3 is 
nr j. In  accordance with (5.23), we can write for the selective a ttenuation  
of the in tensity  by the atom s in question

d / ,  =  — l v s y nr j d h  =  — I v s r g  dh  . (13.2)

Consequently, the  selective absorption coefficient, referred to 1 gram  
o f to ta l mass, is

ar = s y nrii/g .  (13.3)

For subsequent work it is useful to  have the num ber of atom s in 
the ith  and r th  states referrred not to 1 em 3 bu t to 1 gram of m a tte r 
(taking account of atom s of all elem ents); this num ber, which wo 
denote by is

n j a) =nr,ilQ.  (13.4)

Consequently, the  general relation

a , = s r nrtM  (13.5)

* Wc might also refer ay and xy to the density determined by hydrogen atoms, 
but the method used is more convenient.



172 Chapter 13. Interpretation oj observed line contours

holds. N ext, let the total num ber of atom s of the clem ent considered, 
in all sta tes of ionisation and excitation, referred to 1 g of m atter, be 
n(9). We can relate and as follows:

= Z r , A P e ,  T ) n ^  , (13.6)

where th e  function Zr i  can easily be calculated from Saha’s and 
B oltzm ann’s form ulae (5.11) and (5.54). [For an exam ple of the  cal
culation see C hapter 16, formulae (16.1)— (16.11).]

In  tu rn , the quan tity  n(9) can be determ ined as follows. L et n be 
the total num ber of atom s of the  elem ent considered in 1 cm3. Then it 
is evident th a t

=  njg . (13.7)

We can w rite the density  n as a sum:

o =  (13.8)

where ms is the mass of an atom  of the  corresponding elem ent, and the  
sum m ation is to  be extended over all elements. The expression (13.8) 
can also be w ritten

Q — n ll
r‘H e m H e 
nnm n + nU mLi 

nn m ,j +  . . . (13.9)

where wc have added the symbols of the corresponding elements as 
suffixes to the  num bers n and m. As m ay easily be calculated from 
Table 1, only the first two term s in the  braces in (13.9), which take 
account of hydrogen and helium, are im portant. If, using Table 1, we 
take nnJnji =  0-2, the q uan tity  in the braces is equal to 1-S. I f  we 
take more recent estim ates (sec C hapter 15), which give as fa 0 0 5  for 
helium in B and O stars, the q uan tity  in the  braces is equal to 1-2. 
However, wc shall, for the sake of generality, denote this quan tity  by b. 
Using (13.5), (13.6), (13.7) and (13.9), we obtain  for ov

av =  svZ r { (pe, T) , 1 “  . (13.10)o mH n H

Thus, to  calculate a,., it  is necessary to  know the  content of the given 
elem ent relative to  hydrogen. Wc denote this content by as, in accordance 
with the nota tion  of C h ap te rs . The quan tity  «j in formula (5.1) is in 
our case the num ber of hydrogen atoms in 1 cm 3 (both neutral and 
ionised).

The content of atom s of some m etal in some volume is often given 
relative to the to tal num ber of atom s of all the m etals in this volume, 
and is denoted by a. The content of hydrogen atom s relative to all
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m etal atom s is denoted by A ; the  value of A  in stellar atm ospheres 
is close to  10,000. Thus, if raM is the  num ber of all m etal atom s in 1 cm3, 
form ula (13.10) can be rew ritten

or =  sv Z ,s (pe, T) b in.

=  syZr i {Ve,T ) , l n *MV r ,t e> I I) n ^

=  Z r i (jlf, T)  b m ^ A .

(13.11)

The m ethods of determ ining the values of as, a  and A  will be considered 
in Chapter 15. A t present we can take them  as given, say from  Table 1.

We now tu rn  to  the coefficient of continuous absorption x v which 
appears in form ula (13.1). In  the solar atm osphere negative hydrogen 
ions p lay  the  chief p a r t as far as a m ean optical depth  r  of the order 
of unity . On penetrating  further, the absorption by neutra l hydrogen 
atom s becomes more and more im portant. Thus we can write

xy =  xv(H~) +  *„(H) . (13.12)

L et us consider ^ F(H~). The absorption coefficient for H~ is usually 
referred to  one neutral hydrogen atom  and un it electron pressure (1 bar). 
This coefficient, which is shown graphically in Fig. 15(b), is denoted by 
/*V(H- ). Using again form ula (5.23), as wc did in finding ay from (13.2), 
we have

Xy(H ) W hMh-)
0 Pe, (13.13)

where (n0)u is the num ber of neu tra l hydrogen atom s in 1 cm 3. In tro 
ducing the expression (13.9) into (13.13), we find

x v ( H - )
(n0)j[ ky(A ) 

bm 'i t
(13.14)

In  the solar photosphere as far as r  =  5 or 7, the hydrogen is p rac
tically all neutral, so th a t  (n0)H/nu & 1 .

W c now tu rn  to the coefficient :k„(H). The continuous absorption 
coefficient for hydrogen, given by form ula (5.GS), is referred to one 
hydrogen atom  (Z is un ity  for hydrogen). We denote i t  by &V(H). P ro 
ceeding as in the derivation of (13.13), wc obtain  for x v(\i)

* ,(H ) =  M H )  nn/Q . (13.15)

Again using (13.9), we find

H  •x„(H) =  ky(H)/b m (13.16)
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Thus, taking into account th a t («0)hA!h ^  1. we obtain for

y-v =  M H  ) +  * ,(H ) = b m . [ ^ ( H - ) p e +A-v( H ) ] .  (13.17)

Finally, from (13.11) and (13.17) we find for i]y

V* =
a v _  _ f y  a « z , , i  ( P s  T )
*v MH-) Ve +  A‘v(H) '

(13.18)

I f  the  value of s„ is given, then  rjv is a known function of the  fundam ental 
physical param eters of the atm osphere, T, p, pe and q . In  tu rn , the 
variation of these with depth should be known from the theory  of 
stellar photospheres. The variable r„ which appears in the equation 
of transfer (10.2) is sometimes replaced by the mean optical thickness r ,  
which we defined in C hapter G; the  folloAving ratio  is then introduced:

nv =  x jy .  , (13.19)

where Tc is the absorption coefficient x„ averaged in some m anner 
over the  whole spectrum  (see Chapter 6). In  th is case d r v in equation
(10.2) takes the form

d rv =  y.v o dft =  ny ~x o dh =  nv d r  . (13.20)

This m ethod is convenient, because in the solar photosphere nv depends 
only slightly on depth . Hence we can pu t approxim ately nv constant. 
In  this case

r r = n , r .  (13.21)

Let us now consider the qu an tity  ey in equation (10.2). The value 
of e„ in a large num ber of cases, and in particular for resonance lines, 
satisfies the  inequality £„ 1. In  such cases, as is easily seen, for
instance, from formulae (10.20) and (10.9), the effect of the value of 

on the in tensity  can be noticeable only for the innermost parts  of 
the lines, i. c. for the  core. For the  wings of lines, where rjv is less than  
or com parable w ith unity , the p a r t played by £„ is negligibly small. 
On the o ther hand, the general problem of central residual intensities 
has not yet been solved; these intensities have observed values which 
are higher than  those given by theory. In the  present chapter we shall 
concern ourselves only with the  outer p arts  of absorption line contours, 
and we shall no t tre a t the problem  of the central parts  of lines. For 
this reason we shall a t p resent assume th a t ey =  0.

2. The applicafion of the theory to solar absorption lines. The part 
played by pressure effects. In  order to construct the  contour of some 
absorption line, using (13.18) and the assum ption th a t er =  0, we m ust
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fix the value of <5,-* [determ ined by formula (11.25)] in the expression 
(11.39) or (11.24) for sv.

As an actual exam ple, le t us consider the D lines of neu tra l sodium. 
Since the D lines arc resonance lines, we can assume th a t in (11.25) 

=  co and consequently yi =  y x =  0. Also, for the D lines under solar 
conditions, the  last three term s on the right-hand side of (11.20) arc 
negligibly small com pared with the first term . i. e. A 21. Hence we can 
write for dik

<512 =  ^  (y2 +r<) ~  -4-  (A i  + y c) • (13.22)

Let us now calculate yc. As is shown by calculations of AXg, th e  contour 
of practically the whole line is determ ined only by collision damping. 
In  order to decide which of the  two cases (k =  4 or k — 6) is to be 
applied to the D lines of the solar spectrum , it is necessary to compare 
the corresponding values of yc, given by formulae (11.47) and (11.49). 
I t can be predicted th a t the case where k =  6 is the more im portant. 
The lines which are particu larly  sensitive to the quadratic S tark  effect 
are those connected w ith highly excited, weakly bound term s (namely 
the D, F, etc. te rm s); the D lines, on the other hand, are resonance 
lines w ith S—P  transitions. Bearing this in m ind, we shall s ta r t with 
yc for k =  6 .

For the calculations we shall take a level in the solar atm osphere 
corresponding to an optical dep th  =  OTS for X =  5010 A. For this 
level, the tem peratu re T  is 5895°, calculated from the theory  of pho to 
spheres (sec Table 13, Chapter 17) with Te =  5710°; also, for this 
level p 1-32 X 10r> bars, while pe ^  19 bars.

We now apply form ula (11.49). For v we obtain for sodium and 
hydrogen IT  X 10° cm/scc. Also, as we have already said, C =  2-65 X 10~32 
for the D lines. For p, we can write w ith sufficient accuracy:

P — Pn +  Pile =  (n u +  n He) k T  1-2 nH k T  , (13.23)

where wc have taken  the value 0-2 for the ratio  n ne/n K, in accordance 
with Table 1. For the  values of T  and p which vre have taken, ??n =  
=  1-3 X lO 17. Introducing these values into (11.49), we find th a t yf =  
=  2-2 X 10°. On the other hand, for the D lines y2 ss A 2l, which is of the 
order of 7 X 10". Consequently, for the  D lines a t the depth in the solar 
atm osphere considered, yc is ap p ro x im ate^  30 times greater than  the 
radiation dam ping constant. W hen t* decreases, yc decreases fairly 
slowly. Thus, for =  0T5 the  value of yc is diminished by a factor 
of about 0-6, bu t even so it is about 20 times greater than  y2 =  A 2l. 
I t  is true th a t the  value of C is approxim ate, as wc have said. However, 
despite the  possible errors, it cannot be doubted th a t yc exceeds y 2 by 
a t least an  order of m agnitude.
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The broadening caused by electrons is in this case considerably 
less. L aboratory  m easurem ents have shown th a t the 0  lines are d is
placed by A). — 0 025 A a t 160kV /cm . Using formula (11.44) to d e te r
mine C, and form ula (11.47) w ith n — ve for yc, it is easily found th a t, 
for the  value of pe — 19 bars given above, the  value of yc is of the 
order of 5-4 x lO 7, i. e. even less th an  =  A„v  Thus the dam ping by 
collisions of sodium atom s with hydrogen atom s is the  chief factor which 
broadens the  D lines in the solar spectrum . In  fact, this result apparen tly  
holds for all resonance lines in the solar spectrum .

H aving established the chief factors which lead to the broadening 
of the  lines in which we are in terested  (as we have just done for the 
exam ple of the D lines of N a I), we can determ ine <5,-* by formula
(11.25), and thus [by form ula (11.38)] the value of a for every dep th  
in the solar atm osphere. The ratio  r\v can be determ ined by means 
o f formulae (11.39) and  (13.18):

^  =  M H -) pe +  *■„(H) ^  (13.24)

where s„o is given by form ula (11.40).
We m ust first s tudy  the  dependence of i]v, for the given line, on 

dep th  in the  solar atm osphere. The fundam ental param eters T, p, pe 
and q are given by the  theory  of the  photosphere. I f  the  change of 
7]v w ith dep th  is com paratively small ( r\v sa constant), and the depen
dence of B v on t v can be represented w ith sufficient accuracy in the  
form  of a linear function [formula (8.10)], then  we can use formula
(10.20) for the  line contour*; we have already said th a t for the wings 
of resonance lines we can p u t e v =  0. I f  rjv changes m arkedly with 
dep th , it is best to use the m ethod of numerical in tegration of the 
equation of transfer or the m ethod of iteration  (see C hapter 10).

For the outer parts  of the line wings and for fa in t lines, and in general 
for cases where the  line depth  i?„ docs no t exceed 15 %, wc can use 
form ula (10.43). W e recall th a t in this form ula the functions G^x,)  
and G,(t„) can be obtained directly  from the  theory  o f photospheres, 
or, for the Sun, from the law of darkening of the  disc to the limb. In  
our case (er =  0) the true  selective absorption coefficient y.„° is equal 
to zero by (9.31), and ov° =  av. Consequently, the  first term  in the last 
m em ber of form ula (10.43) is equal to zero, and the  second contains 
in the integrand the ratio ov°/xv =  ovjx v =  rjv, which we have already 
estim ated [formula (13.24)]. Thus, to find l l v, it suffices to estim ate 
num erically the second integral in the last m em ber of formula (10.43).

* F o r  th e  e a se  w h e r e  r\v v a r ie s  o n ly  s l ig h t ly  w ith  d e p th , a n d  th e  d e v ia t io n s  

from  th e  lin e a r  e x p a n s io n  (8 .1 0 )  a re  s m a ll,  th e  c o r r e sp o n d in g  fo r m u la e  h a v e  b een  
g iv e n  b y  s e v e r a l a u th o r s . F o r  th e s e  fo r m u la e  th e  rea d er  is  referred  to  th e  li te r a tu r e  
(s e e , fo r  in s ta n c e , M . T u h e r o  [ l( it i] ) .
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The construction of line contours from the formulae m entioned has 
been carried out here for the whole disc of the Sun or star, using the 
flux  o f radiation. The same can also be done for the separate points 
of the solar disc, using the intensity of radiation. In this case the equation 
of transfer (10.2) m ust be solved for a given angle 0, and not for the 
flux. This can be done, in particular, for all the three cases which we 
considered in Chapter 10:

(1) The “ stan d ard ” case with =  constant, ey =  constant and
B y =  n v +  r„ .

(2) Num erical integration of the equation of transfer.
(3) The m ethod which we considered in Chapter 10 for small R v 

[16S, p. 384].

In  these cases also the ratio  ->]„ is the starting-po in t; we have already 
considered the general m ethods of obtaining it.

H aving constructed the contour of some line for various 0, we can 
then study  the  change of this contour w ith distance from the centre 
o f the solar disc, and also compare the results with observation. In  
Fig. 3f> we give such a comparison for the line of the solar spectrum ,

r v r v

O y , c o s d = \ - 0 0  D y , c o s O  “  0 - 2 6

F l o .  3 5

due to 1). L. H a r r i s  [58]. The abscissae in Fig. 35 are in angstrom s. 
The value o f r\y is here calculated in the m anner described above, 
and the contour is constructed for the case where the change of 
in the  atm osphere is small in comparison with t]v itself, and B„ is a 
linear function o f rr.

12 A>trophysirs
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in  the  case considered, these conditions are fulfilled with sufficient 
accuracy. The coefficients a,, and bt, in the  expansion (8.10) are taken 
from the observed law of darkening. The contours have been constructed 
for two points on the solar disc; for the centre, and for R — 0-97 R q .  
For the relative content of sodium the value a„ ss 3 x K )~ 6 was taken ; 
this is close to the a, given in Table 1 (rs  2 x l0 ~ 6). Fig. 85 shows th a t 
the theoretical contour, in the calculation of which collision dam ping 
was taken into account, is largely in satisfactory agreem ent with the 
contour obtained from observation, although there are also definite 
discrepancies between them , both in the wings and in the centre. In  
particular, the theory  in question with e v =  0 predicts r,,o r* 0 in the 
centre of the line, whereas the observations give rv r» 0-00. The cause 
of these discrepancies is not yet clear. I t  is quite possible th a t the 
decisive p a r t here is played by processes of non-coherent scattering, 
which we shall discuss in the n ex t chapter.

The com parison of theory and observation leads to much the same 
results for other resonance lines in the solar spectrum . Thus, despite the 
small discrepancies which still remain, the theory  of absorption lines, 
taking pressure effects into account, is quan tita tively  in fairly sa tis
factory agreem ent with observational results. I f  we were to neglect 
pressure effects and assume th a t the value of dik is determ ined only 
by radiation dam ping, the  theory  would give m uch narrow er lines 
than  those observed. This im portan t result is in complete agreement 
with those regarding 1 \ k obtained from the analysis of curves of growth.

In  addition to the results enum erated which relate to pressure 
effects, one more fact m ust be m entioned which indicates the great 
im portance of these effects. For instance, it is found th a t the values 
of Wxjk for all the measured lines of the diffuse series IF F 0 — ?dD 
of neutra l magnesium in the Sun’s spectrum  are practically the same. 
They all lie on the same p a rt of the curve of grow th, corresponding to 
radiation dam ping. In  this ease, by formula (12.2S),

n v ; . - ; . i /(/a(5a.). (19.25)

When the num ber of the line in the scries increases, the value of f ik 
decreases. If, fu rther, dik were determ ined only by radiation dam ping, 
then it would diminish when k increased, by (11.25) and (11.20), since 
A ki decreases when k increases. Finally, the value of /. also decreases 
when k increases. Thus, in the case considered, the values of H';//. for 
the lines of the given series would have to  diminish when the num ber 
of the line in the scries increased. Hence the observed constancy of 
these values shows th a t yc increases with the serial num ber of the line, 
and this increase com pensates the decrease of f ik, /. and A ki. The increase
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of yc with the serial num ber of the line is easily explained. The greater 
k, the larger th e  orbit of the electron in the  atom  and the larger the 
effective cross-section for broadening collisions. Calculations show th a t 
the dam ping constan t yc increases by a factor of about 80 or 40 when 
the serial num ber k goes from 3 to  9.

Thus, in the  m ajority  of cases, pressure effects play a much more 
im portan t p a rt in the Sun’s atm osphere th a n  rad iation  dam ping, so 
th a t very often yc >  y{ +  yk. However, the problem  has not yet been 
finally resolved. In  particular, the  constants C in formulae (11.45), 
(11.47) and (11.49) are known for only a small num ber of lines, and even 
then  the numerical values are only approxim ate. I t  is also necessary 
to exercise great caution in deciding which case of broadening plays 
the  chief part, th a t with k =  4 or th a t with k — G. Sometimes both cases 
m ust be taken  into account. Thus, for instance, in the S1!10— D 
series of Mg I, the m ain effect in the first few term s is due to  neutral 
hydrogen atom s (k =  6), bu t for the  higher term s th e  broadening of 
the lines by electrons (and to  a lesser degree by ions — sec Chapter 11) 
begins to  play the  chief part, i. e. the  case k — 4 becomes im portant. 
Thus, for some lines of the series, both  effects are of about the  same 
im portance.

3. Linos of metals in the spectra of stars. Line broadening by turbulence.
L et us now discuss briefly the  subject of the  contours of metallic lines 
in th e  spectra of stars of o ther classes. The m ethods used here are in 
general the same as in the  case of the  Sun. We m ust calculate the 
structu re  of the photosphere of th e  s ta r considered and obtain  the 
appropria te  expressions for r jv and for ev (see Chapter 14). The problem  
then  reduces to  the  in tegration of the  equation of transfer by some 
m ethod. However, in the calculation of line contours in the  spectra of 
stars, the subsidiary problem very frequently  arises of determ ining the 
acceleration g due to grav ity  a t the surface of the star. W ithout knowing 
this quan tity , we cannot calculate the structu re of the  photosphere. 
I f  the mass and radius of the s ta r in question arc unknown, the value 
of g has to be found from absorption lines. One of the m ost reliable 
m ethods here is the  comparison of the  theoretical contours of the  
Balm er series w ith those in the  spectrum  of the  s ta r for which g is 
sought. O ther lines can also be used, besides those of the Balm er scries. 
The effective tem peratu re T e of the s ta r m ust be determ ined by the 
m ethods of C hapter 1G.

Sufficiently reliable theoretical contoui’s of absorption lines of metals 
in the spectra of stars differing m arkedly from the Sun are not yet 
available. H ence it is impossible to speak of any conclusions from the 
com parison of theory and observation. The pressure effects arc the m ost 
interesting in the  construction o f contours.

12*
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For stars considerably cooler than  the Sun, the construction of 
theoretical eontours is com plicated by the presence of molecular bands. 
For fairly hot stars, where hydrogen is ionised to a considerable extent, 
the contour of a line is determ ined by the collisions of atom s with ions 
and electrons and particularly  with atom s of neutral helium. A t still 
higher tem peratures, helium also becomes completely ionised.

Numerous observations have shown th a t the lines of ionised m etals 
in the spectra of supergiants arc, as a rule, deeper and broader than  
the same lines in the spectra of fain ter stars of the  same class. (The 
reverse is observed for hydrogen and helium lines.) This fact has not 
y e t been explained; the investigations are ham pered by the lack of 
sufficiently accurate contours of metallic lines. Because of the smaller 
acceleration due to g rav ity  in the atm ospheres of supergiants, compared 
with the atm ospheres of stars of smaller absolute lum inosity, the den
sities in the form er will be lower than  in the la tter. This m ust affect 
the coefficients of both continuous and selective absorption.

In  the spectra of some supergiants the lines of m etals are so much 
broadened th a t they  im m ediately suggest the presence, in the a tm o
spheres of these stars, of tu rbu len t velocities, of which we have already 
spoken in the  last chapter. In  some cases this supposition is confirmed 
by the fact th a t the cores of the absorption lines can be represented 
by a Doppler d istribution (11.3-1), bu t with A v D corresponding to 
velocities of the  order of tens of kilometres per second. The curves of 
grow th for sueh stars usually indicate a vt of the order of a few kilo
m etres per second. Thus, for example, on analysing the line contours 
in the spectrum  of d Canis Majoris, 0 . Stkuvk found a tu rbu len t veloeity 
of the m aterial of about 30 km/sec, while the curve of growth for this 
s ta r gives a tu rbu len t velocit}' of the order of 5 km/sec.

The m ost probable explanation of this fact is as follows. On the basis 
of present-day ideas on the nature of turbulence, we have reason to 
suppose th a t in stellar atm ospheres turbulence is characterised by the 
presence of separate cells of various dimensions, moving in various 
directions w ith various velocities. In  order to m ake the sequel more 
easily intelligible, let us consider two limiting cases. In  the first of 
these, we suppose th a t the  dimensions of the turbulence cells arc com
parable with or greater th an  the thickness of the “ reversing layer” . 
In the second, we suppose th a t the cell dimensions are considerably less 
than  this thickness.

I t  is quite evident th a t in the first case ev en ' cell in the reversing 
layer of the s ta r absorbs photospherie radiation independently of the 
presence of other turbulence cells. Hence the existence of tu rbu len t 
motions docs not here increase the am ount of photospherie energy 
absorbed in the line, i. e. the equivalent width of the line. The line is
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only broadened correspondingly, its contour being determ ined by the 
velocity' d istribution of the cells (as well as by the num ber of absorbing 
atoms). Thus, in the case considered, the presence of turbulence, which 
broadens the  absorption lines, cannot change the curve of growth 
constructed for vt =  0. This ease is very similar to th a t of a ro tating  
star, where the values of ITA are again unaltered.

In  the second ease, the situation is very similar to th a t which exists 
in the presence of ordinary therm al m otions of Doppler character. 
In  fact, the separate cells here lie one upon another. Hence a ray passing 
through the reversing layer outw ards (from the photosphere) is weakened 
by absorption in m any cells having approxim ately the same component 
velocities in the direction of the ray. Consequently, in the case con
sidered, the presence of turbulence increases the equivalent w idth, 
and hence alters the curve of grow th. This case was, in essentials, con
sidered in Chapter 12.

The considerations ju st given account com pletely for the nature of 
the spectra of such stars as <) Canis Majoris. In  fact, the large turbulen t 
velocity obtained from the contour and the considerably smaller one 
obtained from the curve of grow th indicate th a t the thickness of the 
reversing haver in these stars is less than  the m ost frequent dimensions 
of the  turbulence cells* in the atm ospheres of the stars.

The fact th a t in the  atm ospheres of such stars as e Aurigae and 
17 Leporis the value of vt, found directly from the curves of growth, 
is large, is explained by the very great ex ten t of the atm ospheres of 
these stars. (This has been shown directly for e Aurigae.) H ere the 
dimensions of the turbulence cells are w ithout doubt small compared 
with the thickness of the reversing layer.

I t follows from all th a t has been said th a t the problem of turbulence 
in stellar atm ospheres is very complex. Besides the investigation of 
curves o f growth, the line contours m ust be studied from every aspect. 
The la tte r  arc very im portan t in connection with the question of the 
velocity d istribution of turbulence cells. In  Chapter 11 we took as a 
working hypothesis the law (11.82) for this distribution, r0 being defined 
by formula (11.29). However, calculations show th a t various laws lead 
to very different contours. The curve of grow th is thereby changed also. 
The value of vt found by means of (11.82) m ay in some eases differ m ar
kedly from the actual mean turbulen t velocity in the stellar atm osphere.

In conclusion, let us consider very hot stars, those o f the 0  and 
early B classes. Here the situation  is com plicated by the fact th a t, 
besides the general true absorption, the scattering of radiation by free 
electrons m ay play a considerable p a rt in the atm ospheres of these

* T h e  c e lls  o f  sm a ll d im e n s io n s  g iv e  th e  v e lo c i ty  vt =  5  k in /s e c  fo u n d  fro m  

th e  c u r v e  o f  g r o w th .
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stars. Calculations whieh take account of the therm al motion of the 
electrons show th a t, for hot supergiants, the influence of this effect may 
be noticeable; the electron scattering increases the in tensity  of radiation 
in the central p arts  of the lines and decreases it in the wings.

4. The Balmer series in (he sped ra  of stars. We now pass to the 
in terpreta tion  of the line eontours of the Balm er series in the spectra 
of stars. These lines, as was sta ted  a t the end of C hapter 11, arc usually 
broadened by interatom ie electric fields. The broadening due to colli
sions does not play any p a rt in this case. The problem  of broadening 
b}' radiation dam ping can be settled  by a comparison of the absorption 
coefficients given by formulae (11.119) and (11.56) for a fixed distance 
from the line centres A7. =  / —7.0. In  the former, d{k is determ ined, 
according to (11.25), by the su m y £ +  y*, where i =  2 and k — 3, 4, 5 , . . .  ; 
here y2 and yk are given by formula (11.20). The value of yc can be 
taken  as zero, since we are a t p resent in terested  in rad iation  dam ping. 
Moreover, collision dam ping plays a negligibly small p a rt compared 
w ith “ s ta tis tica l” broadening. Also, in formula (11.56) we m ust in
troduce for F 0 the expression (11.54). Here, in accordance with Chapter 11, 
n m ust be taken  as the num ber of ions in 1 ein3 (it is no t yet eertain 
w hat p a rt electrons p la y ; see Section 11.8). Since the num ber of ions 
in 1 cm3 m ust be equal to the num ber of electrons in 1 cm 3, formula 
(11.56) can be rew ritten

(13.26)

where 7.—7.0 is expressed in angstrom s. We recall th a t (13.26) holds only 
for the wings of the lines.

A comparison of (11.39) and (13.26) shows th a t, in practice, the 
broadening of the Balm er lines is determ ined in the m ajority  of eases 
by formula (13.26). Thus, for example, for the line H y a t a tem perature 
of 10,000° and AX — 4 A, radiation dam ping begins to p lay  an im por
ta n t p a r t when pe ■< 10 bars; a t T  — 5000° this pressure is halved. 
However, in m any giants, and particularly  in the supergiants, the 
broadening of the lines of the Balmer series m ust be determ ined m ainly 
by radiation dam ping, and of course by the Doppler effect. These 
faetors, as is shown by calculation, should play the principal p a r t a t 
Te >  30,000° not only in the atm ospheres of supergiants, bu t also in 
those of stars of the main sequence. The broadening of lines by electric 
fields in the atm ospheres of stars with T e >  30,000° should be im portan t 
only for the higher’ term s of the series.

The idea th a t, in the m ajority  of cases, the lines of the Balm er series, 
particularly  its higher term s, are broadened by “ microscopic” electrie 
fields, and not by radiation dam ping, is confirmed by a num ber of 
facts, for instance:
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(1) I f  the line w idths of the Balm er series were determ ined only by 
radiation dam ping, then, by (13.25), the equivalent w idth IF* would 
decrease very rapidly with increasing serial num ber k of the  line. This 
follows because, for the  first four lines of the Balmer series H a, H „  
H y and H a, the oscillator strengths are respectively 0-637, 0-119, 0-0443, 
and 0-0212; for the high term s of the series the  oscillator strength  
diminishes as k 3. Also, when the num ber k increases, A*.; and /  decrease. 
Hence, if only radiation dam ping were present, even the H y line would 
have to be very narrow'. The observations show, however, th a t in the 
spectra of early-type stars the equivalent w idth of the lines of the 
Balm er series at first increases as we pass from H a to the higher terms, 
and then, having reached a d istinct m aximum , slowdy decreases. In  
the spectra of the  Sun and, in general, of stars similar to it in type, 
this m axim um  is considerably less pronounced.

These facts are easily explained in term s of the broadening of lines by 
electric fields. W hen the series num ber of the line increases, the num ber 
of split com ponents of the upper term  also increases (see Table 6), and 
in consequence the width of the line itself increases. Thus the observed 
relative constancy of the equivalent w idths of lines of the Balm er 
series is a result of two oppositely acting effects: the decrease of the 
values of f ikdik and the increase of the splitting of the upper level 
when k increases. The decrease of the equivalent width when k increases 
further, after the m axim um  m entioned, arises because fik decreases, and 
consequently the optical depth  in the central p a its  of the lines dim in
ishes. Hence, from some k onwards, this optical depth  will be less than  
unity, i. e. the lines are formed in an optically thin layer. In  conse
quence, despite the continuing broadening (with increasing k) of 
the line wings [formula (11.55) and Table 6], the depth  of the lines 
in the ir central p arts  diminishes, and this leads to a decrease in the 
equivalent width. Besides this, the overlapping of the line wings because 
of their close approach plays a part for high serial numbers. The law of 
variation of the coefficient 
of continuous absorption 
with frequency also plays 
a large part in the change of 
Hy with serial num ber. This 
law is different for stars of 
different classes.

H 20 H15 H13 H11 H10 H9

(2) The w idths of the 
lines of the Balmer series in 
the spectra of dwarfs are 
eonsidcrablj’g reater than  in 
those of supergiants. Fig. 36
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serves to illustrate this effect. In  it are reproduced m icrophotom cter 
tracings of lines of the Balm er series for a supergiant of class cA2 and 
an ordinary  s ta r of class A 2, obtained by G. A. Shain from spectrogram s 
taken  a t the 40 inch reflector of the Siineis observatory.

This effect is easily explained by means of formula (13.26). I t  follows 
from th is formula th a t the broadening by electric fields is the  greater, 
the g reater pe or ne. Consequently the pressure effect will be less in the 
atm ospheres of giants, where the to tal density, and therefore rie, is 
smaller th an  in dwarfs.

Typical contours of the H y line, obtained from spectra taken  w ith 
high dispersion, arc shown in Fig. 37. The do tted  line represents the 
contour of the H y line in the spectrum  of the supergiant Rigel (class cBS). 
The lower contour is th a t of the H y line in the spectrum  of £ Draconis, 
a main-sequence sta r of the same class.

Fig. 37

I t  is interesting th a t the form of the contours of lines of the Balm er 
series in the spectra of B -type supergiants exhibits small changes with 
time. Moreover, these contours sometimes have a slight asym m etry, 
which also varies w ith time. N othing like this is observed in the spectra 
of stars of relatively low lum inosity (for example, the stars of the main 
sequence). This indicates a very  unusual kind of structu re  in the atm o
spheres of supergiants.

W hite dwarfs also are characterised by a peculiar atm ospheric 
structure . Because of the very large density  of m a tte r in these a tm o
spheres, the lines of the Balm er series in the spectra of such stars arc 
extrem ely broad.

L et us now consider the quan tita tive  in terpreta tion  of the contours 
of the  Balm er series in the spectra of stars. Here, as before, the chief 
problem is to  find rjv as a function of T, p, pe and n. Since the existing 
theory of the cores of the Balm er lines is very incomplete, we shall 
consider only the wings of the lines. Assuming the static  case to hold, 
we can use form ula (13.26).
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The absorption coefficient s^, determ ined by formula (13.26), is 
referred to one neutral hydrogen atom  in the second quantum  state. 
L et there be n02 such atom s in 1 cm3. Then, from  (13.2), (13.3) and
(13.9), we find for the absorption coefficient referred to 1 gram  of total 
mass

=
0,2

‘H
(13.27)

the ratio n0 2- nn can be determ ined, T  and pe being known, by means 
of Saha’s and B oltzm ann’s formulae (5.11) and (5.54). For xv, the 
formula (13.17) m ust be used in the case of the solar atm osphere. In 
stars of class A 0, where the absorption is determ ined principally by 
neutra l hydrogen, (13.16) m ust be used, and so on.

The q uan tity  ev needs special consideration. For the  first few term s 
of the  Balm er series, a t no t especially high tem peratures, ev 1. 
In  this case, as before, plays a considerable p a rt only in the inner 
parts of the line, w ith which we are not a t present concerned. However, 
for fairly high tem peratures the  density  of radiation becomes so high 
th a t the  m ajority  of electrons which have m ade the transition 2 -»  k 
will then  be removed by radiation. This case corresponds to true selective 
absorption with e„ ^  1. The approxim ate equality  ev 1 holds for 
the higher term s of the  Balm er series even a t no t especially high tem 
peratures, since for these lines the binding energy xo.k is very small, 
and hence th e  probability  of photo-ionisation from  the level concerned 
is relatively high.

For the first few term s of the Balm er series in the spectra of fairly 
cool stars, we can take* ev =  0 w ithout noticeable loss of accuracy.

The construction of contours of the first few term s of the  Balm er 
series on the basis of formulae (13.26) and (13.27) has been performed 
by a num ber of authors, chiefly by m eans of the first two m ethods in 
Chapter 10. These calculations have led to  the  following conclusions. 
The general form of the theoretical contours, the w idths of the  lines, 
etc., are in satisfactory agreem ent w ith the results of observation. 
The best agreem ent between theory  and observation is found for the 
outer p arts  of the line wings. This shows th a t the sta tistical broadening 
by electric fields is the principal factor in the broadening of the Balm er 
lines. However, a more detailed comparison of theory  and observation 
reveals a num ber of im portan t discrepancies. Thus, in the inner p arts  
of the wings of the Balm er series in the spectra of ho t supergiants, 
theory  shows a steeper fall of r„ to the  centre of th e  line than  is found 
from observation. In  general, for the inner p arts  of the wings of the

* Some authors choose ev by nn experimental method, in which they seek to 
make the theoretical intensity [e. g. from formula (10.20)] in the centre of the 
line equal to the observed value.
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Balm cr lines, and particu larly  for the m ost central parts  of these lines, 
the agreem ent between theory and observation is very often unsatis
factory. The cause of the discrepancy is not yet quite clear. However, 
we m ay notice some of the factors which affect the result. F irstly , 
formula (11.56) and all those derived from it arc correct only for the 
purely sta tic  case where the perturbing particles (ions) arc s ta tionary  
with respect to the hydrogen atoms. Consequently, instead of form ula 
(11.56) the more exact formula m ust be used which takes account of 
the relative m otion of the perturbing and perturbed  particles (sec 
Chapter 11).

Furtherm ore, for the supergiants, the  effect of tu rbu len t motion 
m ay be very considerable; it influences most strongly the  central parts  
of the lines.

Finally, it m ust be borne in mind th a t the Balm cr lines arc subordinate 
lines. Hence the non-coherence of the  re-emission processes m ay be 
very im portant for these lines. This non-cohcrcnce should appear in 
two ways: firstly, the processes of ordinary scattering of the type 
2 -> I 2, where I >  2, are non-coherent (sec Fig. 24); secondly, an 
electron which has made the transition  2 ->■ I m ay fall back not to the 
level 2, bu t to  some other level, which m ay be the ground level. Similarly, 
an electron which has been raised to  a higher level I no t from the  second 
level, but from some other, m ay then make the transition  I 2, em itting 
a quantum  of the Balm cr series. Processes of the last two kinds (the 
interlocking of lines) lead, as it were, to  an  exchange of energy between 
spectral lines (see Chapter 14). These circumstances m ust be taken  into 
account in the fu rther developm ent of the theory  of Balmcr line contours.

The problem  of the central intensities in the lines of the Bahtier 
series deserves special atten tion . We shall consider it in the next chapter. 
Here, however, it is necessary to consider one im portant circum stance 
which is directly related to the contours of the Balm cr lines. Since the 
absorption coefficient is very large in the  central parts  of these lines, the 
observed rad iation  close to the frequency r0 will come from the  m ost 
superficial layers of the stellar atm osphere, where the to tal density, 
and consequently pe, is relatively small. Hence it m ay happen for 
sufficiently small pe th a t sv is determ ined no t by the broadening caused 
by the electric field, but m ainly by radiation dam ping combined w ith 
the D oppler effect, i. e. by formula (11.39). B u t since the form ation 
of the central p arts  of the lines is determ ined by the effect of a relatively 
small num ber of atom s, the contour in the line centre will be relatively 
narrow, in accordance w ith formula (11.39). Thus the contours of the 
Balm cr lines will in this case have the following form : on a broad 
contour formed by the interatom ic electric fields there should be 
in the centre a relatively narrow  line produced by radiation dam ping
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and tho Doppler effect. I t  is clear th a t such a “ com posite” contour 
should be most d istinctly  shown in the spectra of ordinary stars, and 
not in those of supergiants, since in the la tte r case the broadening of 
the lines by the electric fields is very much less clearly seen than  in 
the former.

G. A. S i i a i n  [143] first called a tten tion  to the possibility of the 
appearance of these “ com posite” contours in the spectra of stars. He 
established th a t such contours arc actually  observed for the Balmer 
lines in the spectra of stars of fairly small absolute lum inosity. The 
existence of such cores (of w idth of the order of 1 A) in lines of the 
Balm er scries is im portan t because observers, in measuring the radial 
velocity of a s ta r  by means of hydrogen lines, determ ine the position 
of these same cores, which correspond to the highest layers of the 
atm osphere. B y comparing the velocities thus obtained with those 
found from shallower lines (with smaller which arc formed at
sm aller heights, we can study  the relative motion of gases in stellar 
atm ospheres.

o. The determination, from lines of the Balmer series, of the accelera
tion due to gravity in the atmospheres of stars. W hen we have constructed 
theoretical contours of the Balm er lines for stars with various effective 
tem peratures T e and various accelerations due to gravity  g a t the 
surface, we can use these contours to determ ine the true value of g. 
To do this, we take some value for Te which is close to the effective 
tem perature of the given star, and compare the observed contour 
of some Balmer line with the sequence of theoretical contours for 
various values of g. The value of g which gives the best agreem ent 
between theory and practice is taken as the value sought. To obtain 
reliable results, the same m ust be done for o ther lines of the Balm er 
series also. Finally, a sim ilar determ ination of the value of g can be 
performed in term s of the to ta l absorptions (equivalent widths). For 
this purpose, the values of ]VX m ust first be calculated (again for a 
scries of values of rl \  and g) from  the theoretical contours which have 
been constructed.

The im portan t p a rt which the Balm er series plays in the determ ination 
of g is due to two circum stances: firstly, the dependence of sx on ne 
by formula (13.26) m eans th a t the dependence of the equivalent widths 
o f the Balm er lines on the value o f g is clearly m arked*; giants give a 
considerably smaller )VX and a contour com pletely different from th a t 
for dwarfs (sec Figs. 36 and 37). Secondly, both observation and theory 
show th a t equivalent w idths in the first few lines of the Balm er scries

* For lines of metals, the radiation damping plays a more important part at 
low densities. For this reason the dependence of the equivalent widths on density 
is considerably less.
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in the spectra of early-type stars depend much more m arkedly on g 
than  on rl \ .  Hence the error in the Te taken for the s ta r does not cause 
a noticeable error in the value found for <j.

In  comparing the theoretical and observed contours, agreem ent 
should be sought for the outer parts  of the wings, since in the inner 
parts, as we have said, the agreem ent between theory and observation 
is not satisfactory.

The m ethod of determ ining g which we have discussed is of practical 
im portance. I f  we assume th a t there is a one-to-one relation between 
the mass and the lum inosity for the stars for which we determ ine g, 
then  for a given T e there is a one-to-one relation between g and the 
lum inosity of the star. Thus the relation between 11% and g is 
converted into one between 11% and the s ta r ’s lum inosity. By this 
means the hydrogen lines can serve as a basis for determ ining spectro
scopic parallaxes. H aving found the s ta r ’s lum inosity from 11% and 
knowing its apparent m agnitude, we can determ ine the distance o f 
the star.

The determ ination  of g is equally im portan t for supergiants. Calcula
tions, bo th  by the above m ethod and by several other m ethods, have 
shown th a t the value of g found from absorption lines for these stars 
is considerably less than  the ordinary •‘dynam ical” value given by the 
expression

g =  G M /II- , (13.28)

where R  is the radius of the s ta r’s photosphere. For this reason we shall, 
call the value of g determ ined from spectroscopic da ta  the effective

acceleration due to gravity and denote it by <7eir.
The values of gfff for supergiants of classes 

cB 5 to  cA 3 have been determ ined by
G. A. ShaIn  [139] by comparison of theor
etical and observed contours. Fig. 38 shows, 
as an  example, this comparison for the H,,. 

Hfl line in the  spectrum  of Rigel, a supergiant 
of class cB 8. I t  was found for seven super-
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giants of these classes which were studied 
th a t log10 <7eff lay between 1-0 and 1-4, and
logjo g was about 3. The same estim ate for 
logic ge([ in the spectra of the supergiants 
studied by G. A. Shain* was obtained from 
m any lines of o ther elem ents also. Such a. 

small value of gpn- for the atm ospheres of supergiants m ust, in the 
opinion of G. A. S jia in , be due to  a very unusual atm ospheric 
structure . These atm ospheres m ust be extrem ely extended.
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Similar results (^e(I- <  <j) are obtained for supergiants of other 
classes also. In  particular, according to O. A. M el’nikov (see note in 
Section 12.7). this inequality  holds also for cepheids. In all these instan
ces, the atm ospheres of the stars are much more extended th an  would 
be the case for hydrostatic  equilibrium with the value of g determ ined 
by formula (13.2S).

However, the supposition th a t the small values of i/(>fr found from 
spectral lines are due only to the  great ex ten t of the atm ospheres of 
the  stars concerned involves some difficulties. In  a recent paper [83], 
0 . A. M el'nikov has determ ined the linear thickness of the atm ospheres 
of A-tvpe stars of various luminosities. H e finds th a t this thickness 
increases w ith the absolute lum inosity of the star. W hen we go from 
stars w ith M v =  -f  l m to those with M v =  — F>m, the thickness increases 
by a factor of approxim ately 100. I t  is also found th a t the ex ten t of 
the atm ospheres of supergiants of these classes is insufficient to account 
for the small effective accelerations due to  grav ity  7 ^  th a t are found. 
Thus there are m any points here which are still uncertain. I t  is therefore 
of particu lar interest to s tudy  the  spectra of such supergiants as the 
cool K  component of the system  £ Aurigae, where we can directly 
study  (sec Chapter 12) the distribution of density  in the  atm osphere 
of the Iv star. H ere the ra te  of decrease of the density of m a tte r is for 
m etals 1000 times less than  would be the case for hydrostatic  equili
brium.

Despite the uncertainties m entioned above (the case of A-type 
supergiants), we can assort th a t some force directed aw ay from the 
centre of the star, besides the gradient of the gas pressure, acts in the 
atm ospheres of the supergiants. Some authors suppose th a t  th is force 
is the  radiation pressure. I t  is more probable, however, th a t we are 
here concerned w ith forces similar to those which support the solar 
chrom osphere (see P a rt III).

G. A. Shain th inks th a t the extension o f the atm ospheres of super
giants is connected with the outflow of m a tte r from them . This is 
confirmed by a s tudy  of the displacem ent o f the lines of various elements 
in the spectra o f supergiants. Furtherm ore, the  extension of the  atm o
spheres of supergiants m ust be related to the “ tu rb u len t” m otions in 
these atm ospheres. However, it is not yet entirely cle.ar w hether tu r 
bulence is the cause of the extension of the atm osphere.

G. Helium lines. The distortion of contours by neighbouring lines. Let
us now tu rn  to helium lines. The broadening of these lines is mainly 
determ ined by pressure effects. This is shown by a series of facts. The 
m ost im portan t of these is the presence of forbidden helium absorption 
lines in the spectra of stars. For instance, in the short-w avelength
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wing of the allowed line of neutral helium 4471-0 23!*0 — 43D, the 
‘'forbidden” line 4469-9 23P° — 43F° is observed. The appearance of 
forbidden lines is a result of the  action of interatom ic electric fields 
on the helium atoms. The in tensity  of the forbidden lines should increase 
w ith the field F0, i. c. with the num ber ue. Thus this in tensity  should 
be greater in the  spectra of main-sequence stars th an  in the spectra of

supergiants, where pe is smaller. 
This is completely confirmed by 
the observations; sec Fig. .‘19, 
where the contour of the  lines 
4471-6 A and 4469-9 A is shown 
for stars of different luminosities, 
bu t approxim ately the same 
spectral class. In  the  spectrum  
of the supergiant o2 Canis Majoris, 
the forbidden 1 i nc 4470 A is absen t, 
while in the spectrum  of the  main- 
sequence star y  Pegasi it is fairly 
strong. W hen rj increases, the 
w idth of the  line 4471-6 A also 
increases, and th is also is a result 
of the increasing pressure effect 
when pe increases.

A nother fact which indicates 
the great im portance of pressure 
effects in helium lines is th a t all 
lines of the diffuse subordinate 
scries (P-D transitions) of ortho
helium and parahelium arc broad
ened, while those of the sharp 
subordinate scries (P-S transi
tions) arc narrow. These results 
arc related to the fact th a t the 
high D term s are split much 
more strongly by electric fields 
than  the S and P  terms.
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The principal question arising in the in terpreta tion  of helium line 
contours is w hether collision dam ping or interatom ic electric fields 
determ ine the broadening of these lines. Existing investigations, both 
observational and theoretical, show th a t the chief factor is apparently  
collision dam ping (the perturbing particles m ust be mainly protons). 
In  the broadening of helium lines by electric fields, the  displacem ent 
of the split com ponents should be asym m etric relative to the normal
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position*. Thus in. this case the absorption lines should also he asym 
metric. However, observation shows th a t, for example, the lines 4472 
and 43S8 A have an essentially sym m etrical contour, as would be the 
ease for collision broadening. Theoretical calculations also show 
th a t the width of the observed helium lines is determ ined bv collision 
dam ping. H ere the theoretical contours are slightly asym m etrical for 
fairly strong lines. This is due to the fact th a t statistical broadening 
by electric fields begins to appear in the wings, especially in their outer 
parts, and this m ust be greater, the g reater is g. A pparently  such 
‘‘s ta tis tica l” wings are to be seen for y  Pcgasi in Fig. 39.

However, the quan tita tive  investigation of helium line contours 
is as yet in an  unsatisfactory s tate . In  developing the  theory, it is 
necessary to take account of D oppler broadening (low atomic weight 
of helium) and of rad iation  dam ping, as well as of pressure effects. 
R adiation dam ping is particu larly  im portan t for the 21P° term , because 
of the  frequent transitions of electrons to  the ground level (this does 
no t happen for th e  trip let system).

The lines of helium (P-D) for which the dependence of the splitting 
on the field in tensity  is not quadratic but linear, form a special case.

The equivalent widths of helium lines also exhibit a dependence 
on the absolute m agnitude of the star, as m ay be seen, for instance, 
from Fig. 39. Hence helium lines also can be used to determ ine the 
value of g, though in this case the  dependence of Wx on g is much less 
than  for hydrogen lines.

In  concluding the discussion of hydrogen and helium lines, it is 
necessary to make the following rem ark. In  calculating the effect of 
electric fields on the broadening of these lines, wc are concerned only 
with interatom ic “ microscopic” electric fields. E lectric fields of 
a “ macroscopic” character which are large enough to  produec a noticeable 
broadening and displacem ent of absorption lines have not yet been 
discovered in the atm ospheres of stars, although the presence there 
of relatively small electrom agnetic fields can scarcely be doubted. 
On the contrary, the presence of a large m agnetic field (up to  5000 gauss) 
on the surfaces of some stars has been established beyond all doubt 
by H. \V. B a u c o c k  and others. In  m any of these stars the m agnetic 
field is variable, changing sign periodically, and these changes are 
accompanied by variations in the intensities of some absorption lines. 
The question of the nature of the general magnetic fields on the surfaces 
of stars is so far unsettled. The most recent survey of this topic is 
by H . \Y. B a u c o c k  and 'I'. G. C o w l i n g  [14],

* T h i s  i s  t h e  e a s e  i n  g e n e r a l  w i t h  t h e  q u a d r a t i c ,  b u t  n o t  w i t h  t h e  l i n e a r ,  S t a r k  
e f f e c t .
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The general ideas of the theory  of absorption-line contours which 
we have considered have related  to stars in a steady state , and the 
broadening of the lines was determ ined mainly by the  properties of 
atom s and the interaction between them  (pressure effects). Besides these, 
there are other factors which lead to distortion of the  “ norm al” contours. 
One of these (“ turbulence” ) we have considered. As well as being the 
effect of turbulence, d istortion of absorption-line contours is produced 
by neighbouring absoqjtion lines, and also by the ro tation of stars 
and th e  outflow of m a tte r from them . However, the la tte r  effect is 
large only for non-steady stars and in general for stars w ith spectra 
o f unusual character, which we do not consider here.

We shall make a num ber of rem arks relating to the distortion of 
contours by neighbouring absorption lines. In  some cases (especially 
for la te-type stars) this effect is very considerable. In  particular, in the 
p a rts  of the  spectrum  (chiefly in the ultra-violet) where there is a strong 
concentration of lines, the m utual overlapping of the wings of neigh
bouring lines not only d istorts the lines themselves, bu t m ay produce 
a  general weakening of the  continuous spectrum  in these regions.

In  studying the contour of a line (1) which is d istorted  by another 
line (2), i t  is necessary to begin from the general equation of transfer
(9.20). H ere it m ust be remem bered th a t the  absorption coefficient av 
in the given frequency, by virtue of the additive nature of the energy 
absorbed, is the sum of the coefficients crV|1 and o„<> relating to the two 
lines. This, of course, introduces a com plication into the theory, since 
th e  quantities rj„tl and rj,,# m ay vary  w ith frequency and depth  in 
different ways. I t  m ust also be borne in mind th a t, if the distorting 
line (2) is formed as a result of true  selective absorption processes 
(i. e. f„ =  1 for it), then crv2 plays the same p a r t as the coefficient of 
continuous absorption.

If, for exam ple, in the wing of the stronger line (2) a faint line (1) 
is observed, this means th a t the fain t line arises in relatively super
ficial layers o f the stellar atm osphere, since the wing of the line (2) 
prevents any radiation from emerging from th e  lower layers o f the 
atm osphere. By com paring such lines with lines which are not weakened 
by o ther lines, we can draw  a num ber of im portan t conclusions con
cerning the physical s ta te  (and chemical composition) of various layers 
of the  stellar atm osphere.

The absorption of radiation beyond the  lim it of the Balmer series 
plays a similar p a rt in the  spectra of early-type stars. H ere the coefficient 
o f continuous absorption is so large th a t we are observing radiation 
coming from practically the outerm ost layers of the star. Hence the 
absorption lines in th is spectral region will be weakened. From  a com
parison of absorption lines lying up to and beyond the limit of the
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Bnlmcr series, we can again draw  a num ber of im portan t conclusions 
concerning the physical s ta te  (and chemical composition) of various 
layers in stellar atm ospheres. However, this subject has so far not 
been much developed.

7. The rotation of stars. To conclude the present chapter, le t us 
consider the distortion of absorption-line contours owing to the ro tation 
of stars. This ro tation  causes a broadening of all the  absorption lines 
in a s ta r ’s spectrum , since the  different p arts  of the visible surface 
of a ro tating  s ta r move with different velocities relative to the observer. 
Hence the absorption line for each elem ent of the  s ta r ’s visible disc 
will be displaced by a definite am ount owing to  the Doppler effect. 
On observing the whole disc of the star, we find a broadening of the 
line. The greatest ra tes of ro tation  are encountered among early-type 
stars. For binary system s, the ra tes of ro tation  of the com ponent stars 
arc statistically  the  greater, the shorter the  period of revolution of the 
system  and the  greater the  radial-velocity am plitude K  of the system .

The m ain problem  of the  theory of absorption lines d istorted  by 
ro ta tion  is the comparison of theoretical contours with observation in 
order to  determ ine the  ra te  of ro tation  of the  star. This problem was 
first solved by th e  work of G. A. S i i a i x  and 0 . S t r u v e  [147].

The following m ethod has been the one m ost used to determ ine the 
ra te  of ro tation  of a s ta r from a comparison of the theoretical and 
observed contours. I t  is a developm ent of the theory evolved by G. A. 
S h a i n  and 0 . S t r u v e . 'To construct the  contour of any  line in the  
spectrum  of a ro tating  star, we take, as an initial contour, the observed 
contour of the same line in a non-rotating s ta r of the same class. Then, 
giving various values to the  equatorial velocity of ro tation  of the 
star, we construct for each of these 
values the theoretical contour d istorted  
by ro tation . By com paring the  observed 
contour of the same line in the  spectrum  
of a ro ta ting  s ta r  (of th e  same class) 
with the constructed sequence of theo 
retical contours, we find the  speed of 
ro tation  v of the star, or, more precisely, 
the value of v sin i, where i is the 
angle between the line of sight to the 
s ta r  and its axis of ro tation  (see below).

In  connection w ith the  above we now consider how we can pass 
from the  contour in a non-rotating sta r to the contour d istorted  by 
rotation. We place the origin of a system  of rectangular co-ordinates 
£, ?], £ a t the centre of the star, with the £ axis tow ards the observer 
(Fig. 40). The angular velocity vector <o is, as usual, directed along the

1*1 A>lropliysics
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axis of ro tation  of the star, while the ij axis is so placed th a t the vector o> 
lies in the f  ?j  plane. In  this case, the vector to has the components

io =  {0 , co sin i, a> cos i } , (13.29)

where, as was said above, i is the angle between the line of sight to the 
star and its axis of rotation.

The position of any point on the surface of the star is defined by 
the vector

t =  { £ , V, £}• (13.30)

Also, the linear velocity vector of this po int is

v ■= io A r . (13.31)

Consequently, the com ponent of this velocity in the  line of sight, i. e. 
along the £ axis, is

v * =  cuf rj  —  con £ =  — £ co sin i , (13.32)

since cô  =  co sin i, and co$ =  0. We see from (13.32) th a t the radial 
velocity of the separate points on the visible disc of the s ta r depends 
only on the co-ordinate £. Consequently, each elem ent of an infinitely 
narrow  strip, parallel to  the ?; axis, on the visible disc of the s ta r has 
the same radial velocity.

According to (11.30) and (13.32), each point of a contour correspon
ding to a strip  between £ and £ +  (if is displaced from its position in 
a contour not d istorted  by ro tation  by an am ount whose absolute 
value is

A X  =  X  —  X 0 =  ^ £ co sin i . (13.33)

If, further, R  is the radius of the  star, then  (13.33) can be rew ritten

A X  =  X  —  X 0 =  * j {  v sin i , (13.34)

where v — co R  is the  linear velocity of ro tation of the s ta r ’s atm osphere 
a t the equator. H ere v sin i is the  radial velocity a t  the equator for 
the points £ =  R.

Let us now obtain an expression for the in tensity  of rad iation  a t 
any point of a contour d istorted  by rotation. We shall take the radius 
of the s ta r as unit}'; the extrem e values of £ and r\ will then be i  1. 
Let I ( £ ,  i X — ?.0 ) be the  in tensity  o f radiation on the dise of a non
rotating s ta r a t a point with co-ordinates £ and t] and a t a distance 
X  /q from the centre of the line. If the s ta r is ro tating , the whole 
line contour a t the point ( £ ,  r j )  is displaced by an am ount A X .  d e te r
mined by formula (13.34).
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We m ust now introduce /.0 ^  A). into the expression for the in ten 
sity  I in place of / 0. The energy sent out to  the observer by the element 
d£ d?7 of the  stellar disc in 1 second inside unit solid angle, in the wave
length in terval from /. to  /  +  dA, is

7], /. —  / 0 1 ± 1 sin i d£ drj d / , (13.35)

If  the in tensity  of the  continuous radiation were constant over the 
entire disc of the star, and the line contour had the same form a t every 
point of the disc, then, by (13.35), the value of I  for a given £ would 
be independent of This condition is no t fulfilled for actual stars.

In  order to obtain the energy em itted  by the whole disc in the 
given w avelength, we m ust in tegrate (13.35). As a result, we obtain 
for the  energy referred to  unit wavelength interval

I /(!-{ ’)

* ' - * / {  /  ' ( « • * *-1 0
--- /■o 1 ± v sin i d ? ; ) d £ .  (13.36)

The calculation of E x for given v sin i and /. is performed as follows. 
We divide the  visible disc of the  s ta r into a series of narrow  strips 
parallel to  the rj axis, and for each of these strips (of w idth Zl£) we 
calculate the value of

K(i —{*)
{ /  i A n  } ^ f .

0

The sum m ation of all such elements is then  effected. To calculate the 
qu an tity  in braces in (13.36) we use the intensities /(£ ,?;) for the ease 
of a non-rotating* star, bu t for a given /  we take the point in the contour 
which corresponds to a distance / —A) [1 i  (£/c) v sin i ] from the 
centre of the line. We carry  out a similar procedure for o ther X also, 
and as a result the line contour d istorted  by ro tation  is found.

In  calculating E x from formula (13.36) it m ust be borne in mind th a t 
in general there is a darkening to  the limb of the s ta r ’s disc in every 
wavelength. We shall assume th a t the line contour is the  same over 
the whole disc of the star, i. e. th a t the dependence of rx on /. is the sam e 
a t all points of the disc. In  this ease the initial in tensity  d istribu tion  
within the line for any point £, i] of the stellar disc, i. e. the function 
/(£ , 7— )^), is

/(£ , 7h ?.-7.0) =  0(A,0) / (0 ,0 ,; .—A0) , (13.37)

* The case where the gravitational effect (see below) is important forms an 
exception. Here the figure 2 before the integral in (13.3G) must be removed, and 
the integration over i] is from — | (1 — | 5) to ) (1— £2).

13*
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where &(?.,0) is the  law of darkening of the s ta r ’s disc for the given 
wavelength, sin 0 being ] (£'- +  ?;2). The function <!>().,0) ph 
within the line is practically  constant. For some eclipsing variables it 
can be determ ined from observation. The appropria te calculations show 
th a t the  effect of lim b-darkening is generally small.

If  the contour itself changes with distance from the centre of the 
disc, then the calculations are more laborious. However, it has not 
h itherto  been necessary to take this factor into account.

A t very high velocities of ro tation the  gravitational effect has to be 
taken  into account; it operates as follows. The general theory  of ro tating 
stars shows th a t the flux z i l lv a t the surface of a s ta r  which ro tates 
as a rigid body is proportional to the  effective acceleration due to 
grav ity  a t  the point. Consequently, the  effective tem perature a t the 
poles m ust be greater th an  a t  the  equator. Thus, the s ta r ’s ro tation 
in this case alters the energy distribu tion  over the s ta r ’s disc. Since 
in general the angle i is neither 0° nor 90°, there  will be an asym m etry 
in the  energy d istribution over the s ta r ’s disc, relative to the ££ plane. 
However, the gravitational effect causes an appreciable d istortion of 
line contours only for velocities of ro ta tion  so large th a t the centrifugal 
force a t the  equator is of th e  same order of m agnitude as the  force 
of gravity . Finally, the  differential effect of ro tation  m ay play a con
siderable p a r t in the  case of ro ta ting  stars, since the  outer layers of the 
s ta r  m ay have different velocities a t different latitudes. This is so’ in 
the  case of the Sun, as is well known.

As an application of formula (19.90), we give in Fig. 41 the  contour 
of the line H e I  4026 A as d istorted  by rotation. The contour with 
v =  0 is the  contour of the  line 4026 A in the spectrum  of the non-
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rotating  sta r t Herculis. The theoretical contours are calculated for 
the case where limb-darkening is absent. To take account of this effect 
would cause little fu rther a lteration ; it would make the contours a 
little  deeper and less broad. We see th a t, as v sin i increases, the contour 
is raised and broadened, while the  equivalent w idth of the  line is not 
affected by the s ta r ’s rotation.

G raphs of the type shown in Fig. 41 form the starting-point for the 
determ ination  of v sin i from observed contours. To compare the theor
etical and measu redcontours, they  m ust be reduced to the  same equi
valent width. I t  m ust be em phasised th a t by the  m ethod described we 
determ ine not i\,q but (v sin i)er|. Finally, it m ust be s ta ted  th a t, in the 
m ethod of determ ining (v sin r)cq which we have explained, it is not 
necessary to  take  account of instrum ental distortion if the original 
contour and the  observed contours, d istorted  by rotation, are obtained 
with the  same instrum ent. I t  is evident th a t the effect of ro tation 
operates more strongly on the  deeper lines than  on those which are 
shallower and  more obliterated. This is one of the  criteria which enable 
us to  decide w hether the  s ta r is ro tating  or not. Besides th is there are 
o ther criteria. For example, the ro tation  of a s ta r causes a broadening 
of all the absorption lines. Also, the  broadening of the lines in the 
spectrum  of a ro tating  s ta r increases, roughly speaking, proportionally 
to the w avelength [see (13.34)]. F inally, rotation, unlike m any other 
effects, has no influence on the ratios of the equivalent w idths.

A t the  present tim e a fairly  large am ount of m aterial has been 
accum ulated on the values of v sin i. I t  has been ascertained th a t in 
some cases these values can be very  large. Thus, among stars of class B, 
we find some for which v sin i reaches 400 km/sec. S tars of class B for 
which v sin i exceeds 200 to 300 km/sec are not infrequently  m et with. 
The greatest velocities of ro tation  belong to stars of class Be. For some 
of these, v sin i exceeds 500 km/sec. S tars of the la ter classes ro tate 
with considerably smaller velocities. Thus, the linear velocity of ro 
ta tio n  of the Sun a t the  equator is only 2 km/sec. Cases of rapid ro tation  
in stars of late spectral classes are exceedingly rare. They occur m ainly 
among stars of W Ursae Majoris type, which have shallow lines in their 
spectra, and these arc certainly d istorted  strongly by rotation. The 
G-type s ta r H D  117555 also should perhaps be regarded as a rapidly 
ro tating  star. The H a line in its spectrum  is bright. The equatorial 
velocity of ro tation  for this s ta r is 75 km/sec.

The accum ulation of reliable d a ta  on the values of v sin i, for as 
m any ro tating  stars as possible, is a very  im portan t task  of theoretical 
and  observational stellar spectroscopy.

In  conclusion, we m ay rem ark th a t in the  spectra of eclipsing stars 
an asym m etric distortion of the lines is observed; this is fully explained
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by the ro tation  of the eclipsed sta r of the system. W hen we see behind 
the  eclipsing star one of the limbs of the disc of the ro tating  eclipsed 
star, the approach (or recession) of this limb to (from) the observer 
displaces the absorption line in only one direction, and since we see 
a finite port ion of the disc, corresponding to various f  v sin i, the resulting 
line will be asym m etrical.
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Chapter 14. The variation of absorption-line contours 
from the centre to the limb of the solar disc. 

Non-coherent scattering. Central residual intensities

1. The variation of absorption-line contours from the centre to the 
limb. Interlocking. The analysis of absorption-line contours at different 
points on the solar disc is the principal m ethod of testing the theory of 
absorption lines in the solar spectrum . For in this case we arc exam i
ning in different directions the layers which form the lines, i. c. wc are 
introducing a new variable 0 into the problem. B y this means we can 
test w hether we have found the correct d istribution with depth of the 
various characteristics of the  atm osphere. These include the form of 
the interaction between radiation and atom s. For example, by studying 
line contours a t different points of the solar disc, we can find which 
process (scattering or true absorption) plays the chief p a r t in line for
m ation a t various levels. By this means, for instance, we were able to 
establish a t the beginning of Chapter 9 th a t in the solar atm osphere 
strong lines, a t  least, are formed by scattering of light.

Let us assume th a t, s tarting  from definite hypotheses and using 
param eters chosen in the proper manner, wc have obtained complete 
agreem ent between the theoretical and observed contours a t the centre 
of the solar disc. Then a comparison of the results of theory  and ob
servation for various points of the disc is a test of the original theoretical 
assum ptions and param eters. This m ethod is also applicable to  eclipsing 
variables. H ere the lines in the spectrum  of the eclipsed sta r both 
during and outside eclipse m ust be studied.

In  order' to study  the contour of any absorption line a t  various 
points of the disc, we m ust solve the equation of transfer (10.2) or
(9.22). E quation (10.2) can be rew ritten

d / (0,Tr)/ilTv — 1 v(0,tv) (1 +  )]v) sec 0 +

+  [./„ ?7,.(1—f,) +  # , ( l  +  >7,. r,.)] sec 0 = 0 ,
(14.1)
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i. e. we have here an equation of the form (3.20). According to (3.21), 
th e  solution of equation (14.1) can be w ritten down as

1,(0,rv) =  A v exp [sec 0 j  (l +  ^ )d /,,]  +
0

Tv oo

+  exp [sec 0 f  (l +  ̂ J d / J  f  [(1— ev) rjv J v +  (14.2)
0 TV

K
+  (1 + £ „  Tjv) B„] exp [— sec 0 j  (1 +  t]v) d<„] sec 0 d tv ,

o

where A v is a constant of integration. Proceeding as in the  derivation 
of (3.3G) and (3.37), wre find th a t A v = 0 ,  and consequently the  em ergent 
in tensity  I v(0,0) a t the  boundary of the atm osphere is

I r(0,0) =  f  [(1 — ev) i]v J v +  
o

h
+  (1 +  ev j7„) By] exp [—  sec 0 J (1 +  ?/„) d<J sec 0 d tv.

o

(14.3)

D enoting the corresponding in tensity  in the continuous spectrum  in 
the frequency v by /,,°(0 ,0) and pu tting  in this case r\v — 0, we find 
for the residual in tensity  rv(0), a t the  point of the disc considered, 
the  expression

rv(0) =  I v(0, 0 ) / /v°(0. 0)
OO
J  [(1 — f„) nvJ v 4- (1 +  F„ nv) / i jc x p [  — secO f  {1 +  »?„) cl<„] see 0 (14.4)

_  0 *0
co

f  J{v e~ l<’scc0 sccO dtv 
o

Thus, in order to  find the  dependence of r„ (0) on the frequency for 
various given 0, we need to know the  dependence of the  quantities 
By. J,., ?/„ and e„ on the optical depth. We have already discussed in 
detail, in Chapters 10 and 13, how this is to be found for B v, J v and 
The dependence of ev on the depth will be considered a t the  end of the 
present chapter. In  the m ajority  of cases the integrals in (14.4) are 
calculated by the m ethod of numerical integration. However, in some 
cases the value of rv(0) can be obtained in closed form. For example, 
for the  m ethod explained in Section 10.2, the functions J y and B v 
can be taken from formulae (10.12) and (8.10) respectively, where Cv
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is determ ined by the expression (10.17), and the param eters pv and ev 
arc constant throughout the photosphere. Effecting the  elem entary 
integration, we obtain  for ry(0)

where qv is given by the expression (10.9).
The expression (14.5) for rv(0) can be considered separately  for 

scattering alone (ey =  0) and absorption alone (ev =  1) and the resulting 
contours compared. Such a comparison shows th a t, w ithin the wings 
of the lines, the residual in tensity  (for a definite wavelength in the line) 
and its law of variation  from the centre to the limb of the solar disc are 
alm ost independent of the value of e„, i. e. of w hether the absorption 
line (or more precisely its wings) is form ed by scattering of radiation 
or by true  absorption.

I t  is also of in terest to  compare the dependence of r„(0) on the 
angle 0 for two models, th a t  ju st considered and the simple model of 
C hapter 9, in which the  s ta r ’s atm osphere is divided into the  “ reversing 
layer” and the  “photosphere” . For scattering, the value of r„(0) is 
given by formula (9.24); for absorption, the corresponding form ula can 
be derived by separating off some region between the lim its r„ =  0 
and t v =  r Vti in the photospheric models of Chapter 3. The absorption 
lines are to be form ed in this region.

A comparison of these models shows th a t the variation of the in ten 
sity  of the wings in passing from  the centre to the limb of the disc of 
the s ta r (or of the Sun) is very different in the two cases, this result 
being true both  for a scattering mechanism and for an absorption 
mechanism. In  other words, the variation of the contour in the line 
wings in passing from  the  centre to the limb of the disc depends m ar
kedly on the structu re  of the stellar atm osphere.

Finally, in the eentral p arts  of fairly strong lines, the variation of 
rv>(0) w ith the angle 0 should depend very  m uch on w hat is the main 
process for these frequencies, absorption or scattering. Thus, for instance, 
in the  first case I Va{0) is elose to B V{T0) for all 0 and depends only 
slightly on 0, while in the case of scattering the in tensity  I Vt{0) varies 
quite differently with 0.

L et us consider briefly some of the principal observational results 
regarding the law of varia tion  of line contours over the  solar disc. 
For strong lines the m ost usual relation is th a t, a t the extrem e limb 
of the  disc (in practice, for It 0-995 Hq ), the values of rv(0) throughout 
the contour are g reater than  the corresponding rv(0) a t the centre of

(14.5)
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the disc (cf. Figs. 23 and 35). In  general, the variation of the  contour 
over the whole disc (from R  =  0 to R =  0-995 R q ) is often very complex 
and is not the same for different lines.

The equivalent w idths of f a i n t  lines, whose contours arc instrum ental 
in nature, usually increase tow ards the limb, but a t a certain distance 
from the centre of the disc a m axim um  is reached, and then  the equi
valen t w idth decreases again. For very faint lines, the increase of 
is apparently  m aintained up to  the limb itself. In  this respect very 
fain t lines are sharply distinguished from strong lines, where W% is 
less a t  the limb than  a t  the  centre. The central residual intensities 
of fain t lines, unlike those of strong lines, arc practically  the same 
over the whole disc of the Sun.

L et us now examine the results of quan tita tive  comparisons between 
the  general theory  which has been explained above and the observations. 
In  Fig. 35 we have already given an instance of such a comparison, 
from  which a satisfactory agreem ent is seen to exist between the theore
tical and observed contours, although there are also definite discrepancies. 
The conclusion th a t there are definite discrepancies between theory 
and observation follows also from  the m ajority  of other work on the 
variation of contours over the solar disc*. This divergence is found both 
for strong lines (particularly  in the u ltra-violet region of the spectrum ) 
and for fain t lines.

The cause of these discrepancies m ight be supposed to lie in the 
insufficiently exact calculation of the integrals on the right of (14.4); 
rejecting the various simplifications such as, for example, r]v — constant, 
B v =  ay +  bv ty, cte., we m ight a ttem p t to refine the m ethods of 
calculation of these integrals. In  particular, the d irect m ethod discussed 
a t the end of Chapter 7 m ight be used to  find the relation between 
By and tv. Furtherm ore, the variation of 7v(0 ,rv) with 0 can be taken 
into account fairly exactly in deriving the  dependence of J v on r v, 
and so on. However, all these im proved calculations, though few have 
been perform ed as yet, show th a t the use of the expression (14.4) cannot 
give a sufficiently satisfactory agreem ent between theory  and obser
vation. I t  is true  th a t the existing observations still need fu rther re
finement. The results obtained by different observers are usually some
what discordant. However, the discrepancies between theory  and ob
servation exceed the possible errors in the la tter.

F a in t lines form a special case. Observations during eclipses have 
established th a t  these lines are observed as absorption lines a t points 
on the extrem e limb of the solar disc, where they ought to change 
into emission lines (see Chapter 21). This fact could be explained by

* Sec [HlS, § 113] for a detailed discussion of such investigations and of the 
discrepancies found.
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(e. g.) an unevenness of the  Sun’s surface, owing to which we observe 
radiation emerging from p arts  of the solar surface which are oriented 
somewhat differently with respect to the observer. Consequently, 
even where, for a “sm ooth” surface, we should expect 0 ss i tz, there 
are regions with an effective 0 differing from this value. This, of course, 
reinforces the absorption lines a t the limb itself.

Let us re tu rn  to  strong lines. The im possibility of reconciling the 
results of applying the  very general formula (14.4) with observation 
compels us to  conclude th a t the initial assum ptions behind this formula 
are not completely accurate. We recall th a t this formula follows directly 
from the equation of transfer (0.29). A t the same tim e, the principal as
sum ption in this equation of transfer is th a t the re-emission within 
absorption lines takes place w ithout change of frequency. In  other 
words, each absorbed quantum  is re-em itted in the same frequency. 
Let us now consider how far this assum ption is justified.

We first consider re-emission processes for transitions whose lower 
level is not the  ground level. The im portance of this case lies in the fact 
th a t in such transitions subordinate lines are formed, and there are 
m any more of these lines in stellar spectra than  there are resonance 
lines. The form ation of subordinate lines differs from th a t o f resonance 
lines, which s ta rt from the  ground level, in the  following ways (see Fig. 24):

(1) A fter the absorption of a quantum  by an atom  as a result of the 
transition  k —> Z, the electron may fall to a quite different level, say 
the ground level, where i =  1. in  this case, the frequency of the re- 
em itted  quantum  will be to tally  different from th a t of the absorbed 
quantum , and the  radiation corresponding to  the transition  k —> I 
(i.e. to the coefficient j v) will be a ttenuated . However, transitions in the 
opposite direction, of the type 1 —> Z —> k , will contribute to the s treng then
ing of the re-emission in the frequencies corresponding to the transition 
k —> Z. Thus the energy balance in a subordinate line (k —> I transitions) 
can be com puted only by taking account of the relation between this 
line and o ther lines having the upper or lower level in common with 
the given line. In w hat follows we shall call this the interlocking effect.

(2) The lower level of a subordinate line is not sharp. Hence, after a 
quantum  hr' has been absorbed bv the atom , the electron which has 
made the transition  k —> Z can fall back to  the same level k bu t to a 
different (energy) elem ent of this level, as a result of which a quantum  
h v" will be em itted which differs slightly from the absorbed quantum  
hv'. In  this case we shall call the re-emission process non-cohcrcnl, 
bearing in mind th a t the concept of non-coherence here refers to the 
frequency, and not to the phase. I t  is clear th a t the phase remains the 
same during the re-emission process considered (in the absence of such 
factors as, for instance, collisions).
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The interlocking effect has been studied by a num ber of authors. 
I t  m ay be somewhat different in character for each subordinate line, 
since the scheme of lines connected with different lines m ust in general 
be different. W ithout taking account of non-coherence in frequency, 
the interlocking effect for any line can be investigated on the basis of

the balance between the num ber of transitions in the given line, allo
wing for the m ost im portan t lines connected with it. This balance makes 
it possible to calculate the ratio of the  num bers of atom s in the upper and 
lower states, and thereby the variation of j v due to  the interlocking effect. 
As an example of the calculation of interlocking (neglecting non- 
coherence), let us consider one of the m ost im portan t lines in stellar
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spectra, the H z line, which begins from the second level. I t  m ay be 
assumed th a t th e  preponderant p a rt of the absorption processes leading 
to  the form ation of the H., line correspond to  the transitions 2 p -> 3 s 
and 2 p -> 3 d. The 2 s 3 p transitions are few in num ber compared 
with these (hig. 42). On the o ther hand, having arrived a t the II s or 
3 d level, the electron will usually re tu rn  to  the 2 p level again, since 
th e  probability  of upw ard transitions from the 3 s and 3 d levels is small, 
for fairly cool stars, compared with th e  probability  of some transition  
3 -> 2. The transitions 3 s -»  1 s and 3 d —> 1 s are forbidden by the 
selection rules for the azim uthal quantum  num ber. Thus, the  in ter
locking effect for the ease considered (the H a line) is connected onty 
with the  processes 2 s —> 3 p (which can lead on to the  transition  3 p 
1 s, i. e. the emission of a Lym an /? quantum ). Hence, on account o f 
the relative ra rity  of 2 s -> 3 p transitions, the effect considered is not 
so large as m ight appear a t  first sight.

2. Xon-cohercnce of scattering processes. We have now considered 
the interlocking effect for a line of the  Balm er series and have shown 
it to  be small. However, in o ther cases it m ay be more considerable. 
We m ust sim ultaneously take  into account the effect of non-coherence, 
as well as of interlocking.

For iion-colierent scattering of light, the  fundam ental expression 
(9.5) for th e  emission coefficient j v

jv — O'v
do) 
4 71

m ust evidently be replaced by the following [155]:

h (I l v. p (r, v’, y) <Jy' d r '
4  71

(14.6)

(14.7)

where p ( r , v ' , y ) d r  is the probability  th a t radiation of frequency r ' 
is scattered  into the frequency interval from v to  v +  d r, in a direction 
making an angle y  w ith th e  original ray.

The im portance o f non-coherent scattering processes in stellar 
atm ospheres has been discovered only very recently. Tn particular, it 
has been found th a t non-coherence (in both frequency and phase) 
exists for resonance lines also. Let us consider the reasons why non- 
coherencc, both for subordinate and for resonance lines, m ay occur.

(1) Non-coherence arising from therm al, tu rbu len t and other motions 
of the absorbing and em itting atoms. In  general, the com ponents of 
the  velocity of the moving atom  in the direction o f m otion of the ab 
sorbed and em itted  quan ta are not the same. Hence the frequencies of the 
absorbed and em itted quanta m ust in general be different, even if the sca t
tering by sta tionary  atom s of the kind in question is com pletely coherent.



2. Xon-coherence oj scattering processes 205

(2) Xon-cohcrcnce due to the broadening of the lower level. This 
applies m ainly to subordinate lines*. H ere the m agnitude of the re- 
em ittcd  quantum  h v" is in general (see Fig. 24) different from th a t of 
the absorbed quantum  hv'. I f  a strong radiation field is present (very 
hot stars), the ground level also m ay be broadened [see formula (11.20)]. 
In  this case the coherence is destroyed for resonance lines also.

I t  is of in terest to rem ark th a t, in the case we are now considering, 
the following restrictive condition on processes of emission and absorp
tion of quan ta exists: in the  given line, the sum of the  values of hv  
for all quanta absorbed by the atom  in a sufficiently long tim e m ust be 
equal to the sum  of the values of hv for all quanta re-em itted  by th is 
atom . This condition, of course, follows from the law of conservation 
of energy.

B oth  the eases of non-eolierenee described above relate to  non
coherence only in frequency, since the continuity of the wave process is 
not here destroyed.

(3) Non-eoherenee caused by pressure effects. This factor is apparently  
the m ost im portan t one in stellar atm ospheres, since, as we have seen 
in Chapters 12 and 13, the broadening of the levels of atom s in stellar 
atm ospheres, w ith the possible exception of supergiants, is largely 
determ ined by pressure effects. A consideration of these effects shows 
th a t, in the ease in question, the re-emission of the absorbed quanta 
m ust be com pletely non-coherent in both frequency and pJiase. This is 
m ost easily seen for the ease of statistical broadening. If, for instance, 
the process of absorption of a quantum  by an atom  takes place a t a 
m om ent when there is a perturbing particle close to  the atom , the fre
quency of the absorbed quantum  xvill differ from th a t of a quantum  
absorbed in the absence of the perturbing particle. A t the m om ent 
when the electron returns to  its original level, the perturbing particle 
m ay be so far from  the atom  th a t the frequency’ of the em itted  quantum  
is different from th a t of the absorbed quantum . The difference (excess 
or defect) of energy between the absorbed and em itted quan ta goes 
to increase (or decrease) the energy7 of the perturbing particle, whose 
kinetic energy7 (at infinity7) will now differ from its original value by7 
exactly7 the difference in energy7 of the absorbed and em itted  quanta 
(if, of course, the absorbing atom  returns to its original s ta te  and non- 
eoherenee in the unperturbed atom  can be neglected).

In  this ease, the frequencies of the absorbed and em itted  quan ta 
are completely7 independent, and the re-emission of quan ta  is completely7 
non-eoherent. These results are applicable, for example, to the broadening 
of hy7drogcn lines by7 interatom ic electric fields. The ease of line 
broadening by collisions is similar to th a t of sta tistica l broadening.

* The interlocking effect is also significant for subordinate lines (see above).
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I t  follows from the above th a t, in the presence of pressure effects, 
the frequencies of the absorbed and em itted  quanta m ust in general 
be different. Scattering processes are therefore completely non-coherent 
in the presence of pressure effects. Furtherm ore, the non-coherence here 
considered is non-coherence in both frequency and phase. In  fact (see 
Chapter 11). pressure effects arc caused by just the change in phase of 
the oscillations of the absorbing and em itting atoms.

Let us now consider how the equation of transfer should be modified 
in the presence of non-coherent scattering processes. H ere we shall 
consider only non-coherence caused by the effects of collision damping. 
We have seen in Chapters 12 and 13 th a t in m any cases these effects 
are the principal ones in the broadening of absorption lines.

In  this case, the scattering is completely non-coherent. This means 
th a t the frequency d istribution of the re-em itted quanta is independent 
of the frequency distribu tion  of the rad iation  which excites the atoms. 
Consequently, the frequency distribution of the re-em itted quan ta  is 
determ ined by the law (11.23), i. e. the energy re-em itted in com pletely 
non-coherent scattering should be proportional to ar, the absorption 
coefficient in the line*.

Let us now consider an actual example of the construction of the 
equation of transfer for resonance lines. H ere it m ust be taken  into 
account th a t  in general the broadening of these lines is determ ined 
both by pressure effects and by radiation dam ping. The rigorous sepa
ration of these two factors in writing the equation of transfer poses 
a problem as yet unsolved. However, if we s ta r t from the model of a 
classical oscillator, this separation can be performed as follows. L et the 
radiation dam ping constant for the given line be ycoh and the collision 
dam ping constan t yc. In  this ease the  absorption of radiation is d e te r
mined by the absorption coefficient (11.24) with <5,* — (yCoh +  yc)/4^> 
since y 1 ^  0 for resonance lines. Analysis then  shows th a t, of the energy 
absorbed, the fraction yCoh/(ycoi>+7c) *-s coherently rc-cm ittcd, i. c. the 
frequencies of the absorbed and em itted  quan ta arc equal, while the 
fraction yc/(ycoh +  ye) is com pletely non-coherently re-em itted, where, in 
accordance w ith w hat was said above, the frequency d istribu tion  of 
the rc-cm ittcd energy is identical with the frequency dependence of 

(or (T„).
The corresponding emission coefficient j v consists of two parts . 

The first pa rt, which corresponds to coherently scattered light, has the 
form

* Since the probability distribution laws mentioned arc the same for both 
emission and absorption processes.

(14.8)
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The second p a rt can be w ritten by starting  from the to ta l am ount of 
energy absorbed by one gram of m atter, which is

4ti [ a, dv' f • (14.9)

Of this energy, the fraction yc/(yCoh+7c) scattered non-cohercntly. 
Since we arc concerned w ith completely non-coherent scattering, we can 
write for the  second p a r t of j„

O',)non =  yco*C+yr a'-n J  dv' J  / r- , (14.10)

where <7,. „ is th e  absorption coefficient normalised to unity , i. e.

n =  ! /  o, d r  . (14.11)

(Here av is the  absorption coefficient in the  line, defined in the  usual 
m anner.) The integral of (14.10) over th e  whole line should give us the 
expression (14.9) m ultiplied by yc/{ycoh + yc) .

Consequently, if we take no account of true  absorption processes, 
the equation of transfer, instead of (9.30), takes th e  form

cos = ( x v+ o v) l A 0 ) ~

ff. _ f
_ [ ycohT’coh 4" yc | 1

j  dw , 7c
” 4;T f avdv.

a . d v '  f  1 , 1 “
(14-12)— xvBv.

The addition to the  right-hand side of (14.12) of additional term s with 
the factor e„ cannot be m ade w ithout a special analysis to find how 
far the  recom binations to th e  &th level can a lte r th e  second term  in 
the  braces in (14.12).

T he exact solution of the  equation (14.12) for the case y Coii— i. c. 
the solution of the equation

d /  ( 0 )  (7 r  r  d a i

COS 0 Td/< =  ^  7-( 0 ) _  J o  dv j  ^  dV’j  Jv' (14'13)

has been explicitly obtained by V. V. Sobolev [155]. This case is of 
great in terest since, as we have seen in Chapters 12 and 13, in m any 
cases wc actually  have ycoh <  yc .

The absorption line contours constructed on the basis f this solution 
become more broadened as we approach th e  limb of the disc; this 
agrees with the results of observation. The calculations of G. Munch for 
the K  line of Ca II , based on the  solution of equation (14.12) with
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certain  assum ptions, lead to  a satisfactory  agrem ent with the observed 
variation  of th e  K  line contour over the solar disc. The fact th a t the 
theory  of line form ation w ith non-coherent scattering is in be tte r agree
m ent with observation th an  the theorv  for coherent scattering followsV O

also from more recent calculations by V. V. Sobolev [100]. Thus taking 
account of non-coherent scattering largely removes the discrepancies 
between the theoretical and observed contours, though much fu rther 
work is of course necessary. F urther, i t  is very im portan t to develop 
the  physical foundations of the theory  of non-cohcrcnt scattering by 
the use of laboratory  results*. I t  m ust be m entioned th a t the existing 
laboratory  d a ta  com pletely confirm the hypothesis of the non-coherence 
of scattering processes in the presence of broadening collisions. W. Orth- 
iiAXX and P. Pringsiieiai have shown (using m ercury lamps) th a t, 
when the atom s of a gas are excited by the radiation of a narrow  reso
nance line, the new line which arises from re-emission processes is 
considerably broader th a n  the form er one, and has a  contour which 
is entirely  determ ined by broadening processes due to the collisions 
of the atom s in question w ith o ther atoms.

We have now considered processes of non-coherent scattering 
rela ted  to pressure effects. Lf the non-coherence arises only from the 
broadening of the lower level (subordinate lines), analysis shows th a t 
the  scattered  radiation is no t com pletely non-coherent, bu t consists 
of two parts . The first p a r t corresponds to  coherent scattering and the 
second to  non-coherent scattering. However, subordinate lines also 
are, apparently , broadened m ainly by pressure effects. H ence we should 
expect th a t the considerations given regarding com pletely non-coherent 
scattering  would be applicable to these lines also.

In  conclusion, the following rem ark m ust be made. B oth observation 
and theory (though still incomplete) show th a t the difference between 
line contours in the cases of coherent and non-coherent scattering is 
relatively small. This m eans th a t all our quan tita tive  results regarding 
such param eters as the  tu rbu len t velocity, the  dam ping constant, the 
num ber of absorbing atom s (and thus the  chemical composition), etc., 
ought no t to be m uch altered  by replacing coherent scattering processes 
by non-cohcrcnt ones. In  o ther words, all our quan tita tive  results are 
apparen tly  of the righ t order of m agnitude.

3. Central residual intensities in absorption lines. Comparison of theory 
and observation. Let us now pass to  the  subject of the residual intensities 
in the  central parts  of absorption lines. We have already said on several 
occasions th a t there is a serious divergence between the results of 
calculations and those of observation. Nam ely, for the centres (v =  v0)

* For the theory of the diffusion of resonance radiation, taking account of 
the frequency change in absorption and emission processes, see L. Bibekmax [22].
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of fairly strong lines in the solar spectrum , where, according to (10.20), 
we should expect (for e,, =  0) the result r,,o ^  0, the observed values 
of lie in general between 0-05 and 0-2. Such discrepancies exist 
not only for the Sun, bu t also for other stars. On the basis of (10.20) 
we should always expect th e  resu lt r,,c P& 0 to hold for fairly strong 
lines if ev =  0. I t  is easy to see this by substitu ting  a sufficiently large 
value of r)e in this for
mula. The ex ten t of the log'o7» 4'4 °  4 '20 4'00 -S'80 8-60 3 ‘4^  
disagreem ent between 
the results of the  theory 
in question and obser
vation for stars of non- 
solar type can be seen, 
for example, from Fig.43, 
compiled for the  H y line 
by G. A. Shaix [H I ]  
from  Simeis spectro
grams. On the  axis of 
abscissae are placed the 
spectral types from  0  
to
1 — r,,#. I t  m ay be seen from  this graph th a t, between the  classes 
F 5  and B 2, where the  H y line m ust be considered fairly strong, the 
value of R Vt differs very appreciably from  unity , and th a t of rVj from zero.

Let us now consider a possible in terp re ta tion  of these results. We 
first ascertain  to w hat ex ten t the in tensity  w ithin a line is determ ined 
by processes of true  absorption. We have seen in Chapter 9 th a t, when 
processes of tru e  absorption are predom inant (ev 1), the in tensity  
of rad iation  in the centre of a strong absorption line m ust be close 
to B V(T0), for all angles 0. Thus, if  the  in tensity  of radiation in the 
parts  o f the continuous spectrum  near the line is B V( T Y), where T Y is 
the tem peratu re o f th e  radiation (see Chapter S), then  to  a sufficient 
approxim ation we can pu t

O B O B 2  B b AO A b  FbGO  

Fig. 43
K  O MO

M 0 and log10 T e, and on the  axis of ordinates, the depth  R Ve =

B,.(T0)/B„(TY) . (14.14)

(In m any cases it can be assumed th a t T Vj & T e.)
Consequently, in this case r,,t will have a quite appreciable value, 

different from zero. I t  is true  th a t in Chapter 9 we showed th a t the 
central p arts  o f absorption lines in the solar spectrum  are formed m ainly 
not by processes of true  absorption, bu t by those of scattering. However, 
some p a rt sr o f the absorbed quan ta  is re-em itted according to the 
laws of true  absorption. Moreover, it is evident th a t the introduction 
o f a value er >  0 in (10.20) increases rVt in comparison with the case

1 4  A s t r o p h y s ic s
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e v =  0. We shall now consider this possibility. H ere we shall as yet 
have in m ind only lines of the  solar spectrum ; we shall speak la ter 
of stars of o ther spectral classes.

In  obtaining the residual in tensity  rv in the centre of a strong line 
we shall work from the following simplified considerations. Since, for 
the line considered, the absorption coefficient av is very large in its 
central parts, we observe radiation coining from a very th in  surface 
layer of the solar photosphere. Inside this layer, which includes p a rt 
of the  lower regions of the chromosphere, we shall assume the tem 
perature to  be constant (see Chapter 21) and equal to th e  surface tem 
perature T 0. In  view of the small thickness of the layer considered, 
we shall assume the values of rj„ =  avjx v and of e,, to be independent 
of dep th  also. Consequently, we can use formula (10.18), pu tting  br =  0 
because of the assumed constancy of the tem perature. For the flux 
II® (0) which corresponds to  the continuous spectrum , we can take

//,°(0 ) =  B v(T i:) ,  (14.15)

where T E is the tem peratu re of the radiation. The value of T E, in the 
case where the linear expansion (8.10) is justified, can be found from 
(14.15) and (10.19). In  general this can be done by equating ,-r B v( T i.-) 
to the  theoretical flux n II  v in the  rad iation  of the continuous spectrum  
a t the boundary of the atm osphere. Finally, T E m ay also be d e te r
mined from observation.

Taking this into account, we find for rv

4 -  1 (1 +  W . )  ».{T0)
3 1 y o  + %) + $ i [3(i +  v /,) ]  * ( 7’k)

(14.16)

For e,, =  1 we obtain approxim ately* the equation (14.14), as we should 
expect.

I t  should also be noted th a t  formula (14.16) cannot be applied for 
r]v =  0, since it has been obtained for the  case rjv 1, i. e. for the 
centres of strong lines. The use of (14.16) for rj„ =  0 is permissible 
only if T  =  T 0 — constant th roughout the atm osphere of the star. 
In  the  centre of a fairly strong line, no t only t ] v , bu t also e „ rj,„ is 
considerably greater th a n  unity . In  th is ease formula (14.16) takes the 
form

r. 1; 3
B„ (T0) 
Bv i'l'v.) V^r

B v  ( T 0 )

\ ( ? z ) l 'e , , (14.17)

where it is assumed th a t e v 1.
* The factor 1.07 which then appears before B (T0)IIiv(TyJ arises from the 

mathematical simplifications of the method, particularly the use of formula (14.15).
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In  the solar spectrum  for A =  4500 A, T K & 0200°; for A =  0000 A, 
T E (a 6000°. W ith '1\ =  5710°, we find from formula (4.25) th a t 
T 0 m  4040°. W ith these values, we obtain for A ^  4500 A the ratio 
B v(T0)/Br{TE) f* 0-17, and for A =  0000 A, B v{T0)/Br{TE) a# 0-30. 
Thus, in th e  former case a factor close to  0-4, and in the la tte r  case 
one close to 0-7, stands in fron t of j £v in form ula (14.17). I t  follows 
from th is and from formula (14.17) th a t, if for exam ple rVo &  0-05 
in the  centre of an  absorption line lying near A =  4500 A, then we 
should have e„ 0-01G, and for a line lying near A =  G000 A, e„ ^  0-005.

L et us now consider w hat values of e„ wc should expect for strong 
lines in the solar spectrum . For definiteness, we shall discuss resonance 
lines. We shall denote the  lower and upper levels of such a line by the 
symbols 1 and k respectively.

We recall th a t the quan tity  er is the proportion of the to tal selectively 
absorbed energy th a t is transform ed into therm al energy. I t  is clear 
th a t th is q u an tity  is also the proportion of the to ta l num ber of tra n 
sitions, accompanied by the absorption of quanta, which correspond 
to processes of true  absorption. Since wc wish to obtain  only an approx
im ate value of r Vo, we shall no t take account of transitions upwards 
from the level k to higher discrete levels.

L e t us now consider electrons which pass from the ground level 
to the level k in consequence of absorption processes (transitions of the 
type 1 —> k). H aving arrived a t  the  level k, these electrons m ay leave 
it in th ree ways: (1) by transitions back to the ground level; the num ber 
of such transitions referred to one excited atom  is equal to the coef
ficient A kl; (2) by photo-ionisation processes from the level k\ the 
num ber of such processes is denoted by Ckt, and it is equal to the expres
sion (8.G) divided by nr k \ (3) by collisions of the second kind, which 
transfer electrons from the &th level to  the  ground level w ithout the 
emission of a quantum  h v lk. Let the num ber of such processes referred 
to one excited atom  be ckl.

Of these three processes, the first corresponds to scattering, and the 
la tte r  two to the transform ation of rad ian t energy into therm al energy. 
Since the to ta l num ber of transitions from the fcth level, referred to 
one atom , is A +  Ck) +  ckl, and the num ber o f transitions corresponding 
to true absorption is Ck, +  ckl, we have

£* =  (C1*-/ +  c k \ ) ! [ C k t  +  c*i +  ^ * i )  • ( 1 4 . IS)

I t  is evident from the  meaning of this formula th a t the value o f ev m ust 
be the same everyw here in the line*.

* S e c  t h e  a r t i c l e  b y  U .  S t r o m c r e n  [ lf> 4 ]  f o r  a  m o r e  r i g o r o u s  j u s t i f i c a t i o n .  

1 4 *
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In formula (14.18) we can neglect the term  ckl in both the num erator 
and the denom inator. For we have seen th a t the central p arts  of absorp
tion lines are formed in the outerm ost layers of the solar atmosphere. 
In  these layers the particle density is small, and consequently collisions 
of the second kind cannot be im portant there. This conclusion is con
firmed by direct calculation. Thus the value of e,, =  e can be calculated 
from the formula

Ev =  E — Ck,j{Ckf +  dfrl) • (14.19)

To find the  quan tity  Ckl we can re tu rn  to formula (S.6). If we use 
the  approxim ate formula (10.1G) at the boundary, then  we have by 
( 8 . 6 )

C> 2  71 
kt ™ h

Ik
,  *V- (14.20)

vk

H ere we can p u t (Ilv)^ = 0 =  B V(T K), where T E is the tem peratu re of 
the radiation, to estim ate Cki in the region which is m ost im portan t 
for the photo-ionisation of the given atom  from the £ th  level. For the 
levels of the hydrogen atom , and  for levels of o ther atom s which have 
small binding energies %T k, we can use formula (5.24) in calculating 
(k'v)k. For low-lying term s w ith large %r k, d irect quantum -m echanical 
calculations or laboratory  da ta  m ust be used in each case.

In  Table 7 we give the  values of Ckf obtained from formula (14.20), 
using the equation (IIV)T 0 — B V(T V)  and form ula (5.24). In  this la st 
form ula we take 7j  =  1, g' =  1 and n =  k =  2.

Table 7

Ck, Cki
(eV) Tv =  4900° Tv =  6500

2 2 x  10s 7-5 x  10s
3 1 -5 x  104 9 x  104
4 l x l O 3 l- 2 x  104
6 5 225
8 003 4-5

Although the values in the table arc approxim ate, we can never
theless estim ate from them  the order of m agnitude of e . Let us first 
consider the Dj and D 2 lines of sodium, for which, according to obser
vation, rVt is approxim ately 0 05 to O-OG. For these lines ‘/ 0 k =  3 03 eV. 
I f  we take as an upper lim it 7'E — 6500°, we find Ckf ph 9 x  101. On 
the other hand, « 6  X 107 for these lines. We hence obtain for 
the lines in question e 0-0015, and r,,t 0-03.
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For the Ca I line ?. =  4227 A, with an observed r, 0 03, thei o '
transition  coefficient A 21 ^  14  x  10s, xo.t ^  cY. Cj-/ X 104,
£ 4-3 X 10-4, and the theoretical value of r,,t & 0-007. Thus in both
eases the  theoretical value of r„ is less than  the observed value. The1 0
situation  is still worse for the H  and K  lines of ionised calcium. For 
these ‘/i,k — S-7 cV, mid consequently (from Table 7) Ckl <  1, while 
for both lines A kl »  1-4 X 108 per see. We find from this th a t in the 
ease considered e is equal to or less than  10~8 in order of m agnitude, 
which, is negligibly small for the purpose of explaining the observed 
value of rV(, 0-07 to 0-0S.

4. Deviations from thermodynamic equilibrium in the Sun. Stars of 
other spectral classes. Let us a ttem p t to take account of the effect of 
possible deviations from local therm odynam ic equilibrium on the last 
term  on the right-hand side of equation (10.2). Since it gives the emis
sion corresponding to processes of true  absorption, these deviations 
can be represented by simply m ultiplying e,. r)v B v by some quan tity  Q. 
If  Q >  1, then  the  emission will be g reater than  when the laws of ther
m odynamic equilibrium are valid; if Q <  1, th e  emission will be less. 
In  this case, equation (10.2) takes the form

eos 0 d l v[0)/drr =  (I +  rjv) I v(0) —
(14.21)

— (1 — £„) 7}v J„ —  B v — Q r)v Ev B v .

In  order to w-rite the quan tity  Q explicitly, we consider the physical 
meaning of the calculations we have ju s t performed. The increase of r 
due to the difference of ev from zero is caused by recombinations to the 
£ th  level, i. e. by captures of electrons into this level. L et us consider 
processes of the types 1 -> k -> /  and /-> -& ->  1. In  therm odynam ic 
equilibrium, the two types of process balance each other. In  the ou ter
most layers of the atm osphere of the Sun (or star), the in tensity  of 
radiation in the line is small, being weakened in the ratio  rVt; hence 
transitions of the type 1 —> k, and consequently k -> /, take place less 
often than  in therm odynam ic equilibrium. The dim inution of the 
in tensity  in the line frequency has, however, no direct effect on processes 
of the type /  -> k 1. Each process of the  type / ->■ k -> 1 leads to the 
production of a quantum  in the line frequency. The predominance of 
these processes m ust increase the central in tensity  of the absorption lines.

The ease we have considered is essentially an instance of fluorescence, 
i. e. of a process in which quan ta of High energy are transform ed into 
quan ta of low energy. In  fact, in the ease considered th e  num ber of 
transitions corresponding to the closed cycle 1 -> k —> / - >  1 is, for the 
reasons given, less than  the num ber corresponding to the cycle 
\ f k —r \ . In  o ther words, the processes of transform ation of



214 Chapter 11. Centre-limb variation oj absorption-line contours

quanta with the higher energy h v lt into quanta with the lower energies 
hvfk and A r e t a k e  place much more often than  the converse processes 
w ith the successive absorption of two quan ta  h v lk and hvkj and the 
re-cmission of one quantum  h v lf.

On the basis of these considerations, let us consider the problem 
of the  value of Q. Since almost every electron which arrives a t the 
level k falls directly back to the ground level (the coefficient Ckf is 
much smaller th an  A ^), producing additional rad iation  in the line 
centre, the in tensity  of this la tte r  radiation is proportional to the num ber 
of recom binations to the i th  level. Furtherm ore, in the  presence of 
equilibrium  the num ber of recom binations which take place in 1 cm 3 
in 1 second m ust be equal to  the  num ber of photo-ionisations in the 
same volume and time. H ence an increase in this num ber of pho to 
ionisations for any reason m ust lead to an increase in the num ber of 
captures Cfk, and so to an increase in the  num ber of additional tra n 
sitions A kl. On the o ther hand, the  num ber of photo-ionisations which 
take place in 1 cm 3 is m ainty determ ined by transitions of the type 
1 —> /, since, as we have seen, there arc few atom s in the fcth excited 
s ta te . Consequently, the num ber of transitions k -> 1 which produce 
additional radiation m ust be proportional to  the coefficient Clf. Bearing 
this in mind, we can w rite for Q

where C t is th e  num ber of photo-ionisations corresponding to therm o
dynam ic equilibrium , and Cu  is the same num ber in the case considered. 

A more rigorous discussion of this problem leads to the expression

The difference between (14.23) and (14.22) is noticeable only in cases 
where the upper term  k  lies fairty deep. The H  and K  lines of Ca 11, for 
which x l k =  8-7 eV, belong to this class.

Tf we now assume th a t, w ithin the relatively th in  layer in which the 
observed central residual in tensity  is formed, the value of Q is constant, 
and th a t the quantities rjy, £„ and B,.(T) ^  7?„(7'0) arc also constant 
(sec above), then we can find the solution of equation (14.21), using 
the  m ethod of C hapter 10; instead of equation (10.5) we obtain  the 
equation

Q — C \tlC \t,t > (14.22)

[164]
(14.23)

] d H J d r , .  =  (1 +£,.>/,) ( J „— B,) , (14.24)
where

Hv =  (1 +  £,<?)/( 1 +»7 ,£r) . (14.25)
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while equation (10.6) rem ains unchanged. Further, using equations (10.6) 
and (14. 24) and the fact th a t fiy B y =  /<„ B V(T0) =  constant, we obtain 
instead of (10.10) the equation

d-{Jy— /ivB,)! d r ,2 =  qv-[Jv —  ̂ VB V) (14.26)

and its solution

J , = p r B r{T0) +  Cy e~'*'*. (14.27)

Finally, determ ining the  constant Cv as in C hapter 10, we find for the 
flux H v(0) in the  centre of a strong line the  relation

# ,(0 ) 3 1 +  Vv 1 +  Vv +  J 7V '
(14.28)

Introducing also the flux H y° (0) by the relation (14.15), we obtain for r„

r.
1 +  Vr Q 4 / _ ]/ (! +  Vv) Hy(T0)
1 +  v, 3 ' V (l + vv) + i  v L3 ^  +  £v i")] b . (t b) ’

(14.29)

I f  we now take into account the fact th a t, for th e  centre of a strong 
line, no t only r \y >  1, bu t also r \v e v p  1, the  first factor in (14.29) 
becomes equal to  Q, and instead of (14.17) we have th e  formula

B ITa) ,
r r ^ 2 - 3 Q ^ ' i / £>. (14.30)

Thus form ula (14.30) differs from (14.17) by the factor Q.

On return ing  to the  calculations of rVo which we have carried out, 
we see th a t, to explain the observed value of rvlt in the  ease of the 1) 
lines o f N a I, we m ust have Q eh 2, and for the  line 4227 A of Ca I, 
Q m  4. Thus, by  introducing even relatively small values of Q, agreem ent 
can be achieved between theory and observation. To do so, it is only 
necessary to assume [sec formula (14.22)] th a t the  density  o f radiation 
which ionises the  atom s of X a I and Ca I  from the  ground level is a few 
times greater th an  th e  density  of radiation in therm odynam ic equili
brium. However, it is impossible to explain in th is way the  central 
residual intensities of the  H  and K  lines in the solar spectrum . The 
application of formula (14.17) here gives for r,,t a value o f the order 
of 10~4 or less, i. c. the value of rv% obtained from observation (r„o«»0-07 
to 0-0S) is more than  700 tim es g reater than  the  theoretical value o f ry%. 
Consequently, it would be necessary in this ease to have Q no t less
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than  700, and this is very dubious. The greatest difficulty is th a t the 
value of yA<k — 8-7 cV for the H  and K  lines is little  different from the 
ionisation potential of Ca 11 (xk =  11-8 eV). H ence the two parentheses 
in (14.23) cannot differ by very much. Consequently, for lines where yr k 
is large, the theory  we have considered is apparently  untenable. How 
then  can we explain the observed values of r„ a t the centres of the H 
and Iv and similar lines \ A new possibility has been pointed out recently. 
V. V. Sobolev [155, 100] has shown th a t processes of non-coherent 
scattering also lead to an appreciable increase of r,, . The same result 
has been obtained by I .  . W .  B u s b r i d g e  [26]. I t  is possible th a t the 
anom alously high intensities in the centres of m any absorption lines 
in the solar spectrum  will be explained in ju st this m anner. Moreover, 
processes of non-coherent scattering m ay perhaps explain the observed 
values of rVc for the and D., lines of Na 1, 4227 A of Ca I, etc., w ithout 
the  in troduction of the hypothetical factor* Q, though in general fluor
escence processes (with Q =  1) should play  a considerable p a rt for 
some lines. I t  m ust be pointed out th a t these processes m ay occur 
not only on account of the  decrease of the radiation density  in some 
member of th e  cycle of transitions (in th e  case considered above, the 
transition  1 -> k was th is member). As will be shown in P art IV, which 
deals w ith the  p lanetary  nebulae, fluorescence m ust occur in ever}r case 
where th e  dilution factor 17, which appears in form ula (8.4), is less 
th an  unity . This is so, in particu lar, for the  outer la j’ers of the atm os
phere of th e  Sun (and of stars), since there, as we know, 17 sa J-

To study  fluorescence phenom ena, the equations of the  steady 
s ta te  are constructed, each of which equates the to ta l num ber of tra n 
sitions in 1 cm 3 in 1 second, to any given level of the  atom  in question, 
to th e  num ber of transitions in 1 cm 3 in 1 second starting  from  this 
level. The solution of these equations as w ritten  for the different levels 
furnishes the answer to  the problem  proposed.

The efficiency of fluorescence processes should be increased in the 
presence of factors which increase the ionisation of atoms. These 
considerations should apparen tly  be im portan t for the  H a, H^, . . . lines 
of the solar spectrum  (see P a rt IV). In  carrying out a quan tita tive  
analysis, it m ust be recalled th a t in the m ajority  of cases the effect 
of fluorescence is dim inished by the  selection rules.

In  conclusion, we m ust m ake the following remark. We have seen 
th a t in alm ost all cases the  quan tity  ev — e I. This means, however, 
th a t on going no great distance from the line centre, we shall have 
not ey i], >  1, bu t on the contrary  the inequality ev rjv 1. Conse-

* In fact, observations and theoretical calculations indicate that in the 
region of photo-ionisation of Xa T and Ca I it would be correct to use the second 
column of Tabic 7 and consider Q as not greater than unit}’.
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quently, by (10.20) and (10.9) we can neglect the effect of e„ for the 
transitional parts  and wings of lines, and pu t ev =  0 there.

I t  m ust be m entioned th a t, although we can pu t e„ 0 in the 
wings, their whole form ation in the ease of strong lilies corresponds 
ra th e r to the case of therm odynam ic equilibrium than  to scattering. 
In fact, we shall sec in Chapter 15 th a t for the  centre of a strong line 
J v% sk B,, alm ost throughout the  atm osphere, w ith the exception of 
its outerm ost parts, and this m eans (cf. Chapter 15) th a t the  excitation 
of atom s takes place in accordance with the laws of therm odynam ic 
equilibrium. The sum (1— e j  av J r av ev B v in equation (9.29) is
equal to av B v bo th  in the case of sim ultaneous fulfilment of the equa
tions J  v =  B v and £„ =  0, and in the case of fulfilment of the single 
equation sv =  1.

According to (10.20) and (10.9), we can often put £, % 0 for fain t 
lines, where rjv is small even in the  centre of the  line, if, of course, e„ 
is no t close to unity , so th a t £„ <  1. Wc have already used this
result in the  preceding chapters. In  general, however, caution m ust be 
exercised in any such case. In  particu lar, for lines with a small binding 
energy zrk and a small transition coefficient A ki, the quan tity  £„ may, 
by (14.19) and Table 7, approach unity . This is true  to an even greater 
degree in hot stars, where the density of ionising radiation is large, 
and consequently the coefficients Ckj are also large.

We shall now consider briefly the question of the central intensities 
of absorption lines in the  spectra of stars of non-solar type. As we go 
from the Sun to  ho tte r stars, the density  of radiation in the far u ltra 
violet region of the  spectrum  rapidly increases, and the p a rt played 
by fluorescence processes thereby increases also, especially in fairly 
hot stars w ith extended envelopes, where the dilution factor m ay satisfy 
even the inequality IT 1. In  certain conditions, fluorescence leads 
to the appearance of bright lines. This case will be specially considered 
in P a r t VI.

The increase in the density  of u ltra-violet radiation as we pass to 
the hot stars brings about an increase in the value of and thereby 
of £,,. Hence, in fairly ho t stars, the value of £„ m ay become equal to 
unity  even for strong lines where A kl is large. In  this case rv> is de ter
mined by formula (14.14). Thus strong lines, of m any different elements 
bu t lying in nearly the same spectral region, should give (for these 
stars) nearly the same value of rv<t. This is confirmed by observation 
[M l], The surface tem perature T 0 can be estim ated from the central 
intensities of these lines.

Finally, it is to be noted th a t an additional factor increasing r,,t 
might be the increase in the  kinetic tem perature in the outer layers 
of the atm ospheres of some classes of stars [70, pp. 114-5].



Chapter 15. Methods of studying the chem ical com 
position of stars. The results of investigations

1. The application of the elementary theory of curves of growth to the 
study of the chemical composition of stars. The mean electron concentra
tion. The subject of the chemical composition of stellar atmospheres, 
and of the  heavenly bodies in general, is of great cosmogonical significance. 
By comparing the compositions of various cosmic objects, we can draw 
conclusions concerning the evolution of the universe around us. For this 
reason, the question of the chemical composition of the heavenly bodies 
always a ttrac ts  particu lar atten tion . The study  of the  chemical com
position of stellar atm ospheres is regarded as one of the principal tasks 
of the theory  of stellar atm ospheres.

I t  m ust be noticed th a t the finding of the chemical com position with 
fair accuracy has to be preceded by the establishm ent of some “ in itia l” 
approxim ation to  the  chemical composition, since the physical s ta te  of 
the m a tte r in the stellar atm osphere will itself depend on its chemical 
composition. I t  is extrem ely difficult to  solve sim ultaneously the two 
problems, th a t of the structu re of the stellar atm osphere, and th a t  of 
finding the chemical composition of the  atm osphere. H ence we shall use 
the m ethod of successive approxim ations: each step tow ards the  solution 
of the problem  of the chemical composition of the atm osphere refines our 
knovdedge of its physical structu re and m akes possible a fu rther step 
tow ards finding the chemical composition.

A t the  present time, two pa th s have been m arked ou t in the study  of 
the chemical composition of stellar atm ospheres. The first of these is 
based on the application of the elem entary theory  of curves of growth 
(Chapter 12), while the second is based on the study  o f line contours of 
different elem ents (Chapter 13). The second m ethod m ay also include the 
construction of curves of grow th, bu t on a more exact basis. Bearing in 
mind the inadequacy of the contem porary theory  of curves of growth, 
m entioned in C hapter 12, we m ust regard the second m ethod as con
siderably more exact th an  the  first. However, the first m ethod has 
h itherto , for a num ber o f reasons, found greater application.

We have already given in Chapter 12 the general ideas relating to the 
determ ination  of the chemical composition from curves of growth. 
Namely, the values of L  in equation (12.37) are found from observation, 
and the num bers N r from equation (12.3S). In  order to find the num ber 
of all atom s of the given clem ent above 1 cm 2, it is necessary to take ac
count of all stages of ionisation, i. e. to find the sum  Z N r. This can be 
done as follows. I f  all the stages of ionisation of the atom s in question 
which arc o f any im portance have absorption lines in the spectral region

21S
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considered, then  the  value of 1. N r is obtained by adding the values of 
X r obtained directly  from the curve of growth.

If, on the o ther hand, some ionisation sta te  r, in which there is a con
siderable num ber of atoms, is not represented by observable absorption 
lines, the num ber N r can be determ ined from i¥r_ 1 or Arr + 1 (whichever 
is known) by m eans of S aha’s form ula (5.11). To do this the tem perature 
T  and the  electron pressure pe m ust be known.

H ere the values of T  and pe m ust be some mean values for the whole 
atm osphere, and this, of course, a t once introduces some indeterm inacy. 
In  particular, it is not yet clear which tem peratu re should be inserted 
in Saha’s form ula: the effective tem perature Te, or one specially d e te r
mined. In  one particular case it can be determ ined as follows. I f  we have 
found from the curve of grow th the  ratio  of the num bers N r for two 
elements in two successive ionisation states (c.g. N r/N r_ l and N s + 1/N s), 
then, w riting Saha’s formula once for each elem ent, we have two equa
tions in two unknowns, T  and pe. However, this m ethod often leads to 
differing values of T  and pe, if we use not one bu t several pairs of ele
m ents. H ence the m ean values of T  and pe have to be taken  from  the 
values determ ined from several pairs of elements, and  th is is no t a satis
factory m ethod; it only displays the  inadequacy of the contem porary 
theory  of curves of growth.

I f  we take some definite value, for instance T e, for T  in Saha’s for
mula, then  p can be determ ined from elements where the  ratio  of the  
num bers of atom s in two successive ionisation states is known. H ere, 
too, different values of pe are usually obtained for different elements 
(sometimes the difference am ounts to  one or tw o orders of m agnitude), 
so th a t we have to  go back to averaging. These results again display 
the inadequacy of the m ethod in question.

A nother m ethod of finding pe has recently  come into use. I t  is known 
th a t, for instance, the coalescence and disappearance of the  lines of the 
Balmer series in the spectra of stars takes place before the  theoretical 
series lim it (at A =  3646 A) is reached. For example, the transition  from 
lines to continuum  in the spectra of stars of class AO takes place a t ap 
proxim ately A =  3700 A, so th a t the continuum  begins not a t A = 3646A , 
bu t a t  A =  3700 A.

The reason for the prem ature disappearance of the series lines, be
fore the lim it is reached, is the  line broadening by the  pressure effect. 
The appropriate investigations have shown th a t the principal p a rt here 
is played by th e  broadening of the  higher levels of the atom s by electric 
fields (statistical broadening). We recall (see Table 6) th a t the broaden
ing of the level increases w ith its principal quantum  num ber, so th a t 
afte r some term  in the scries the lines m ust coalesce. This coalescence 
usually begins with those lines of the series for which the binding energy
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of the corresponding levels is small. Hence the probability th a t an elec
tron  from these levels will re tu rn  to  its original level is practically zero. 
On the contrary, it is much more probable th a t the  electrons will be 
removed from these levels, i.e. the atom  will be ionised. The cause of 
the ionisation m ay be either of tw o: (1) ionisation by radiation, (2) ioni
sation by the interatom ic eleetrie fields which broaden the levels (see 
C hapter 8). In  both cases, the processes of line form ation in the series 
correspond to true absorption. On the other hand, the a ttenuation  of the 
radiation in the frequencies of the continuous spectrum  of stars is like
wise due to processes of true  absorption. Thus the region where the ab 
sorption lines coalesce is in every respect equivalent to an ordinary p a r t 
of th e  continuous spectrum  beyond the series limits.

Of the two causes of ionisation m entioned, the  second is, as a rule, 
the  principal one. H ence it is quite clear th a t the coalescence and dis
appearance of lines in the series, as a result of the pressure effect, should 
depend on the concentration of charged particles in the atm osphere. The 
more of these particles there are in 1 cm 3, the less will be the num ber o f 
distinguishable lines in the  given series. H ence the num ber of distinguish
able lines in the  series is a measure of the electron concentration ne, and 
consequently of the electron pressure pe.

L et m  be the principal quantum  num ber of the  last distinguishable 
line in the series. Then n (the num ber of charged particles in 1 cm 3) is 
determ ined by the following theoretical form ula:

l°gio 71 =  23-26 —  7-5 log10 m, (15.1)

The num ber n which appears in form ula (15.1) refers only to those 
charged particles which cause the coalescence of the lines in the series. 
I t  is found th a t, for tem peratures below 105/m, the  num ber n includes 
both ions and elections, so th a t in (15.1) we m ust p u t n =  2nt . A t 
higher tem peratures, ions alone m ust be taken  into account, and since 
the num ber of ions is equal to  the num ber o f electrons, in this case we 
m ust p u t n — ne in (15.1). I t  is tru e  th a t electrons do not play a negli
gible p a rt here*. However, this m ethod of determ ining ne is in general 
approxim ate and gives only the order of m agnitude. H ence errors of 20 
to 50 % are not considered large.

L aboratory  investigations confirm form ula (15.1); they  introduce 
a small correction which increases the  first term  on the  right of (15.1) 
by 010.

Form ula (15.1) is applicable not only to hydrogen, but also to  the 
alkali metals. In  the  la tte r  case the effective principal quantum  num ber 
m ust be used.

* For T >  105/»i, the presence of electrons is a factor leading to an increase 
in collision damping.
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Form ula (lo. 1), as we have said, is approxim ate and gives only the 
order of m agnitude. There are a num ber of factors which (spuriously) 
increase the value of ve. The chief of these are, firstly, the imperfect 
resolution of the spectrograph and, secondly, D oppler effects connected 
with therm al motions, turbulence, rotation, etc. On the other hand, since 
the absorption coefficient is large a t the series lim it, we obtain ne for 
the more external layers of the stellar atm osphere. Hence the values of 
ne found in the m anner described are on this account too small. The 
m ethod in question is in general more justified for emission lines.

A th ird  m ethod of determ ining m ean values of pe is based on the 
calculation of models of stellar photospheres according to the general 
m ethods explained in Chapter 7. I t  is true th a t this gives not the mean 
value of pe bu t its dependence on depth . However, we can determ ine 
the required mean value of pe from such da ta  if wc know approxim ately 
th e  effective level a t which absorption lines arc formed.

As an  exam ple, we give in Table 8 a list of determ inations of pe for 
stars of various classes and luminosities. For some stars, and especially 
for the  Sun, several determ inations exist. The sta tem en t of these in 
dependent determ inations is im portan t because it perm its a comparison 
o f values of pe found by various methods.

Table S

Star Class pe (bars) Star Class Pe (bnr-s)

a Ori cM 2 5-1 x 10-7 70 OphA (IK 0
1

1-2
a Sco cM 1 1-3x10-* Sun (IG 3 18, 46, 17, 31
a Boo gKO 0 004, 0-003 0 Cyg F 5 ' 12
7i Cep Go 3-5 a CAIi OF 3 160, 86
a Aur G 0 3-4, 0 05 a CMa (1A 2 950, 120
7 Cyg cF 8 0-5 y Gem (1A 2 1 120
(5 Cep cl’’ 5 1-2, 2 0 r Sco (IB 0 1 1200
a Per cF 4 7-4, 4-2 <f>' Ori B 0 . 630
a Car gFO 10 10 Lac 08-5 630

The m ost im portan t feature seen from Table S is th a t pe decreases 
w ith T t \ this is, of course, related to the general decrease in the ionisa
tion of atoms.

Let us now re tu rn  to the subject of the chemical composition of the 
atm ospheres of stars. H aving determ ined by some m ethod the electron 
pressure pe, we can, as wc said above, take into account all sta tes of 
ionisation of the given elem ent and obtain  the value of N  =  X N r for 
the element considered. II}' comparing N  for different elements, we find 
the relative chemical composition (content) of the solar or stellar a tm o
sphere, i.e. the quantities a, and a„ [see (5.1) to (5.4)].
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In  cases where we do not know the oscillator strength  and the theo
retical in tensity  determ ined by formula (12.39), we can use the  “solar” 
intensities m entioned in C hapter 12. To do so, it is simplest to use for
mula (12.40), which we have already applied to determ ine (T ex)st. H aving 
found, as in C hapter 12, the difference A =  (log10Ar0)sl — (log10Ar0)Q ôr 
various lines, and having determ ined the  dependence of on A, we find 
th e  quan tity

A , W . t ( « r ) ©

10 W o  K )st —  loglO
K ).t
(^o)©

at the  point where c{ =  0.

H aving determ ined (r0)3t and (r0)g from the  curves of grow th which 
we have constructed, we find the  ratio  (iVr)st/(ATr)g from the  A (e* =  0) 
ju s t obtained. We can thus discover the chemical composition of the 
stellar atm osphere relative to th a t of the  solar atm osphere. Of course, all 
stages of ionisation m ust again be taken  into account, i.e. the  sums 
X N r m ust be compared.

The m ethod just explained can also be applied to compare the  chemi
cal composition of two stars of neighbouring spectral classes. The cor
responding results have been derived a t Pulkovo by 0 . A. M el’nikov 
(see Section 12.5).

I t  m ust be s ta ted  th a t the  determ ination  of the num bers N  need not 
be based on form ulae (12.37) and (12.3S). I f  we have an insufficient 
num ber of m ultiplets to construct graphs like Pig. 34, the num ber N r i 
can be found directly from the  curve of growth. The transition  from N r i 
to N r is then  m ade by th e  use of B oltzm ann’s formula (5.54).

I t  has to be noted th a t th is m ethod of studying the chemical com po
sition clearly assumes the  validity  of B oltzm ann’s Law. The validity  of 
this law for not very large (up to 5 eV) can be tested  by means of 
a graph similar to Pig. 34. H ere the  tem peratu re T ex can be determ ined 
directly  from observation, nam ely from the  slope of th e  line in Pig. 34. 
Por large ci( however, above 4 to  5 eV, the  possibility of applying B oltz
m ann’s Law to stellar atm ospheres is by no m eans evident. H ence, in 
the case where the  observed lines of the  elem ent considered correspond 
to transitions from very  high energy levels (e{ >  5 eV), the  application 
of the m ethod in question m ay lead to errors. Such lines include, in p a r
ticular, those of H , H e, C, N, 0 , Si, S, etc., especially the lines of the 
ionised elements. Finally, the  absorption lines of helium are entirely 
absent in the  spectra of low -tem perature stars, including the  Sun. All 
such cases m ust be considered individually. Thus, for exam ple, in the 
atm ospheres of la te-type stars, including the Sun, the  relative content 
of H , C, N, and O can be found from a study  of the molecular bands of 
the compounds CN, C2, OH, N H , and CH. Moreover, very weak for-
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bidden lines of oxygen have recently been discovered in the spectrum  of 
the Sun; they  correspond to  transitions from low energy levels of the 
oxygen atom . Consequently, the  application of B oltzm ann's formula in 
this case ought not to lead to  large errors. We shall speak la ter of other 
m ethods of determ ining the  hydrogen content. The helium content in 
th e  atm ospheres of low -tem perature stars is generally taken  as equal 
to th a t in the solar atm osphere, where it is determ ined for the  chrom o
sphere and the  prominences. Here it is supposed th a t the  chemical 
composition of the  chromosphere and prominences is the  same as th a t 
of the layers of th e  solar photosphere lying beneath (see Chapters 20 
and 21).

2. The distribution of atoms among excitation states. I t  follows from 
w hat has been said above th a t the  hypothesis of B oltzm ann’s d istri
bution plays a considerable p a rt in the  problem  of the chemical com
position of stellar atm ospheres. I t  is therefore neeessary to consider 
this h}-pothesis more closely. I t  can be tested , in particular, by m eans 
of such graphs as Fig. 34. The linearity  of the  relation between et and 
log10 (i\r/<7,-) indicates the applicability of B oltzm ann’s Law to  stellar 
atm ospheres. However, even so there are things whieh are still uncertain. 
For instance, th e  m arked difference in the  values found for T ex and T e, 
which we have discussed in C hapter 12, has not y e t been explained.

W hat arc the predictions of theory  in th is case ? F irst, it is neeessary 
to  notice the following general characteristic of ionisation and excitation 
processes in stellar atm ospheres: both these processes are determ ined 
alm ost entirely  by the rad iation  field, and not by collisions between 
particles. (For excitation processes, this can easily be seen by means 
of calculations like those which we performed in Chapter 8 for ionisation 
processes.) The density of m a tte r in stellar atm ospheres is too small 
for excitation by collisions to be a t all efficient. In  such a case the main 
condition for th e  validity  of B oltzm ann’s formula is the identity of the 
exeiting radiation field w ith the radiation field in therm odynam ic equi
librium. In  o ther words, the  qu an tity  J v a t a given point m ust be equal 
to  P lanck’s function B„(T) a t th a t  point. This is a necessary and suf
ficient condition for the  existence of a Boltzm ann distribution, in the 
absence, of course, of external perturbing factors (for example, a strong 
electric field).

Let us consider w hether this condition is fulfilled in stellar a tm o
spheres. To do so, w ithout going beyond general principles, we can use 
the  model which we discussed in Section 10.2, i. e. the model w ith a 
linear expansion of the function B v. F rom  (10.11), (10.17) and (S.10) 
we can write

J r =  B r +
l b r —  B ,(T a)(  1 +  Vv) - K I 3 0 + r ,

[3 (1+  !?„)(!+ *,>?,)]+ 1 +  n. C
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The num ber of transitions w, „k made b}T atom s in 1 second under 
the  action of the  radiation field J„ is, by (3.0),

where the integration is to be extended over the whole of the  line which 
corresponds to the transition  i -> k.

Introducing the expression (15.2) into (15.3) and using formula (11.39) 
for the selective absorption coefficient, we can find the dependence of 
the p roduct J v av on the frequency within the p a rt of the spectrum  
occupied by the line, and thereby ascertain which p arts  of the line arc 
the m ost efficient in exciting the  atom . Such calculations, performed 
for various £v, x v, etc., show th a t  the central p arts  of the line are the 
m ost efficient, since the absorption coefficient has, according to (11.39), 
a sharp m axim um  a t the centre of the line (the D oppler core). Thus, 
in studying the  deviation of J„ from B„, we need pay  atten tion  onlj' 
to the m ost central parts  of absorption lines.

To study the difference J v — B v, we consider a fairly strong line, 
in whose centre rjVt 1. F u rther, we a t first assume (w hat is often 
found) th a t  1, and 7],,o 1. In  th is case, formula (15.2) for
the  line centre can be w ritten (see C hapter S regarding bv) :

I t  follows from (15.4) th a t a t the boundary of the atm osphere, where 
T„ — 0 and T  — T 0. the  q uan tity  J,,a 0. This result, which wc have 
already encountered in a previous chapter, indicates th a t the theoretical 
central residual in tensity  of strong lines w ith ev 1 is alm ost equal 
to zero. Thus, a t the boundary of the stellar atm osphere, the exciting 
radiation docs not correspond to radiation in thcrm odj'nam ic equi
librium. However, as soon as we move into the atm osphere, even to 
r ,  s i O' 1, the exponential in (15.4) becomes considerably less than  
unity . If, for exam ple, ijp> —  104, then  for t „  =  0-1 we have 
I ('1 r5 0) t„ 17, and e~17 4 x  10“8. Even for t„ =  0-02, the value
of cxp[— | (3 rjVt) r„] <=» 0-03. In o ther words, wc should expect the 
equation J,,t sw B V(T), where T  is the local tem perature, to hold p rac ti
cally throughout the stellar atm osphere. I f  we no longer assume th a t 

1 and £„ ?/„c <| 1, the  approach to the  equilibrium  s ta te  is made 
even more rapidly, since when £v 1 the conditions approxim ate more 
and more closely to those of therm odynam ic equilibrium. In fact, for 
£v =  1, b u t again with >  1, wc have instead of (15.4):

(15.3)

Jv, ^  Rv (T) — B v (T 0) exp [— }/(3 ??„„) r j  . (15.4)

B (7’ )
Bv (T) — i + \  , / 3 exP I-  1 3 Vv. t f] • (15.5)
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In particular, a t the boundary of the atm osphere, where t v =  0 and 
T  =  T n, we have J ^  I B V(T0). The factor I is equivalent to the 
dilution factor a t the boundary*. The appearance of i]„ before t„ in 
the exponent (instead of 1 ->]„J m akes the transition  to therm odynam ic 
equilibrium  even more rapid. Thus, for strong lines, and to a somewhat 
lesser degree for medium lines, we may expect Boltzm ann's formula 
to be applicable practically  throughout the stellar atm osphere (for the 
tem peratu re corresponding to each level, of course).

For fain t lines ?;,,o <  1 or ?/,1(> 1, i. e. the radiation field approaches
w hat it would be in the absence of absorption lines. I t  is evident th a t 
under these conditions the deviation of J Vt from B t, (T ) will be de ter
mined chiefly by the presence of the gradient d B rjdT.

Observations give us an idea of the mean excitation sta te  over the 
whole atm osphere. The linear relation between log10 ( and e; which 
is usually obtained (for et <  5 eV) indicates th a t in such cases the 
excitation conditions arc not far from those of therm odynam ic equi
librium. This fact is certainly related to the com parative smallness of 
the gradient d B r/dxv, for the  observable region of the spectrum , in 
the  atm ospheres of ordinary stars and of the  Sun; this follows from 
theoretical calculations also. For large however, great caution m ust 
be exercised, since these correspond to the far u ltra-violet regions 
of the spectrum , where the gradient d B vjdxv is very large in some cases. 
Finally, we m ust not forget the as yet unexplained fact th a t, according 
to observation, T ex <  J\,  i. e. the mean excitation tem perature is 
found to be less th an  the effective tem perature. In  particular, calcula
tions show th a t the application of form ula (15.2) cannot explain this 
inequality. E ither the approxim ate equality  T cx T e or the inequality 
T ex >  Te is usually obtained.

O bservations usually give graphs like th a t shown in Fig. 34. H ow 
ever, in a num ber of cases there are deviations from linearity. These 
are observed chiefly for cool red giants of the a  Bootis type. I t  is found 
th a t in the atm ospheres of these stars the num ber of atom s in high 
quantum  states is considerably greater than  would be the case for con
ditions o f therm odynam ic equilibrium. Thus the Boltzm ann distribution 
does not exist here. Some lines of Fe I in the infra-red p a rt of the Sun’s 
spectrum , for exam ple lines whose lower term  is e5D, also point to a 
deviation from the Boltzm ann distribution. The nature of all these 
deviations is as yet unknown.

3. Refined methods of studying the chemical composition of the stars. 
Faint lines. The m ethod of studying the chemical composition of stellar 
atm ospheres which is based on the application of the elem entary theory

* The slight difference of the expression J ]'3 from 1 arises from the inexacti
tude of the methods used to derive (15.2).

l o  As t rophys ics
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of curves of grow th has a num ber of defects, due largely to the schematic 
na tu re  of the  theory itself (sec Chapter 12). The principal one is th a t 
a very im perfect model of the scattering ‘‘reversing layer” above the 
“photosphere” is used in this theory, the thickness of the layer being 
taken the same for all lines. In  reality, this “ thickness” , and conse
quently  thy value found for the “ num ber of absorbing atom s above 
the photosphere” , varies w ith w avelength on account of the variation 
of the continuous absorption coefficient w ith wavelength. Moreover, 
d irect analysis shows th a t the “ thickness of the reversing layer” is 
different for lines w ith different excitation and ionisation potentials.

A second m ethod of studying the chemical composition is based on 
a model which takes account of scattering and of true absorption of 
radiation (both general and selective). In  this case we s ta r t from the 
equations of transfer (9.29), (9.32), (10.2). The general principles of 
this second m ethod of studying the chemical composition arc as follows. 
H aving taken some provisional chemical composition, obtained, say, 
by using the first m ethod, we find p, pe, o, T , y.v, r v, etc. for every point 
of the stellar photosphere, using for stars the m ethod o f C hapter 7, 
and for the Sun th a t of Chapter 17. Then, using the general m ethod 
which we explained a t  the beginning of C hapter 13, we form an ex
pression for the quan tity  r\v. This q uan tity  should be a function [see 
(13.18)] of the content as of the elem ent in question and of the remaining 
param eters p, pe, o, T,  etc.

Now, taking several values of at close to the expected value (we 
suppose as constan t th roughout the  stellar atm osphere), we integrate 
(see Chapter 13) the  corresponding equation of transfer and construct 
the contour of the line under consideration for each of the a, taken. 
By com paring these theoretical contours w ith th a t of the  given line, 
obtained from observation, wc find the as required. H ere a comparison 
can be made both of the contours themselves and of the equivalent 
widths. To do so, it is necessary to calculate first the equivalent w idths

for the  whole assembly of theoretical contours. H aving determ ined 
the conten t (i. e. the value of as) for every element, we can compute 
the structu re of the photosphere afresh, w ith greater exactness.

For a more accurate estim ate of the value of a„, the application of 
the method of curves of growth is recommended. This can be done, for 
instance, as follows. L et us consider the group of lines which begin from 
some one lower level i, and let the  oscillator strengths f ik be known 
for all these lines. Then, giving a, some value close to the expected 
value, we can construct a contour and calculate the to ta l absorption 
for each of the lines considered, in accordance w ith the considerations 
ju st given. We thereby  obtain  the theoretical relation between f ik and 
\VX. Now, placing log10 f ik on the axis of abscissae and log10(lF ;/A) for
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the corresponding lines on the axis of ordinates, we construct a portion 
of the theoretical curve of growth. We plot on the  same graph the 
relation between the logarithm s of the same values of fik and WJX 
for the corresponding lines, as obtained directly from  observation. I f  
the value taken for as were the correct one, the two curves of growth 
thus constructed would coincide. However, th is will no t in general 
happen. The theoretical curve is somewhat displaced (along the axis 
of abscissae) relative to the curve obtained from observation. From  the 
best coincidence of the two curves we evidently determ ine the correction 
A log10 as. Adding this to the value of log10 as taken  previously, we 
find an im proved value of as.

The following rem arks m ust be made regarding the above.
(1) Since the value of a, gives the content of the elem ent in question 

relative to  hydrogen, we can, having found as for all elements whose 
content is fairly large, estim ate the percentage content of hydrogen 
also.

(2) In  cases where Te and <j arc unknown, we m ust first determ ine 
them  in order to calculate the structu re of the photosphere. We can 
determ ine T e by using the scale of effective tem peratures (or by means 
of the m ethods explained in Chapter 16), and <j either as in Chapter 13 
(comparison of theoretical and observed contours of H y and H a), or 
by using the  mass, determ ined in some way (e. g. from the m ass-lum i
nosity relation), and the radius. (This is m ost reliably done for eclipsing 
variables where the spectra of the two com ponents can be distinguished.)

The second m ethod of studying the chemical composition considers 
two cases which m ust be distinguished: firstly, strong and medium lines, 
and secondly, fain t and  very fain t lines. Analysis of the two cases shows 
th a t the use of fain t and very faint lines to solve the problem  of chemical 
com position often has great advantages over the use of strong and m e
dium  lines. These advantages are ehiefly the following. (1) C ontrary to 
w hat is the case for strong lines, the in tensity  of fa in t lines is independent 
of the  dam ping coefficients y e, whieh have not yet been accurately 
determ ined, and which vary  with dep th  in the  stellar atm osphere.
(2) The central p arts  of strong lines arc distorted, inueh more than  those 
of fain t lines, by various factors which we discussed in the last chapter 
(fluorcsecncc, non-coherence) and which arc difficult to take into account.
(3) In  the construction of a fairly accurate contour of a strong or m edium  
line, we usually encounter a num ber of difficulties. For fain t and very 
faint lines, on the other hand, we can use the solution (10.43), which 
is more exact than  (10.20). (4) Only a very small num ber of chemical 
elements hai'c strong lines in the region of the spectrum  of the Sun and 
stars which is accessible to investigation. The use of lines of medium 
intensity is inconvenient, since these lines lie on the fiat part of the curve

lo*
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of growth, where th e  equivalent w idth of the  lines varies very little  
with the num ber of absorbing atoms. Hence even a small error in the 
equivalent w idth found m ay give a very large error in the values of 
N r or N r i. Because of the circum stances just enum erated, fain t lines 
should, as we have said, be preferred to strong ones, though in m any 
cases, particularly  in the analysis of spectra w ith small dispersion, the 
strong and m edium  lines are an im portant means of chemical analysis 
of stellar atmospheres.

The general m ethod of finding as is practically the same for both 
faint and strong lines. However, let us consider how faint lines m ay 
be used [SS], having in mind th e  Sun, for which the  possibilities of 
studying the chemical composition are greatest, since apparatus with 
a large dispersion can be employed.

We shall s ta r t from the solution (10.43). For the  Sun, the relation 
between B v and r v can be determ ined from the law of darkening to 
the limb of the disc, found from observation. The weight functions 
G1(rv) find G2(rv) can also be determ ined in this way. Calculations show 
th a t the  difference between these functions is not large. In  the red region 
of the spectrum , the two functions practically coincide. These properties 
of the functions also follow from an analysis of the  expressions (10.44) 
and (10.45), if we take into account the fact th a t E } (x) >  E 2 (x) every
where. Hence we can take  instead of (r,.) and G 2 (t v) in (10.43) their 
mean, which we denote by G (zy). By so doing we introduce into the 
final result errors which do not exceed 20 % on the  average, and these 
are quite admissible with the  problem  of the chemical composition of stellar 
atm ospheres in its  present s ta te . Thus, instead of (10.43), we can write

the last m em ber of this equation follows from (9.31).
We introduce, in place of 0,1*, in (15.6), the expression (13.18) 

for it. Bearing in mind th a t in the photosphere of the  Sun (at least 
up to  4000 A) the  continuous absorption is determ ined mainly by H '  ions, 
we can neglect the  second term  in the denom inator of (13.18). As a 
result wc obtain

CO CO

(15.6)
o o

CO

(15.7)
0

In tegrating  (15.7) over frequency and using (12.12), we find:
OO

(15.8)
0 0
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where the integration over frequency takes place w ithin the lim its of 
a very narrow (faint) absorption line.

In  place of the  integral in the braces in (15.8) we can use (11.5), 
replacing B ik by fik w ith the aid of (11.14). As a result we obtain, 
instead of (15.S),

/
^ ' l i k  [  a (Tr ) Z r , M ’ T )

* Cmc Vi k J  '  Ve dr„ (15.9)

The dependence of 0  (r,,), and thus of T,  on r„ is derived from obser
vations. which give the dependence of B V( T ) on r,,. T hat of pe on r„ 
can be found from the theory  of photospheres. In  this way the integral 
on the right-hand side of (15.9) can be evaluated by m ethods of numerical 
integration. Consequently, having determ ined Wx from observation and 
knowing f ik, we obtain  the required value of as directly. Of course, in 
this m ethod also it is necessary to  assume some provisional chemical 
com position of the solar atm osphere, since the value of pe is determ ined 
by the ionisation of both hydrogen and the metals, the  approxim ate 
content of which has to be known beforehand. Howrever, if as is d e te r
mined from lines of neutral metals, this can be avoided, as we shall now 
see.

We m ultiply together the ionisation equation (5.11) and the  equation 
(5.54) with r =  0. Then, using (5.6), wre find

0, i _ Qo.i
i e ui 2(2.t m )n

h3 __ _ x0,ilkT
3,/2 /i./m O /U " e(kT)

(15.10)

where %oi is the binding energy of level i. The m ajority  of the m etal 
atom s in the solar atm osphere are singly ionised, so th a t ?i0 nv  Hence 
we can suppose th a t the total num ber n of atom s of some elem ent in 
1 cm3 is approxim ately equal to the  num ber of ionised atom s of th a t 
elem ent in 1 cm3. C onsequent^, we can assume th a t n =  n0 +  /q +  
+  >i, -}- . . .  ^  n,. For Zo i (pe, T) we can therefore write the equation

Z0ii {pe, T) =  no i jn (=« n0>i/nl ;

using (15.10), u'c find for Z0 ,• (pe, T) the expression

4>. i iVa T) n h3 _____  xo,i/*r
Ve 2(2rtme)31'2 (kT)5l~

(15.11)

(15.12)

Now, introducing this function into (15.9), we sec th a t pe cancels, 
so th a t the expression under the integral sign is a function of temperature 
alone. On the o ther hand, the relation between the tem perature and j v 
is found directly from observation. Thus, the integral on the right-hand 
side of (15.9) can be evaluated from observation alone. Consequently,
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fain t lines of neutral m etals give direetly the content a, of the metal 
concerned relative to  hydrogen.

4. The results of investigations. By means of the general m ethods ju s t 
explained, w ith various modifications of course, a large am ount of work 
has been done on the chemical composition of the Sun and stars. Various 
m ethods have been used for the Sun, and this makes it possible to  estim ate 
the reliability and accuracy of the results obtained. A com parison has 
shown th a t in a num ber of cases there are fairly large discrepancies in 
the values of ns. These discrepancies arc caused chiefly by differences 
in the values taken for the excitation tem peratures and the oscillator 
strengths f ik. However, because of the  abundance of m aterial, we now 
have sufficientl}' reliable d a ta  on the values of as for the Sun and for 
some stars. The probable error in th e  values of log10as for these objects 
am ounts, on the  average, to  0-3 to  0-5, although in particu lar cases it 
m ay be considerably greater. This is especially true  of elements where 
the  lines studied begin from very high levels, i. e. from levels with large 
er i. These elements, as we have said, include H e, C, N, O, Si, S, etc.

The values of as for th e  Sun, given in Table 1 (see Section 5.1) were 
obtained (except for He, C, and N) by W. J . C l a a s  [33], who used 
mainly the m ethod of fain t lines. The helium content in the Sun is pu t 
equal to  the helium  content in the  chromosphere and prominences (sec 
Chapters 20 and 21). The carbon and nitrogen contents are based on 
the  study  of molecular bands.

To obtain  the num bers N s of atom s of various elements above 
1 cm2 of the  solar photosphere, it is sufficient to  know the  num ber N k l , 

since N„ =  asN n . D ifferent authors give som ew hat different values 
for Ar]t, lying between 1024 and 5 x  1021. For rough calculations we 
can take N n  =  2-5 x  1024 atom s above 1 cm2. I t  m ust be recalled th a t 
the quantities N s give the total num ber of atom s above 1 cm2, taking 
into account all degress of ionisation and excitation.

As well as for the Sun, the determ ination  of the  chemical compo
sition has been carried out for stars of m any different classes. The m ost 
reliable determ inations are those for F -type main-sequence stars and 
giants, ho t B -type stars like r  Scorpii (sec Table 1) and O-type stars. 
The relative chemical com position (values of as) of the atm ospheres of 
all these bodies, including the Sun, is approxim ately the same*. F u rth e r
more. an exam ination of Table 1 shows th a t this chemical composition 
is similar to th a t of the p lanetary  nebulae and of the in terstellar gas. 
This, of course, is a fact of g reat cosmogonical im portance. I t  cannot 
be ignored by any theory of cosmogony which professes to explain the 
possible ways of stellar evolution.

* I t  is  n o t  y e t  p o s s i b l e  t o  s p e a k  o f  c o m p l e t e  i d e n t i t y ,  b e c a u s e  o f  t h e  i n s u f f i c i e n t  
a c c u r a c y  o f  t h e  e x i s t i n g  d a t a .
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I t  m ust be adm itted  th a t the question w hether all stars of the main 
sequence have identical chemical compositions cannot y e t be considered 
as finally resolved, since there arc a num ber of difficulties. For instance, 
the position as regards helium is very indefinite. According to Table 1, 
the content of helium relative to hydrogen is about 0 - 2 .  However, 
according to recent investigations (see, for example, L. N k v e n  and 
C. d e  J a o e r  the helium content in the atm ospheres of B-type
stars is only 0 - 0 5 .  I t  is still difficult to say w hether there is an actual 
difference in helium content between the atm ospheres of B stars and 
th a t of the Sun, since the helium content of the Sun’s atm osphere is 
itself no t reliably determ ined. R. M i c h a r d  [ 8 7 ]  finds a lower content 
of helium  in the Sun than  was previously supposed.

L et us now consider the question of m arked deviations from the 
“ norm al” composition. H ere we m ust be extrem ely cautious, since there 
are a num ber of factors which d isto rt the intensities of absorption lines 
and m ay lead to incorrect values of as. These include: (1) anomalous 
excitation and ionisation conditions. The possibility th a t such anomalous 
conditions exist is indicated, for exam ple, by the study of the exterior 
envelopes of the Sun (chromosphere, corona and prom inences); ( 2 )  tu r 
bulent motions in stellar atm ospheres. These m otions have different 
effects on strong and on fa in t lines, and an inadequate consideration 
of them  m ay lead to incorrect values of as\ (3) such factors as the m ag
netic field m ay also change the  intensities of lines. As an example wc 
m ay quote the s ta r H D  1 2 5 2 4 8 ,  where the observed m agnetic field varies 
w ith time, in phase w ith the variations in in tensity  of lines of ionised 
europium . The cause of these synchronised oscillations in two quantities 
which arc apparently  independent lies in the fact th a t in a strong m ag
netic field the lines of europium  arc split into num erous Zeeman com
ponents; the blending of these com ponents produces a broad, relatively 
intense line. Thus, by taking account of the general m agnetic field, wc 
can apparently  explain quite a num ber of observed anomalies, especially 
in connection w ith rare elements.

We shall enum erate the cases where the analysis of absorption lines 
(and the general natu re of the spectrum ) leads to the conclusion th a t 
the chemical com position is “ anom alous” .

(1) The bifurcation of the spectral sequence a t  class K 2  into the 
oxygen branch (classes K  and M) and  the carbon branch (class N). 
The spectra of oxygen stars of class M arc characterised principally by 
bauds of titan ium  oxide TiO. S tars of class X arc characterised by 
bands due to carbon compounds, in particu lar Swan bands (C2) and 
those of cyanogen CX and carbon-hjalrogcn CH. H ere wc arc concerned 
with an obvious difference in chemical com position: in the atm ospheres 
of M -tvpc stars there is much more oxygen than  in those of X -typc
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stars, while in the atm ospheres of X -type stars there is considerably 
more carbon than  in those of M -tvpc stars.

In their extensive investigations on the spectra of carbon stars, 
G .  A .  R h a i n  and V .  F. G a z e  [ 4 3 ]  have found other very interesting 
properties of these stars. In particular, the Dj and I)* lines in the spectra 
of some carbon stars are approxim ately ten tim es as intense as in the 
spectra of M -type stars. This difference is apparen tly  due to  a difference 
in tem perature, and perhaps to an actual difference in the sodium con
ten t. Judging by the intensities of the atom ic lines of o ther metals, 
such as Fc, Cr, Mn, ete., the ir contents are about the same in stars of 
classes X and M.

(2) The division of W olf-llayet stars into the carbon branch and the 
nitrogen branch. We shall discuss points (1) and (2) again in the next 
ehapter.

(3) “ Metallic-line” stars. These stars form a large group of objects 
w ith contradictory spectral features. Thus, if we use the hydrogen lines 
or the K  line of Ca II , the s ta r can be plaeed in the  spectral class A, 
bu t if we judge by the intensities of the m ajority  of the lines of neutral 
and ionised m etals, the s ta r ’s spectrum  corresponds approxim ately to 
class F  5. The analysis of the spectra of such stars by J . L. G r e e x - 

s t e i n  [50] shows th a t the content os of the elem ents Ca, Se, Ti, Zr, V 
and Mg is anom alously low; for some of the stars it is ten  tim es less 
than  in the atm ospheres of ordinary stars.

(4) A num ber of peculiar stars are now known, in whose spectra the 
lines of hydrogen are much fain ter than  in the spectra of ordinary stars 
of the same tem perature, and in some cases do not appear a t all. All 
these objects seem to be characterised by a fairly high lum inosity.

Among the stars of the early classes 0  and B, the stars H D  100041 
and HD 124448 are of this type. The hydrogen lines do not appear in 
their spectra. The stars v  Sagittarii and H D  30353 are similar, bu t are 
of class A. Finally, the group of stars w ith anom alously weak hydrogen 
lines includes a few of lower tem perature, whose spectra show molecular 
bands of C,; they include variable stars of the R Coronae Borealis type, 
and other stars which have approxim ately the  same spectrum  but are 
not variable.

There is reason to  suppose th a t the hydrogen content in the atm os
pheres of all these stars is in fact low, since it is difficult to imagine 
any physical mechanism which would explain the alm ost to tal absence 
of the Balm er lines (and of the Balm er discontinuity), the lines of the 
other elements being of norm al strength.

I t  m ay be thought, and  there are weighty reasons for doing so, th a t 
there exist real and considerable deviations from the “norm al” chemical 
composition in the stars m entioned under (1), (2) and (4). The position
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regarding the “ m etallic-line” stars is more indefinite. All the m etals 
which show anom alously low contents (Ca. Sc. Ti, Zr, V and Mg) have 
very similar properties. In fact, the atom s of all these m etals have two 
outer electrons. Moreover, quantum -m echanical calculations perform ed 
for Ca II  have shown th a t its absorption coefficient extends anomalously 
far into the ultra-violet region of the  spectrum , and hence, even for 
a small excess of radiation in the far ultra-violet region of the s ta r ’s 
spectrum , the atom s of Ca II  will be anomalously strongly ionised. 
Because of the sim ilarity between the atom s of the elements m entioned 
and those of calcium, it m ay be assumed th a t, if there is an excess of 
radiation in the  ultra-violet, there will be an anom alously strong second 
ionisation for these elements as well, and this leads to ail apparen t 
decrease in the values of as. O ther elements, such as Fe, Mil, which also 
have two outer electrons,, possess relatively large second ionisation 
potentials, so th a t here the ultra-violet excess will play a smaller part.

G reenstein  [50] has pu t forward another mechanism for the  ioni
sation of the atom s Ca I I ,  Sc II , etc. by protons, involving a  resonance 
mechanism with “ charge transfer” : H + +  Ca+ ^  H +  Ca++.

B oth  these mechanisms, however, require an anom alously high ioni
sation of hydrogen in the atm ospheres of the “ m etallic-line” stars, 
which ought to  be noticeable in the contours of the Balm er lines, and 
especially in the H a line. An investigation of this line in the spectra 
of nine “ m etallic-line” stars by E. R. Mustek’ and L. S. Galkin [10!)] 
has shown th a t there is no such anom aly in the ionisation of hydrogen. 
I t  is therefore very probable th a t in the  “m etallic-line” stars also there 
is an actual deviation from the “ s tan d ard ” chemical composition.

The carbon N -type stars are extrem ely interesting as regards chemical 
composition. Thanks to the investigations of Academician G. A. SiiaTn, 
who was aw arded a S talin Brize in 1950, and the investigations which 
he conducted together with V. F. Gaze, we now know a very great deal 
about the spectra of these stars.

In  1940 G. A. SiiaIn [13S] showed th a t the  carbon isotopes C12 
and C13 are present in the atm ospheres of N -type stars. This was dis
covered hv a very careful analysis of the molecular bands in the spectra 
of these stars. It is extrem ely difficult to  detect isotopes by means of 
atom ic lines. In  the case of molecules, however, the displacem ent between 
the bands of two isotopes reaches quite perceptible values (up to several 
Angstroms). W orking on these principles, G. A. Shain detected a num ber 
of new Swan bands in the speetra of N -type stars: C12C12, C13C12, 
C13C13. Subsequently, bands of CN corresponding to  the isotopes C12 
and C13 were discovered also.

A sceond extrem ely im portan t fact established by G. A. Shain is 
the anom alously high content of the isotope C13 relative to C12. This
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content varies, from sta r to  star, between the  limits 0-05 and 0-3 or 0-4. 
Thus, in the  la tte r  ease there are two or three tim es as m any C12 atom s 
as there are C13 atom s, while on the E arth  the  ratio  of the num bers of 
C13 and C12 atom s is about 0 01. Consequently the  isotope C13 is extrem ely 
rare  on th e  E arth . The Sun, also, has a very small relative content 
C13 : C12, it being certainly less than  1/30. The question of the content of 
the  isotopes C12 and C13 in the atm ospheres of stars has a direct bearing 
on the problem of the  sources of stellar energy. In  the  wellknown carbon 
cycle, the isotopes C12 and C13 play a very im portan t p a r t (see P a r t V II).

New and interesting d a ta  have recently been obtained concerning 
the presence in the  Sun’s atm osphere of such elem ents as lithium  and 
beiyllium , as well as ra ther more uncertain  da ta  on the presence of 
technetium  and deuterium .

These da ta  apparently  indicate th a t there is no mixing of m a tte r 
between the  innerm ost layers of th e  Sun, where the tem perature is 
of the order of ten  million degrees, and  its atm osphere. The calculations 
of J .  L. Gr eenstein  and E. Tandberg-H anssen  [51] show th a t, if 
there  were a circulation of gases in the Sun em bracing a region where 
the  tem perature exceeds 3 6 million degrees, the beryllium  atom s would 
be rapidly d isintegrated. If, however, we also take  into account the 
anom alously low lithium  concentration th a t has been found by obser
vation, extrem ely narrow  lim its m ust be placed on the mixing time of 
the gases in the  Sun and on the  boundary of the mixed region, and this 
is very im probable.

This leads to  the hypothesis th a t  there are some processes as yet 
unknow n which generate lithium  and beryllium  in the  outer layers of 
th e  Sun. The whole subject is discussed in the  Liege symposium on 
nuclear processes in the Sun and stars [SO],

To conclude this chapter, we m ust m ention the im portance of s tu d y 
ing the chemical composition of groups of stars having various kinem atic 
and spatial characteristics. This is very im portan t for the study  of the  
evolution of stars in the Galaxy.

The comparison of the  chemical composition of stars belonging to 
various sub-system s w ith appreciably different velocity dispersions is 
of very great interest. We recall th a t the  velocity dispersion is related 
to  the spatial characteristics of the sub-system. In  general, the “ fla tte r” 
sub-system s have a small velocity dispersion, and the  more “ spherical” 
sub-system s a large dispersion (see the review article by P. P. Parknago 
[11!)]). The difference in the spatial and kinem atic characteristics of 
different snb-system s gives reason to suppose th a t the origin of stars 
in different sub-system s is different, so th a t we should expect the chemical 
composition of the  stars in question to ,be different also. The d a ta  a t 
present available confirm this.
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The study  of giants of classes G and K  shows th a t, in the spectra of 
stars having a relatively large velocity dispersion, the CN bands are 
fain ter th an  the same bands in the spectra of stars with a smaller velo
city dispersion. The opposite effect (stronger bands in the  spectra of 
stars w ith a large velocity dispersion) is observed for the CH bands. 
For dwarfs of class F, the  ratio  of the equivalent w idths of lines belonging 
to CH and Fe I  in the spectra of stars having a relatively large velocity 
dispersion is also increased. These facts (and several others also) can 
be explained on the  assum ption th a t the percentage content of the 
m etals (and, to a lesser extent, of the metalloids 0 , C, N) in the atm os
pheres of stars with a large velocity dispersion is less th an  th a t in the 
atm ospheres of stars w ith a smaller velocity dispersion.

Sim ilar results are obtained when the atm ospheres of the subdwarfs 
are com pared with those of main-scquencc stars. The difference in the 
spectra of the stars of these two groups can be explained as being due 
to  a smaller conten t of calcium and iron (and perhaps of other metals) 
in the atm ospheres of the subdwarfs, i. e. of stars belonging to  a  spherical 
sub-system . The percentage content of hydrogen in the  atm ospheres 
of stars having a large velocity dispersion is apparently , according to 
the above investigations, alm ost the same as in the atm ospheres of 
s ta rs  with a small velocity dispersion.

Chapter 16. The interpretation of the spectral 
sequence. The absolute-magnitude effect.

The scale of effective temperatures

1. Introductory rem arks. We have seen in C hapter 15 th a t the 
chemical composition of the atm ospheres of the overwhelming m ajority  
of stars, of very different classes, is approxim ately the same. Conse
quently, the differences between the spectra of stars w ithin the spectral 
sequence arc certainly not due to a difference in the chemical composition 
of their atm ospheres. In  fact, as soon as i t  appeared (in 1920), the theory  
of the ionisation of stellar atm ospheres showed th a t the chief factor 
which causes the change in the  character of the spectrum  along the 
spectral sequence is a change in temperature. F rom  this standpoint, the 
nature of the spectrum  (i. c. the presence of given absorption lines, 
their relative intensity, etc.) of any sta r w ithin the spectral sequence 
should be determ ined m ainly by the tem perature alone. These ideas 
arc in accordance w ith the  linear H arvard  classification of spectra, 
which depends on only one param eter and is of a purely empirical 
nature.
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From  the physical point of view, the results ju s t m entioned are 
quite evident, since, for a given chemical composition, the nature of 
the  spectrum  of a s ta r is determ ined by the ionisation and excitation 
conditions in its atm osphere, and these depend m ainly on the tem pera
ture of the star.

However, the word “ m ainly” m ust here be used with the following 
reservation. In  reality, the ionisation, by formula (5.11), depends no t 
only on the tem perature, bu t also on the pressure pe, though of course 
to  a considerably smaller extent. Hence the spectra of two stars a t the 
same tem perature, but w ith different luminosities, and consequently 
with different average pe, will be som ewhat different. In  general, as 
we shall see later, the spectra of a dw arf and a giant of the same spectral 
class are distinguished bv a num ber of features. Besides differences in 
the degree of ionisation, there are also differences caused b \T the pressure 
effect (the atm osphere of the g iant is more rarefied than  th a t of the 
dwarf). For this reason, a more exact empirical classification of spectra 
would have to be a t least two-dim ensional — two param eters m ust be 
given in order to  characterise the spectrum  of a star. The spectral class 
m ay be taken  as one of these ; it is very sensitive to tem perature varia 
tions. The other param eter m ay be any characteristic (or several such) 
which is very sensitive to variations of absolute m agnitude* (even if 
not altogether free from the influence of the tem perature). The first 
problem  for the observer is to assign values of these two param eters 
x and y  for each star. The second problem  is to  exam ine the natu re  
of the dependence of these two em pirical param eters on T  and g:

* =  A (T, g) , 

y =  U ( 2 ’ > 9) .

and to  find the  values of T  and g from the given x and y. To conclude 
this short introduction, we m ust recall th a t the linearity  of the H arvard  
classification ceases abrup tly  a t the class K 2, since a ram ification of th e  
spectral sequence into th ree branches takes place: the  K-M stars, the 
K -R-N  stars and the S stars.

The spectra of the K-M stars arc characterised by titan ium  oxide 
bands, which are fain t in K o  stars bu t reach great in tensity  in the class 
MS. The spectra of K -R-N  stars are characterised by carbon and ct’ano- 
gen bands, which become stronger from RO to R 5, NO and N 3. No star 
is known whose spectrum  contains both titan ium  bands and carbon 
bands a t the same time. The spectra of S-typc stars arc characterised by

* For the main sequence, the absolute magnitude of a star at a given tem
perature is in a one-to-one relation (by the mass-luminosity law) with the accele
ration <j due to gravity.
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zirconium oxide bands. As has been said in C hapter 15, there is here ap 
parently  an actual difference in chemical composition.

We m ust now, starting  from th e  basic ideas of the theory  of stellar 
atm ospheres, investigate how the nature of the spectrum  will change 
when the tem perature and the acceleration due to grav ity  a t the surface 
of a s ta r vary . To solve this problem , a special branch of theoretical 
astrophysics was built up during the tw enties of the present century — 
the theory of ionisation of stellar atmospheres. This theory, because of the 
relative im perfection of our knowledge, at th a t time, of the form ation of 
absorption lines, developed for a long time alm ost independently of the 
theory of absorption-line intensities. However, such a separation, which 
is in essence com pletely artificial, cannot be m aintained a t the present 
da}’. In  fact, in order to s tudy  the nature of a stellar spectrum  for various 
T e and g and a given chemical composition, we have to construct the 
contours of absorption lines for these T e and g (see Chapter 13). Then 
we m ust consider the change in the intensities of these lines in the spectra 
of stars with different T e and g, and compare the theoretical results 
with those of observation. Thus, in principle, everything reduces to  cal
culations based on the contents of Chapter 13. I t  is true  th a t such calcu
lations will, of course, be very schematic, since th ey  do no t take into 
account such factors as turbulence in the atm ospheres of stars, the  ro
ta tion  of a star, small differences in the chemical composition, etc. H ow 
ever, these problems already lead us into the field of a two-dimensional 
classification.

I t  follows from the  above th a t, to in terp re t the  m ost im portant 
characteristics of the spectral sequence, we can here restric t ourselves 
to a qualitative discussion of the problem , since quan tita tive  calculations 
would be based on the m ethods of C hapter 13, which we have already 
considered. The formulae and m ethods of the old “ theory  of ionisation 
o f stellar atm ospheres” have lost almost all significance nowadays*.

2. The variation of line intensifies with increasing temporal lire. Let
us now investigate how the intensities of various absorption lines will 
vary, for a fixed value of g, as we pass from stars w ith a low Te to those with 
a higher Tt. (The effect of varying g will be considered in the nex t section.)

The starting-point for w hat follows is th a t the in tensity  of any line 
in the spectrum  of a star is the greater, the more atom s there are which 
produce this line (see Chapter 12). Hence, in order to study the quali
ta tive  change in the in tensity  of any  line in stellar spectra along the 
spectral sequence, it is sufficient for us to consider the change in the 
num ber of these atoms.

* This theory, in its final form, began from the idea of the so-called effective 
optical depth, which was supposed to he the same for all absorption lines. How
ever, it has recently been found that this depth varies for different lines from 0.2 
to 2, depending on the excitation potential, the region of the spectrum, etc.
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The most characteristic properties of the spectra of stars w ith the 
lowest effective tem peratures arc as follows:

(1) the presence of bands due to molecular com pounds;
(2) the presence of absorption lines which s ta r t from the ground 

level, for example the  line 4227 A of Ca I. A t low tem peratures the num 
ber of atom s in excited states is small, by formula (5.54);

(3) lines of ionised elements will be relatively fa in t in the spectra of 
the stars in question.

Let us now ascertain how the  natu re  of the spectrum  changes as we 
pass from these cool stars to stars w ith higher Tt . The increase in tem 
perature causes a decrease in the num ber of molecules, because dissocia
tion processes are intensified, and consequently the molecular bands be
come fainter. H ere the  first bands to  disappear will be those which are 
due to easily dissociated compounds (with a small dissociation energy). 
The same will happen for the  atom ic lines which s ta r t from the ground 
level of the neutral atom . The num ber of neutral atom s will decrease 
(slowly a t  first, and then  more rapidly) as the  ionisation increases.

The lines of neutral atom s which correspond to transitions from  ex
cited levels will behave differently. As the  tem peratu re increases, the 
num ber of such atom s will a t  first increase [formula (5.54)]. The in tensity  
of the corresponding lines will therefore increase also. However, this in 
crease will no t continue indefinitely. As the tem peratu re increases fu r
ther, the  to ta l num ber of neutral atom s of the elem ent considered begins 
to decrease, because of the  continuously increasing ionisation. For th is 
reason, the intensities of lines which correspond to transitions from ex
cited levels of neutral atom s m ust have m axim a for some tem perature. 
The line then becomes fain ter and disappears a t some spectral sub-class. 
(The hues of the  B alm cr series form an exception; they  are observed 
even in the spectra of O-type stars. This is due to the exceptionally high 
percentage content of hydrogen in stellar atmospheres.) I t  is easy to see 
th a t lines which correspond to transitions from the ground level should, 
as a rule, disappear la te r (i.e. a t higher tem peratures) th an  those which 
correspond to transitions from excited levels.

The position of the m axim um  in tensity  of the line m ust depend on 
the  ionisation potential of the elem ent in question and on the excitation 
potential of the level from which the transition  begins which forms the 
line. The greater these two potentials, the higher will be the tem perature 
a t which the line reaches its m axim um . Thus, for exam ple, the m axim um  
intensity  of the lines of H e I is observed in the spectra of stars of the 
B sub-classes (the lines of neutra l helium first appear in the spectra of 
stars of the sub-classes A 1 and A2), while the m ajority  of lines of neutral 
atom s of metals which are relatively easily ionised and excited have their 
m axim a in the classes M, K  and G. This, in particular, explains why
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m etal lines* are predom inant in the spectra of stars of these classes. The 
lines of elem ents which are not easily excited are either absent or extrem e
ly fain t in these spectra. H ydrogen forms an exception: even its first 
excitation poten tial is very high (for the  second level, where the Balrner 
series begins, e0>2 =  10-16 eV). The Balrner lines, however, are fairly 
intense even in the spectra of G, K  and M stars; this is due to the 
extrem ely high relative content of hydrogen (sec Chapter 15).

The presence of an in tensity  maxim um  for the lines of neutral elements 
m ust relate, as we have ju st seen, to  excited levels. However, in certain 
cases lines produced by transitions from the first level m ay also have 
maxima. For, if as a result of the rise in tem peratu re the atom s in 
question are released by the disintegration of molecular compounds 
which contain them , the  in tensity  of the corresponding atom ic lines 
should likewise increase. The subsequent ionisation of the atom s causes 
a m axim um  of the  in tensity  and  then  a decrease.

L et us now consider lines due to  ions. We first exam ine lines p ro
duced by transitions from the  ground sta te  of the ionised atom . As we 
pass to  th e  atm ospheres of ho tte r and h o tte r stars, an increase in the 
number of ionised atoms will take place (at the expense of the num ber of 
neu tra l atom s). Because of this, the in tensity  of ionic lines increases, and 
new lines appear whose in tensity  also increases. However, this increase 
in in tensity  cannot continue indefinitely. As the  tem peratu re rises fu r
ther, the  increase in the second ionisation of the  atom s considered leads 
to the  result th a t the  num ber of singly ionised atom s, having reached 
a maxim um , begins to decrease. Thus the  intensities of lines produced 
by transitions from the ground s ta te  of ionised atom s m ust also have 
some m axim um  in the  spectral sequence. This m axim um  is reached a t 
a point where the  lines belonging to neutral atom s of th e  given element 
are already very  faint. Furtherm ore, the  m axim um  m ust be relatively 
flat, since the nex t stage of ionisation usually requires a considerably 
higher tem perature.

I t  is quite evident th a t those lines of ionised atom s which correspond 
to  transitions from excited levels m ust also have a maxim um , though of 
eourse a t a higher tem perature, since additional energy has to  be ex
pended on th e  excitation of the atom s. These m axim a should be more 
sharply defined th an  those of lines which s ta r t from the ground levels of 
the  ions.

For ionised atom s, the position of the maxim um  m ust also depend 
on the values of the ionisation and excitation potentials. The larger these 
are, the higher is the tem peratu re a t  which th e  corresponding lines and 
the ir in tensity  m axim a are observed.

* Not only of neutral metals, but also of ionised metals with small ionisation 
potentials.



240 Chapter 1G. The interpretation of the s-pcctral sequence

The concepts which we have explained are wholly applicable to higher 
ionisation states also.

Thus, as we move along the spectral sequence from the coolest stars 
(among those known to  us) to  the ho ttest, we should observe a continuous 
replacem ent of some lines (and m axim a) by others which have greater 
ionisation and excitation potentials. A general change takes place cor
respondingly in the appearance of the spectra of stars, from spectra 
crossed by a m ultitude of absorption lines (and a t first by bands) with 
strong blending, to  the spectra of early classes, which have relatively 
few lines. In  fact, as we pass from cool stars to ho tte r ones, we arc con
cerned on the whole with atom s which are more highly ionised or diffi
cult to ionise (for example, H e I). In  atom s w ith large y 0, y }, . . .,

however, the m ajority  of the strong lines are s ituated  in the far u ltra 
violet, which is a region of stellar spectra not vet accessible to us. Thus, 
for instance, the lines of doubly and trip ly  ionised atom s are, in general, 
encountered relatively seldom in the accessible region of the spectrum . 
The relative “ scarcity” of lines in the  spectra of early classes is hereby 
explained.

I t  is interesting to note th a t it was previously supposed (until the 
tw enties of the present century) th a t the  disappearance of m etal lines 
and the appearance of lines of the inert gases in the spectra of ho t stars 
was due to  the destruction of the m etal atom s and  the form ation of inert 
gas atoms. In  actual fact, everything is explained by the m ultiple ion
isation of the m etal atom s; for such ions, practically all the lines are in 
th e  ultra-violet region of the spectrum , which is inaccessible to us. The 
observed lines of the  inert gas atom s s ta r t from highly excited levels, so 
th a t a fairly high tem perature is required to  produce a sufficient num ber 
of absorbing atoms.

All the  conclusions given here, i.e. the presence of m axim a and the 
general nature of the variation of spectra as Te increases, are in com
plete accordance with observation. The earlier “ theory of ionisation of 
stellar atm ospheres” achieved some success as regards quan tita tive  con
clusions, principally in the construction of a scale of “ ionisation” tem 
peratures (see below). However, this theory  was fundam entally too ele
m entary  and was based on data  for the absorption coefficients which are 
now known to be incorrect. Calculations perform ed in the  last few years, 
based on a direct construction of absorption-line contours, can be used 
w ith justification only for stars of the early spectral classes, where the 
absorption is determ ined by hydrogen. For the cooler stars of classes F, 
G, K and M, where the continuous absorption is produced by negative 
hydrogen ions, and later by m etals and by molecules, there are no calcu
lations which give the variation of the in tensity  with Tf . Earlier calcu
lations were based on the supposition th a t the absorption in the atmos-
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pheres of these stars is produced by m etals and by hydrogen. Nor are 
there sufficiently well-founded calculations for very hot stars, where the 
absorption of radiation is determ ined by hydrogen, by helium, and by 
free electrons.

The study  of the behaviour of various lines along the spectral se
quence is im portant, and not only for the solution of the general problem 
of in terpreting  the spectral sequence. This in terpreta tion  is applicable in 
practice to a num ber of situations. One of these is the establishm ent of 
a scale of stellar tem peratures. Let us assume th a t we are considering 
stars w ith alm ost the same value of the acceleration g due to gravity, 
bu t with various T e. "Having constructed the theoretical contours and 
com puted IFj from them  for some line, we find the value of T e for which 
the line concerned has the m axim um  value of Wx. L et this be T e = { T e)m. 
N ext, having selected stars of various classes, bu t with approxim ately the 
same value of g, we determ ine spectrophotom ctrically the  spectral class 
in which the value of 1FA for the given line is a m aximum . Let this be, 
say, the  class F5 . We can consequently suppose th a t the  effective tem 
perature of class F 5  is (T e)m. A similar determ ination  of T e can be made 
for m any other lines also, and these will in general have a m axim um  Wx 
for o ther spectral classes. We thus obtain  w hat is called the scale of 
“ ionisation” tem peratures, i.e. the relation between the  spectral class 
and the tem perature of a s ta r: the tem peratures found in the m anner 
described m ust be essentially the effective tem peratures, as follows from 
the  m ethod by which they  were found.

We m ust extend the scale of effective tem peratures to groups of stars 
with various values of g, since, as we shall sec later, the  effect of this 
param eter on the values found for T e m ay be considerable in some cases.

The establishm ent of the scale of “ ionisation” tem peratures was one 
of the m ain tasks of the old “ theory  of ionisation” of stellar atmospheres. 
However, because of the much simplified character of this theory, the 
Te determ ined from different lines for one and the same spectral class 
was often different.

A t present, the m ethod of m axim a has retained some significance 
only for hot stars of classes B and 0 , where a num ber of difficulties are 
encountered in the establishm ent of the tem perature scale (see below). 
Of course, here too the old “ theory of ionisation” has to be entirely  re 
placed by calculations based on the integration of the general equations 
of transfer (0.29), (9.32) and (10.2), taking into account the main ideas 
of C hapter 13. We shall discuss the  results of such calculations a little 
later.

3. The elfect of (lie acceleration due to gravity. H aving considered 
in outline the effect of a s ta r ’s tem perature on its spectrum , let us now 
tu rn  to a study  of the p a rt played by the acceleration g due to gravity.

If Astrophysics
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A difference in the value of g means, as we know, a difference in the 
electron pressure: the smaller g, the  sm aller pe. and conversely. On the 
other hand, the degree of ionisation, according to  formula (m il) , is 
greater, the smaller pe. Consequently, if we have two stars with the 
same effective tem perature, one being a dw arf and the o ther a giant, the 
ionisation of the atom s in the atm osphere of the g iant will be g reater 
than  in th a t of the dwarf, i.c. the spectrum  of the  giant will be of an 
earlier class than  tha t of the dwarf.

Let us consider, for instance, two groups of stars with different values 
of g, say g' and g", where g' >  g". Then, as we move along the spectral 
sequence tow ards higher tem peratures, all phenom ena in the  spectrum  
(disappearance of lines, m axim a of lines, appearance of lines of ionised 
elements, etc.) which depend on the ionisation will take place at lower 
T e in the second group of stars than  in the  first. These facts are easily 
illustrated by means of formulae (5.11) and (5.54). For, by using these 
formulae, we can calculate the ratio  of the num ber of ionised atom s of 
some element to  the to tal num ber of atom s of th a t element (in the same 
volume). If  we are in terested  in r times ionised atom s in the &th exci
ta tion  sta te , then th is ratio, which we denote by yr k, is

where
Vr,t =

r,k
n

r,k
n.

n =  ??„ +  n x +  n2 +  . . . =  2, nr,
T

(16.1)

(16.2)

the sum being taken over all ionisation states.
For the  first factor on the right-hand side of (16.1), we have from 

formula (5.54)
r.k qrk - £r,kikT 

c (16.3)

The second factor m ust be calculated by means of the ionisation equation 
(5.11). W riting this equation for r  =  0, r =  1, r =  2, etc., we obtain, 
as a result of appropriate m ultiplication of the equations,

pt =  K 0 , v r  =  K 0K\ , % p*  =  A V ^A L  • etc. , (16.4)nG nQ

where the nota tion  (5.17) is used. In  accordance with (16.4). the expres
sion (16.2) takes the form

n =  S  {T, pt) n0 , (16.5)

where

S  (?’, Pt) =  1 -b +  K° J l +  K° h  K̂  +  . . .  ■ (16.6)
‘ c
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Using (16.1), (16.3), (16.4) and (16.5), we obtain  the following expressions 
for y0<k, y l k , . . .  , yrk. e tc.:

Vojt =
9o,k e~ eo ,klkT

S(T ,re)

2/1, k =
9 i ,k  K o e  e , l t /  

« i  S { T , p e)j)e

V r , k  =
9 r , k  AqA'i . . .  K r _ ,  e - ' r . k / X T  

S ( T , p e ) p /

(16.7)

(16.8) 

(16.9)

etc.
As has been m entioned in C hapter 5, the  levels of consecutive ioni

sation sta tes are usually so far ap art th a t, for a given pe, only r and 
r - f  1 times ionised atom s exist in an appreciable am ount, i. e. for 
example, nQ and n1, or and n2, ete.* Thus the sum (16.6) is d e te r
mined m ainly by two term s only. H enee we have in this ease, for neutral 
atoms,

2/o, k
9 0 ,k e ~ y ^ k T  

1 +  A'o lPe
(16.10)

I f  we are dealing with neutral atom s in the ground state , then  (16.10) 
takes the form (e01 =  0)

flo.i . _  1 ___
Jo,l ^  «o 1 +  A'olpe ’ (16.11)

where we m ust rem em ber th a t the partition  function u0 depends on the 
tem perature. The same is true  of u v u 2, ete. In  some eases the variation 
of v r with T  m ay cause some displacem ent in the position of the m axi
mum of yr k. This can be shown, for exam ple, for lines which correspond 
to transitions from the ground level of the  singly ionised atom . We can 
observe these lines only in eases where they  lie in the accessible region 
o f the spectrum , i. e. when the nearest excited level has a  fairly small 
excitation energy. The second ionisation poten tial o f the atom , however, 
is com paratively high. H enee, when the tem perature increases, the ions 
first pass into the excited state , and only la ter into the second ionisation 
state. The decrease in the num ber of singly ionised atom s in the ground 
state , afte r the maxim um , is caused in these eases no t so much by 
second ionisation as by the excitation of atom s to the nearest level.

* It follows from an analysis of absorption lines in stellar spectra that atoms 
in three .successive ionisation states may sometimes exist in comparable amounts 
in stellar atmospheres. In this case we are dealing not with the ionisation state 
in a volume clement, hut with the total effect produced by the different layers of 
the atmosphere.

10*
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In  general, the p a rt played by the individual term s in the sum (16.6) 
can be ascertained by ealculating them  directly, for a given pe of course.

The application of form ulae (16.7) and (16.8) to the problem in 
which we are in terested , th a t of the effect of pe on the varia tion  of the 
quantities yr k, is shown in Fig. 44. On the axis of abscissae is placed 
the tem perature, and on the axis of ordinates the ratio  of n r k to  n, 
expressed as a percentage. The curves A  and B  show the dependence

0.5
o o'

O
2 0 0 0  4 0 0 0  6 0 0 0  8 0 0 0  10000°

F ig . 44

of y  on the tem perature for the ground level of neutral calcium, from 
which starts, in particular, the transition  which produces the resonance 
line 4227 A. The curve A  is constructed for pe =  10 bars from formula 
(16.11), and the curve B  for pe =  OT bar. The curves A + and B + show 
the dependence of y  on the tem peratu re for the ground level of ionised 
calcium, from which the transitions s ta r t which produce the H  and K  
resonance lines. The curve A+ is constructed for pe =  10 bars, and the 
curve B+ for pe — OT bar. The curves A+ and  B+ are constructed from 
formula (16.S), where k =  0, since the level concerned is the ground 
level.

The curve C is constructed for pe =  10 bars, and shows the depen
dence of y  on the tem perature for the excited level of neutral calcium 
from  which the transition  s ta rts  which produces the line 6162 A. The 
potential of this level is about 1-9 eV. The curve D  is calculated for 
pe =  OT bar. Both curves arc constructed from formula (16.10) w ith 
£0,jt ^  1 9  eV. Finally, the curve C+ shows the dependence of y  on the 
tem perature for the excited level of ionised calcium with clit 3-2 eV, 
calculated for pe =  10 bars. The transition  which produces the line 
3737 A starts  from this level. The curve I)+ is a similar curve for 
pe =  OT bar. Both curves are constructed from formula (16.S) with 
el lc 3-2 cV.

The curves in Fig. 44 entirely eonfinn the sta tem en t made above 
th a t, as we move along the spectral sequence (in the direction of T
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increasing), all the phenom ena which depend on the  ionisation take 
place a t  lower values of T  in stars where g, and consequently pe, is 
smaller, th a n  in stars where g is larger.

Consequently, if we have two stars, a giant and a dwarf, of the same 
spectral class, the giant should have a lower effective tem perature than  
the dwarf. For, if the spectral class is the same, this means, roughly 
speaking, th a t the ionisation state of the atoms is the same, while a lower 
tem perature is needed to reach a given ionisation sta te  of the atom s 
in the atm osphere of the giant, where pe is less, than  in th a t of the dwarf. 
This is very clearly noticeable for stars cooler than  those of class F  5, 
i. e. for stars where the division into dwarfs and giants is clearly marked. 
We shall give in Table 11 quan tita tive  da ta  on the differences in T e.

4. The differences between the spectra of dwarfs and giants. The 
absolute-magnitude effect. We have ju st said th a t a difference in '1\ m ay 
be balanced by a difference in pe, so th a t a giant and a dw arf m ay have 
practically  the same spectral class. However, this com pensation is no t 
really complete. The sim ilarity in the spectra o f giants and dwarfs is 
only, so to speak, one of principle. There arc a large num ber of m arked 
differences of detail. These arc due to the following causes.

(1) L et us w rite the ionisation form ula (5.11) in the logarithm ic form

log10
_V +1 
n. log. > + i

10 +  I  logic T
5040  ̂

g' " Xr

~  l o g l o P e  +  lQglO
2 (2 ji m ) 3/2A5/2

(16.12)
e»
h3

where yr is expressed in electron-volts. I t  follows from (16.12) th a t an 
increase or decrease in pe respectively decreases or increases nr + 1/nr 
by the same am ount for all elements. On the o ther hand, a change in T  
causes a  change in nr+ljnr which is no t the same for different elements. 
For large yT, the change in nr+t/nr, for a given change in T, will be 
g reater th an  for small yr. Thus the tem perature “ com pensation” (de
crease in T) in passing from a dw arf s ta r  to a g iant s ta r (of the same 
class) is too small for easily ionised atom s and too large for atom s which 
arc difficult to ionise (yr is a factor of the most im portan t term , 5040 yr/T). 
H ence we should expect th a t, as we pass from dwarfs to giants, atom s 
with small yr will bo ionised more strongly in the atm ospheres of giants 
than  in the atm ospheres of dwarfs, and those w ith large yr less strongly; 
for elements with m oderate values o iy T the difference should be unim por
tan t.

This should appear from the behaviour of absorption lines, and such 
a thing is in general observed. Thus, for instance, the  lines of Ca I  and 
Sr 1 arc stronger in dwarfs and weaker in giants, while the reverse is
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observed for the lines of Ca II  and Sr II. (For Ca 1 y0 =  6 09 eV, for 
Sr 1 y0 — f> 67 eV, for Ca II yA =  11S2 cV, and for Sr 11 yA — 10-9S eV.)

(2) Wc know (see Chapter 12) th a t the contour of any absorption 
line, and also its equivalent width, are determ ined by the ratio rjv:

V* =  a*lit*- (16.13)

H ere the value of ay is determ ined by the pressure efjects, among other 
things. Thus, even if the tem perature com pensation for the difference 
in degree of ionisation between giants and dwarfs were complete*, there 
would still necessarily be a definite difference between the intensities 
of absorption lines in their spectra.

I t  follows from all we have said th a t, when we consider stars of the 
same spectral class bu t with different <j, and measure the equivalent 
w idth IFA, in the spectra of these stars, of any line which is sufficiently 
sensitive to  a change in pe (and thus in g), we should expect a definite 
relation between g and IFA. This is wholly confirmed b j7 the appropriate 
observations. However, in practice we establish not the relation between 
IF* and g, bu t between IF* (or some o ther characteristic of the line 
strength , such as an c}e estim ate of the strength) and the  absolute 
m agnitude of the s ta r or its bolometrie lum inosity L. This relation, as 
is well known, is the basis of the m ethod of speetroseopic parallaxes. 
The possibility of passing from the relation between IF* and g to  th a t 
between IFA and L  depends on the existence of the m ass-lum inosity 
law (see below). This law, although not universal, is nevertheless obeyed 
by fairly large groups of stars in the H ertzsprung-Russell diagram . The 
method of spectroscopic parallaxes is generally applied w ithin such 
groups of stars. As is well known, it consists essentially in the following. 
H aving selected for a given spectral class two lines whose in tensity  ratio 
changes noticeably with the absolute m agnitude of the star, we determ ine 
this ratio for a num ber of stars of know nf and different absolute m agni
tudes (but of the same class). A graph is next constructed: on the axis 
of abscissae is placed the absolute m agnitude, and on the axis of ordinates 
the ratio  in question. Using this calibrated graph, we can determ ine 
the unknown absolute m agnitude of any sta r (again of the same class), 
if we have measured the ratio of intensities of the lines concerned, in 
its spectrum . For greater accuracy wc can use not one pair of lines, 
bu t several.

I t  is quite evident th a t the array  of pairs of lines necessary to  d e te r
mine the absolute m agnitude varies along the spectral sequence. More
over, the array  of pairs of lines and the corresponding calibrated graphs

* That is, if the decrease of pf in the giant were compensated for all atoms 
l»v a decrease in its temjK'raturc relative to the dwarf.

f  Determined, say, from the trigonometrical parallax.
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(see above) arc different for instrum ents with different dispersions. For 
early-type stars, the absolute m agnitude can be determ ined simply from 
the equivalent w idths of the lines of the B ahner series. We have already 
explained the  corresponding m ethod in Chapter 13. The reader is referred 
to the literature  for a list of the lines used in the m ethod of spectroscopic 
parallaxes, and for details of the method.

I t  m ust be rem arked th a t the purely empirical m ethod of spectro- 
seopic parallaxes has given very good results in practice. I t  is based, 
as we have just said, on the  assum ption th a t all stars of the spectral 
class concerned and neighbouring classes follow the “ mass-luminosity 
law ” :

L =  <I> (M) . (16.14)

We then  find from formulae (4.22) and (13.28) th a t the acceleration g 
due to  grav ity  m ust be a function of the lum inosity and of the tem 
peratu re Te:

g = F ( L , T t) .  (16.15

On the other hand, as we have seen above, the spectral class Sp  depends 
on T e and (to a lesser ex ten t, it is true) on g. Hence we can write

S p = f ( g , T e) .  (16.15')

H aving found Te from (16.15') as a function of Sp  and g and substitu ted  
in (16.15), we find

g =  <f> {L, Sp) , (16.15")

from which it follows th a t, for a given Sp, the acceleration g due to 
grav ity  is a function of L, and conversely. This is why the  value of i r A, 
for a given Sp, m ust depend m ainly on L.

The dependence of Wx on g for a given T e (or for a given Sp) is 
called the absolute-magnitude effect. This effect was the object of 
particu lar study  in the “ theory  of ionisation” . However, all the p re
dictions of this theory regarding the dependence of 11A on g m ust now 
be entirely revised. Besides its schem atic nature, this theory took no 
account of the line broadening caused by collision dam ping. The effi
ciency of this process is determ ined by the density  of m atter, and m ust 
consequently depend on the value of g, and directly on the absolute 
m agnitude when rl \  is constant.

In  order to investigate the absolute-m agnitude effect theoretically, 
it is necessary to proceed in the m aim er dismissed above, nam ely to 
calculate the structu re  of the photospheres o f stars for various T e and g, 
and to construct, on the basis of these calculations, the  contours of the 
absorption lines in which we are interested. Then, having decided on a 
definite value of T t (or Sp), we can study  the dependence of 1KA on g.
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I t  m ust be rem arked th a t such calculations are restric ted  as regards 
stars of high lum inosity, since calculations based on “dynam ical” values 
of g are impossible for the atm ospheres of supergiants (see C hapter 13). 
Furtherm ore, the broadening of lines by the effects of turbulence has 
a distorting effect in the atm ospheres of supergiants (Chapters 12 and 13).

The present s ta te  of the theory of the absolute-m agnitude effect is 
in genera] very unsatisfactory. A great am ount of work remains to be 
done here. As yet the whole problem has been developed in a purely 
empirical m anner.

Besides the purely quan tita tive  m ethod of spectroscopic parallaxes, 
the  so-called luminosity classes have recently come into use. The lum i
nosity classes are denoted by Rom an figures. S tars of class I are super
giants, while those of class V are chiefly stars of the  main sequence. 
Fig. 45 shows th e  corresponding diagram , which gives the  prelim inary

calibration of the lum inosity classes [e. g. 92]. On the axis of abscissae 
is placed the spectral class, and on the axis of ordinates the absolute 
stellar m agnitude.

In  connection with the in terpreta tion  of the spectral classification, 
it m ust be rem arked th a t it will, of course, be necessary in fu ture to 
refine the  classification continually, in order to take account of various 
supplem entary factors which characterise the spectra of stars: tu r 
bulence, deviations from the  “ norm al” chemical composition, etc.

5. The scale of elTeclive temperatures. In  conclusion, we shall briefly 
consider the subject of the scale of stellar effective tem peratures [97]. 
By th is we shall understand  the  relation, established from observation, 
between the spectral class of a s ta r and its effective tem perature. I t  is 
clear th a t, for stars of different lum inosity, this relation will be different, 
because of the considerations given above.
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We shall be in terested  only in effective tem peratures, since we have 
seen th a t the  effective tem peratu re of a s ta r is in fact the  basic tem 
perature param eter. According to the relation (4.22), it determ ines the 
to tal, i. e. bolometrie, lum inosity L  of the star, and by (4.21) the fiux 
tiH , which, together w ith the acceleration g due to grav ity  and the 
chemical composition, determ ines the tem perature distribution in the 
stellar atm osphere and the  spectrum  of the star. O ther kinds of stellar 
tem peratu re are param eters which usually play only a restricted  part.

The m ost direct m ethod of determ ining T e is to use the fundam ental 
formula

L  =  4lti R~o T  * , (10.16)

which connects L, R  and T e and gives the definition of Te. However* 
we here encounter a difficulty (insuperable w ithout special investigations)* 
in th a t the  E a r th ’s atm osphere cuts off the p a rt of stellar ultra-violet 
radiation w ith wavelengths /  <  3000 A. For stars with fairly high Te, 
the proportion of energy not transm itted  by the  E a r th ’s atm osphere 
m ay considerably exceed the proportion of energy which reaches the  
observer. Only for stars cooler th an  the Sun and the  Sun itself do the 
spectral regions cut off by the E a r th ’s atm osphere play a very small 
part. Hence, for stars of different spectral classes, the m ethods of de ter
mining Te m ust be modified in some way, and sometimes we m ust 
resort to indirect methods.

For very hot stars (hotter than  those of class B 2), the m ost reliable 
m ethods of determ ining T e are so far those concerned w ith the  study 
of absorption (or emission) lines. A comparison of the theoretical energy 
d istribution in the continuous spectrum  of these stars w ith the d is tri
bution found from observation leads to considerably more uncertain 
results, since a t high tem peratures the relative d istribution of energy 
in the observable p a rt of the spectrum  depends only slightly on the 
tem perature.

The m ost reliable m ethod of determ ining Te from absoqffion lines 
for hot stars is the “ m axim um ” m ethod of the  theory  of ionisation, 
which we have considered in the present chapter. The values of T e 
obtained by this m ethod are shown in Table 9. The excitation potential 
refers to the  lower level of the line whose m axim um  is given from ob
servation. The spectra in the two columns are given according to the 
results of different observers.

Three m ethods can be used for stars of classes B 2  to AO:
(1) the m ethod of m axim a ju st discussed;
(2) a comparison of the  theoretical and observed energy d istribution 

in the continuous spectrum  of the stars;
(3) the use of bolom etrie corrections.
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Let us consider the second of these methods. The comparison of 
the theoretical curves with those obtained from observation should, 
in order to achieve the greatest accuracy, include as wide a range of 
wavelengths as possible, among them  th e  discontinuity  a t the lim it of 
the Balm er series and the in terval from /. =  3000 A to this lim it 
(/. = 3646 A). H aving selected the theoretical curve, constructed for

T a b l e  0  [based on 117]

Element I Ionisation Excitation 
I potential potential

T
log™ 9 = 4-4 Iog10 g =  2-4

Spectrum

Si II 16-3 9-3 12,900° 11.200° A 0
C II 24-3 18-0 21.000 16,800 B 3
X II 29-5 18-4 21,000 18,700 B 2 B 1—2
Si III 33 3 18-9 22.000 19,400 B 1—2 B 1—2

He I 24-5 20-9 18,000 14,400 B 2—3
0  11 34-8 23-3 24,000 21,000 B 1 B 1
Si IV 44-9 23-9 31,500 27,000 O 9 0 9
X III 47-4 27-3 35,000 31,500 0  7—8 O 9
C III 47-7 29-4 30,600 28,000 0  9? O 9—B 0
0  III 54-9 33-7 37,400 33.600 O 9—B 0 0 8
X IV 77-3 39-7 39,000 33.600

He II 54-2 50-S 44.000 39,000
C IV 64-2 55-5 50,000 44,000

some tem perature Te', which best m atches the  observed energy d istribu 
tion in the  spectrum  of a star of the  given elass, we can suppose th a t 
this tem perature is characteristic of the  spectral class concerned. This 
m ethod is quite reliable, since the  energy distribution beyond the limit 
of the Balm er series, th a t up to  the lim it, and the m agnitude of the 
d iscontinuity  D a t the scries lim it [see formula (6.2S)] can be considered 
as independent characteristics of the spectrum  from the  observational 
point of view.

Let us now consider the th ird  method. From  the constructed theoreti
cal energy distribu tion  in the continuous spectrum , we can calculate 
the theoretical bolometric corrections for stars of various classes:

A J / bol =  M b0] — J / Vi3 . (16.17)

Then, knowing the absolute visual (or photovisual) m agnitude „lfvls 
o f the star, we can determ ine L  from the obvious formula

l°8io =  (7̂ boi)o— -^boi • (16.IS)

[We shall discuss the values of Lq  and (AT1)o1)q la ter.] Thus the problem 
reduces to a determ ination of the radius of the star, followed by finding 
the value of Te from the known L  and R. in accordance with (16.16).
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The value of R can be d irectly  determ ined only in two cases. (1) If 
the s ta r belongs to an eclipsing variable system  and the spectra of the 
two com ponents can be distinguished (otherwise it would not be possible 
to determ ine the spectral class to which the value of p re fe rs ) .  Further, 
the parallax of the system  m ust be known. In  this case the value of R 
is found from calculations of the orbit. (2) I f  the distance of the star is 
known, interferom etric m easurem ents can be used; these give the 
angular radius of the star. There are as yet no such m easurem ents for 
early-type stars, because of their relatively small dimensions.

The third m ethod which we have considered for determ ining effective 
tem peratures is really a refinement of the tem peratures obtained by 
the second m ethod, since here it is necessary to use an already known 
theoretical energy d istribution in the continuous spectrum  of the stars.

The scale of effective tem peratures for stars ho tte r than  A 0 stars 
[1)7], constructed by G. P. Kuiper by the m ethods given above, is 
shown in Tabic 10.

Table 10

S p e c t r u m  I log.o T, A mb S p e c t r u m l°g10 Te A mb

0 8 4-60 —3-8 j B 3 4-27 —2 03
0 9 4-50 —3-24 B 4 4-23 — 1-82
B 0 4-40 —2-70 B 5 419 — 1-60
B 1 4-39 —2-48 , B 6 4-16 — 1-44
B 2 4-31 —2-24 : B 8 4-09 — 107

A 0 403 —0-76

The subject of the tem perature scale for stars of the earliest classes 
is very indefinite. An extrapolation made by Kuiper gave very  high 
effective tem peratures for these stars. For the class O 5, the  value of 
T e was 80,000°, for the class O 6 08,000°, and for the class O 7 50,000°. 
However, there are a num ber of more recent investigations which suggest 
th a t these tem peratures are greatly  exaggerated. I t  appears th a t stars 
of the class O 5 have effective tem peratures not exceeding 45,000° or 
50.000°, while the general change o f T e with spectral class is slower 
for O-type and early B -lype stars than  th a t shown in Table 10. This 
subject requires very careful investigation.

The scale of bolomctric corrections for B 2 to A 0 stars was prepared 
by lv  R. M u s t e l ’ from theoretical curves like Fig. 17. For ho tte r stars, 
the bolometric corrections have been calculated from a simplified theory 
of radiative equilibrium (A. Pannekoek’s calculations).

For stars of the classes A to  F, the application of the m ethods m en
tioned for A 0  to B 2 stars is troublesome, because the absorption of 
radiation in their atm ospheres is determ ined sim ultaneously by hydrogen
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and by H ions. There are as y e t no reliable theoretical calculations 
of the flux nil;, for stars of these classes. H ence we m ust here resort to 
interpolation methods, since, for stars ho tte r than  those of the class A 0 
or cooler than  those of the classes G 0 to F  S, the relation between the 
effective tem peratu re and the spectral class becomes fairly reliable. 
Hence we now pass im m ediately to stars cooler than  those of the classes 
GO to F S .

H ere m atters are very considerably simplified by the  fact th a t, in the 
spectra of F  S to G 0 stars, the proportion of energy which belongs to 
the  inaccessible region with X <  3000 A is small, and for stars of the 
classes K  and M it is altogether negligible. The values of L  for this 
group of stars can be found by m eans of radiom etric m easurem ents, 
which give the values of A m b. Knowing A m b, we can determ ine L. 
A scheme of values of A m b was first constructed, using this m ethod, 
by P. P. P a u rn a g o  [118], and la ter by K uipek . The radius R  of the 
s ta r can be determ ined, say, by the  m ethods given above. In  particular, 
interferom etric m easurem ents exist for some red giants.

For dwarfs, we m ust use eclipsing binary stars which show two 
d istinct spectra. The m ost reliable tem peratu re value is, of course, th a t 
of the Sun, a dw arf of class dG 3. The effective tem peratu re of the Sun, 
determ ined from  the  solar constant, is 5710°, (d /bol)g =  +  4m-7, and 
L q  =  2 X 1033 ergs/sec. The scheme of effective tem peratures of stars 
of classes G, K, and M, determ ined in the m anner described, is given 
in Table 11. The tem peratures of stars of classes A 5, F 0  and F  5 are 
found, as sta ted  above, by interpolation, taking into account the in
form ation which can be obtained from the intensities of absorption lines.

Table 11

Spectrum Spectrum Te Spcctrunr T. Spectrum

A 0 10,700° dG 0 i 6000° gGO 1 5200° gM 0 3400
A 5 8530 dG 2 j 5710 gM2 3200
F 0 7500 dG 5 5360 gG5

gKO
4620 gM 4 2930

F 5 6470 dKO 4910 4230 gM 6 2750
dK 2 4650 gM 8e 2590
dlv5+ 3900 gK 5 3580
dM 2 1 3200

From  Table 11 we can estim ate th e  difference between T e for a dw arf 
and T e for a g iant of the  same class.

The scale of boloinctric corrections, obtained by the m ethod given 
above, for stars of various classes is given in Table 12. In  this table, 
M  is the absolute visual m agnitude of the s ta r; a colon afte r the  resu lt
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indicates th a t it is uncertain. Values in brackets were obtained by ex tra 
polation.

The tables given here are provisional. The tem peratures of very hot 
stars and of those of classes A and F  arc the most uncertain. However, 
the accuracy of the results in these tables is quite sufficient for m any 
practical problems.

Table 12

S[>ectruin Main
sequence II ° <=>

II 9

F 2 —004 —004 —004
F 5 —004 —0-08 —012
F 8 —005 —0-17 —0-28
GO —0-06 —0-25 —0-42
G 2 —007 —0-31 —0-52
G 5 —010 —0-39 —0-65
G 8 —0-10 —0-47 —0-80
K 0 —Oil ; —0-54 —0-93
K 2 —015 —0-72 —1-20
K 3 —0-31 —0-S9 —1-35

Spectrum Main
sequence

©6IIn M =  
—10

Iv 4 —0-55 — M l —1-56
K 5 —0-85 —1-35 —1-86
K 6 — 1-14
M 0 — 1-43 — 1-55 —2-2
M 1 —1-70 1 —1-72 —2-6
M2 —203 1 —1-95 —30:
M 3 [-2-35] —2-26 —3-6:
M 4 [-2 -7 ] —2-72
M 5 [-3 -1  :] —3-4:

The scale of effective tem peratures and bolometric corrections can 
be used, in particu lar to draw  lines of equal radius on the “spectrum - 
lum inosity” diagram , and if the masses of the stars are known, then  
lines of equal mass and  equal density  can be draw n also.

Fig. 46 shows such a diagram , constructed by P. P. P arenago . 
I t  is very useful, both for practical problems of stellar astronom y and 
for prelim inary calculations in various astrophysical problem s. On the  
axis of ordinates arc placed the absolute bolometric m agnitudes of the  
stars, and on the axis of abscissae log10 T e and the spectral classes. 
The vertical thick lines in the diagram  m ark the existing groups and 
sequences of stars. Their height gives the approxim ate dispersion of 
the m agnitudes M. The sequences and groups shown in the  diagram  
are as follows: A B ,  the m ain sequence; CD, the g ian ts; EF, the  super- 
g iants; Gil, the  cephcids; J K ,  th e  subgiants; L, the white dwarfs; 
M N ,  the subdw arf sequence discovered by P. P. Pauen'ago; OF, the 
white-blue sequence whose continuity  was discovered by B. A. V oront
sov-V el’yaminov .

The level lines on the diagram  are shown as follows. The continuous 
lines arc lines of equal radius, calculated from the formula

log10 R  =  S-50 -  0-2 -l/bol -  2 log10 Tt . (16.19)

This formula is obtained from formula (16.16), taking into account tha t 
the absolute bolometric m agnitude of the Sun (d/boi)o =  +  4-7. The
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dashed lines are lines of equal mass. They were obtained by P. P. Paue- 
n a g o  from his own investigations and from those he conducted together 
with A. 0 . M a s e v i c i i .

to9i0re

We now give the various empirical formulae for the relation between 
Abol and the mass M of the star. In  the upper part of the main sequence, 
for stars ho tter than  the Sun,

M =  0-89 Lbol°-;!5 . (1G.20)



5. The scale of effenctive temperatures 255

For the remaining stars in the m ain sequence,

M =  2-4 Lbol° «  . (16.21)

For the subdwarfs,

M =  LboIV R ~  i . (16.22)

For the  subgiants,

M =  1-8 L hJ / R  . (16.23)

For the giants,

M =  M  L bol° 4 R ~°'25 . (16.24)

For the supergiants,

M =  1-5 L bor - 7 . (16.25)

The unit of m easurem ent of L bol is (Lbol)g , and of M, Mq  .
The dot-and clash lines in the  diagram  show the lines of equal density, 

which are obtained from the known masses and radii, according to  the 
formula

login Q =  login M +  ° '6 +  6 log10 T t —  25-50; (16.26)

this is derived from  (16.10) and th e  formula M =  $7i R 3q. We are 
speaking, of course, of m ean densities.

In  the present chapter we have considered a tw o-param eter spectral 
classification. The situation  is really m ueh more complicated. Besides 
the effective tem peratu re and the acceleration due to grav ity  a t the 
surface of the star, the  nature of the s ta r ’s spectrum  m ay be determ ined 
by o ther factors also, such as, for exam ple, the ro tation  of the star, 
the turbulence of the gases which form its atm osphere, and so on. 
Moreover, the deviations of the chemical composition of the stellar 
atm osphere from the  “norm al” composition m ay play a considerable 
part. Finally, the  spectra of the various sequences and groups of stars, 
such as the subdw arf sequence, the group of “ metallic-line” stars, etc., 
dem and especial study.



PART III.
THE PHYSICS OF THE SOLAR ENVELOPES

Chapter 17. The structure of the solar photosphere. 
Granulation. Convection

1. The structure of the solar photosphere. I t  would be possible to 
determ ine the structure of the solar photosphere theoretically, by the 
same methods as we used in C hapter 7 to  study the s tructu re of the 
photospheres of stars of the class A 0. However, as we have said in 
C hapter G, the theory of radiative equilibrium, as developed for the 
solar photosphere, requires correction: the mean absorption coefficient 
which was introduced to m ake the theory  agree with the  observations 
is 1-4 times the theoretical value. H ence it is best not to apply the 
theory of rad iative equilibrium to  the Sun, bu t to  find the tem perature 
d istribution in its photosphere directly from observation. This can be 
done by using the  m ethod explained a t the end of C hapter 7. Wc m ust 
study, as accurately as possible (in particular, close to the limb) the 
energy distribution over the solar disc in some w avelength X, and then 
this gives the law of variation of the function B x w ith the optical depth 
rx for the same wavelength, on applying form ula (7.31).

L e t us now consider how, knowing the  relation between B x and tx 
for some wavelength X, and therefore the relation between T  and r x, 
we can find the dep th  d istribution of the o ther physical quantities: 
the to ta l gas pressure p, the  electron pressure p e, the density  Q, etc. 
We write the equation of hydrostatic  equilibrium ; the results of C hapter 7 
show th a t we can neglect the p a r t played by radiation pressure:

dp  =  g o dh . (17.1)

For th e  parts of the spectrum  between X =  4000 A and X =  10,000 to 
15,000 A, in which the relation between B x and r x is usually found, 
the absorption of rad iation  is determ ined mainly by negative hydrogen 
ions. In  this case the absorption coefficient, referred to 1 gram of photo- 
spheric m a tter, is given by formula (13.13), where the value of iq(H~) 
can be taken from Fig. 15. Furtherm ore, as we said in C hapter 13. we 
can take (n0)u ^  n n throughout the solar photosphere. H ence we can 
write

o dh =  nh kx(H~) pe dh

25G

(17.2)
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Dividing (17.1) by ) p, tl/i and using (13.!)), we obtain

(I/; g  >«H b 

clrA =  M n “) A ’
(17.3)

where b is the quan tity  in braces in (13.!)) and is equal to about 1-8. 
If, however, the content ns of helium in the Sun’s atm osphere is the 
same as in the atm ospheres of the early-type stars (see Chapter 15), 
where apparently  as =  0 05, then b will be 1-2. We notice here th a t 

is a function of tem perature and wavelength (or frequency) 
only. M ultiplying (17.3) by 2 p. we have

rip2 _  2g bm H
clh  “  M ri_)''PjP

(17.4)

We shall now obtain  an expression for the ratio

PelP =  »e k T ln k T  =  neln , (17.5)

where nt is the num ber of free electrons in 1 cm 3, and n the  to tal num ber 
of particles in 1 cm 3. For ne we can w rite:

ne =  nn xn +  I  ns xx =  n„  (xH + S « t r s) , (17.6)

where a, is the content of the sth  elem ent relative to  hydrogen [formula 
(5.1)]. The sum m ation must, stric tly  speaking, be extended over all 
elements. However, in practice we can restric t ourselves to the metals, 
and then only to those for which the  value of as x„ is com paratively 
large. These arc chiefly the m etals with large relative contents a, and 
relatively low ionisation potentials (Mg, Na, Ca, Al, Si, Fe). The ioni
sation of o ther elem ents (He, O, C, N, etc.) gives very few free electrons 
in the solar atm osphere. The second ionisation can also be neglected here.

The to tal num ber of all particles in 1 cm3 of the solar photosphere 
is made np of atom s and electrons. Only hydrogen and helium among 
the atom s need be taken into consideration, since according to Table 1 
there are considerably fewer atom s of o ther elements. The num ber of 
electrons in 1 cm 3 is determ ined by formula (17.6). H ere it is clear th a t 
iif +  ?iIlc, since x a 1 in the solar photosphere, and the num ber
of electrons in 1 cm3 produced by the ionisation of m etals cannot be 
greater than  the num ber of m etal atom s themselves, which in tu rn  
are considerably fewer than  the hydrogen atoms. H ence we can write 
approxim ately

n -f »)ic =  «ii [I +  «»(He)] • (17.7)

The expression (17.5) can now be rew ritten

Pe =  n , =  x h +  I  a n Xs
7> n 1 +  (ig (He)

1 * A'»tr<>physi(-’'i

<HPe,T), (17.S)
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since the quantities a;lt and xx are functions of pe and T  onljr and can 
be calculated from the ionisation formula (5.16)*. I t  is clear th a t to 
calculate (I>(pe,T )  the values of a$ m ust be given, for example from

The equation (17.4) with the relation (17.8) is solved by the iterational 
method. The integration sta rts  a t the boundary of the photosphere, 
where xx =  0. For this value of xx we have

W ithout loss of accuracy in the values of p and pe obtained by in te 
grating (17.4), we can assume th a t (pe){) =  0, say, though the value of 
pe a t the boundary of the photosphere proper is of course different 
from zero, and somewhat exceeds the value of pe a t the base of the 
chromosphere (see Chapter 21). As a result of integrating (17.4), using 
(17.8), we obtain the relation between the quantities T, p and pe, 
while the  relation between T  and xx is known from observation.

L et us now consider how we can find the d istribu tion  of the 
o ther quantities in the solar photosphere. We tu rn  first to  the to tal 
density  of m a tte r o. In  accordance with (17.7) we have p =  n k T  m  
[1 -f(i,(H e)] nn kT ,  while « H is related  to the density  n by (13.9). 
Consequently, knowing p and T, we can determ ine o. Finally, the 
transition  to linear depths is made by means of (17.1):

where hQ is a constan t of integration. The integration in (17.10) is carried 
out numerically, the relation between p and o having already been 
established.

Table 13 was prepared by V. S. B ekdiciievskaya from the  results 
of P. ten  Bhuggencate, H . G ollnow , and F. W. Jager [165]. These 
results (the relation between B x and xx) were obtained from a study  
of the darkening to the limb of the solar disc, made a t the time of a 
partia l eclipse. The wavelength /. =  5010 A.

A detailed and critical discussion of the various models of the solar 
photosphere th a t have been proposed by different authors has recently 
been given by M. M innaert [77, C hapter 3]. From  these models, he 
has constructed a composite model of the photosphere (Table I I  of 
his article), which takes account of the most reliable properties th a t 
have been established for the various models. I t  is possible th a t this 
model is closer to reality  than  the one given in Table 13, although

* Some authors introduce a mean degree of ionisation of the metals xM, which 
is equal to the sum V a xf.

Table 1.

T  =  T 0, pe =  (pe)0 . (17.9)

(17.10)
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there still remain a num ber of points to be settled. In partieular, we 
do not know the exact content of helium (see above).

I t  should also be noted th a t the d a ta  at present existing on the law 
of variation  of the in tensity  of radiation over the solar disc are affected 
by various errors and differ somewhat among themselves. (F urther 
very careful observations are necessary, particularly  a t the limb of 
the disc.) Nevertheless, even with only these still im perfect data , the 
m ethod in question is very much superior to th a t which uses the theory 
of radiative equilibrium.

We could have solved the  same problem of the Sun’s photosphere 
by the m ethod em ployed in Chapter 7 for stars of the class A 0. Here 
it is necessary to  use the theoretical law of tem peratu re distribution 
in the  solar photosphere. According to  what we said about the  solar 
photosphere in Chapter 6, we can take th is law from (4.26), introducing, 
of course, the mean continuous absorption coefficient [formula (6.'10)]. 
The results of such calculations* are given in the  last four columns of 
Table IT  N aturally , w ithout these results we cannot go on to study 
the greater optical depths, from which radiation does not reach us. 
and so the relation between B } and r ; cannot be derived.

2. Convective processes in the solar photosphere. Granulation. The
model of the solar photosphere which we have considered is, of course, 
a somewhat schem atic one. I t  is essentially a model of a purely static  
photosphere. However, the presence of granulation in the solar pho to
sphere shows th a t there is a m ovem ent of gas, even though the solar 
photosphere is in equilibrium  as a whole. We recall th a t granulation 
signifies the  “graininess” of the  observed outer surface of the Sun. 
The separate luminous “grains” on the darker background are called 
granules. The average dimensions of a grannie, according to  the inve
stigations of A. P. Ganskii (at Pulkovo) are of the order of 1" to 2", 
which is equivalent to 700 to 1400 km on the Sim ’s surface. I t  has been 
established by observation th a t the  granular structu re  of the solar 
surface — the granulation pattern — undergoes relatively rapid changes. 
The mean lifetime of a photospherie granule is of the order of 5 
minutes.

The general form of the granulations, and the m anner of the ap 
pearance and disappearance of granules, leads us to  suppose th a t we 
here observe rising and falling masses of gas. Recently conducted spec
troscopic investigations of granulation confirm this view [125]. A value 
of about (M knPsee is obtained for the  mean velocity of radial motion 
r0of the granule, taken in the sense of formula (11.26). This is considerably 
less than  the turbulen t velocities obtained from the curve of growth

* The data in these columns were calculated by V. S. Berdichevskaya on 
the basis of G. M u n c h ’s model of the solar photosphere [IKt],
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for the Sun, which am ount to about 1 •;"> km/sec. It is quite possible 
th a t this difference is connected with the difference in the dimensions 
of the  turbulence elements. However, the situation is not yet clear, 
since the nature of the “ tu rb u len t” velocities found from the curve of 
grow th m ay prove to be different from th a t of the velocities of the 
granulation currents. Moreover, further very careful exam ination of the 
observations of the velocities themselves is necessary (in measuring 
the velocities of granulation currents, the effect of scattered  light 
m ust be taken  into account, and so on). In  particular, G. Thiessex  
finds th a t, when scattered light is taken into account, the above value 
of 0-4 kni/sec is increased to  1-Skm/sec.

However, despite these uncertainties, we m ust suppose th a t rising 
and falling currents are present in the photosphere, i. e. th a t the la tte r 
is internally unstable. Moreover, it m ust be borne in mind th a t the 
properties of the granulation (granule dimensions, brightness contrast, 
etc.) are independent of the heliographic latitude (on the Sun’s surface) 
and of the 11-year period of variation of the solar activity.

We have already said th a t the model of the solar photosphere 
considered above (Table 13) is one of a purely static  photosphere. 
However, the calculations th a t have been performed, especiall}' if they 
are extended to  large values of t*, show th a t the lower la j’ers of the solar 
photosphere cannot possibly be in stable equilibrium. There m ust 
exist internal convective currents in them , which can with a fair am ount 
of justification be identified w ith the phenom ena of granulation. 
(These currents m ust be tu rbu len t in natu re , as is shown by calcu
lation.)

S tarting  from the idea th a t the solar photosphere (or a t least its 
outer layers) is in radiative equilibrium, let us consider in which cases 
the convective currents in such an atm osphere can be stable, and in 
which cases they  cannot. Let an  elem ent of gas in the photosphere 
acquire, for some reason, a m om entum  directed outwards. I t  will then 
begin to  rise and expand. I ts  tem perature will thereby change in a 
continuous m anner. We shall now m ake the following assum ptions: 
(1) the expansion process takes place adiabatically, (2) the viscosity 
forces which m ight retard  the elem ent in question can be neglected. 
Then, in order th a t the m otion of the element should not be stopped, 
it is necessary th a t the adiabatic tetnperature gradient (the change with 
depth  of the tem peratu re of an adiabatically expanding and rising 
element) should be less than  the  gradient corresponding to radiative 
equilibrium. 'Phis is easily understood from Fig. 47. The upw ard motion 
of the element corresponds to a movement on the graph along the line Oa. 
Along the whole path  of the element, its tem perature is higher than  
th a t of the solar photosphere surrounding it. and consequently the motion
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of the element will be continually m aintained. Thus the convective 
currents which arise in the photosphere will persist if the inequality

dT (IT
(1 h aJ . (1 h rad (17.11)

is satisfied. I f  the contrary  inequality  holds (see dashed curve in Fig. 47), 
then  the m otion of the elem ent will be im m ediately stopped, since it 
is cooler and denser than  the  surrounding medium.

Thus, if the  inequalitj' (17.11) is 
satisfied, any small variations of local 
tem perature lead to the appearance 
of ascending and descending currents 
which, as follows from  Fig. 47, will 
tend  to  alter th e  tem peratu re gradient 
of the medium.

In  order to  study  the convection 
which occurs when the  inequality 
(17.11) holds, we shall consider cur
ren ts so weak th a t they  do not destroy 
the  general equilibrium  of the  atm os
phere. In  o ther words, we shall suppose 
th a t as the element moves upwards 
or downwards the pressure exerted by 
the element on the surrounding photo

sphere is equal to the pressure exerted on the element by the surrounding 
photosphere. The sta te  of the m edium  when these conditions are fulfilled 
is ealled convcdive equilibrium [2S, p. S4].

Since equilibrium  is m aintained, we can apply the  formula of hydro
static  equilibrium  (17.1), which, using the equation of s ta te  of the gas

Outwards from the centre of the Sun

F i g . 4 7

takes the form
V

It
Q T ,

d / >

d/i ItT  7

( 1 7 . 1 2 )

(17.13)

M ultiplying both sides of (17.13) by dTjdp,  we obtain

dT _  g p  d log*
d/i It d log. p (17.14)

Applying this for radiative and for convective equilibrium , we find, 
instead of (17.11),

/ d l oge T \  / d leg,, T \
\  d logc V /  ad <  \  d log,, p ) raA ‘

( 1 7 . 1 5 )
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In  order to find w hether the inequality (17.15) is satisfied in the pho to
sphere of the Sun, we must calculate separately the two sides of (17.15).

We take first the left-hand side of the inequality. For adiabatic 
processes, as is well known, px~ v T y =  constant, and consequently

d loge T \  
d logc p j  ad (17.16)

where y =  cp/cv is the ratio  of specific heats of the gas a t constant 
pressure and a t constant volume. For a monatom ie gas, y  =  5/3, and so

/d loge T 
\d l°gc V =  0-40 .

ad

A comparison of this num ber with the values of (d loge T/d  loge p)rad 
obtained from Table 13 makes it possible to draw  the following conclusion. 
Down to the level a t optical depth  0-5 (for ?. =  5010 A) the ine
quality  (d logc T/d  log,. p)rad <  0-4 holds, bu t for T;. >  0-5 the con
verse, i. e. the inequality  (17.15), is true. Thus, below the level in the 
solar 'photosphere where xx ph 0-5, there must lie an unstable convective 
region.

In  order to form an idea of the lower lim it of the convective zone, 
it is necessary to take into account another im portan t circumstance, 
nam ely th a t the ionisation of the atom s varies as the gaseous mass 
rises or falls. The electrons detached by ionisation m ust receive a kinetic 
energy of ij kT.  On the o ther hand, a gas whose degree of ionisation 
varies behaves approxim ately like a polyatomic gas. For this reason, 
the effective y  for such a gas, defined as before by the relation (17.16), 
m ust be less than  5/3.

The m ost im portan t gas in this connection is hydrogen. A. U nsold  
has shown th a t, in the zone of a stellar atm osphere where hydrogen is 
partly  ionised, the  effective y  is so small th a t currents m ust inevitably 
oeeur. W hen this circum stance is taken  into account, the p a rt played 
by the convective zone in the solar photosphere becomes much greater, 
and so does its thickness.

To perform  the corresponding calculations, it is necessary to find 
the value of (d logc Tjd  Iogc p)ad, taking the ionisation of hydrogen 
into account [168, p. 227], However, in order to  use this expression, 
which of course depends on the pressure and the tem perature, we m ust 
make some assum ptions regarding the structu re of the eonveetive 
zone itself. There is reason to suppose th a t the occurrence of eonveetive 
motions does not appreciably destroy the radiative equilibrium, so 
th a t the la tte r  exists in the eonveetive zone also. In  fact, even when 
eonveetive currents arc present, the transfer of energy in the photo
sphere is effected mainly by radiation, owing to the great rap id ity  of
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radiative exchange. Fn this case we can use, to find (d logfi 7'/d log,. 
the values of p and T  obtained for radiative equilibrium, as for instance 
in Table 13. The linear thickness of the convective zone is then found 
to be of the order of 700 km.

U nfortunately , the problem of the physical sta te  of the m atter 
in the convective zone is extrem ely com plicated. Thus, the question 
of the applicability of the formulae of therm odynam ic equilibrium 
(particularly the ionisation formula) to the  m utter in the convective 
zone is very obscure. The reason for this is as follows. If some mass 
of gas moving in the convective zone goes downwards, the degree of 
ionisation of this mass must always have a tendency to vary, in accor
dance with the tem perature at the level in the atm osphere where the 
mass is at any given moment. However, it is quite evident th a t the 
ability of the mass of gas to  take up the degree of ionisation corresponding 
to its “ m om entary” level in the atm osphere depends on its ra te  of 
motion. Jf, for example, this ra te  of m otion is very great, then the mass 
will no t be able to change its degree of ionisation sufficiently rapidly, 
even on moving down to a great depth  where the tem perature is fairly 
high. I t  is true th a t the actual velocities of the currents in the con
vective zone are apparently  small, about 1 km/scc. However, if photo- 
ionisation processes only are present (and not collisions), the equilibrium 
in ionisation (for hydrogen) between the medium and the moving mass 
of gas is not established even a t this velocity. This result is som ew hat 
modified if ionisation by collisions is taken into account. There m ust 
nevertheless, apparently , be a definite difference in the ionisation states 
of currents moving upwards and dow nwards; the upw ard-m oving 
currents carry ionised hydrogen to the upper parts  of the convective 
zone, where its recom bination m ay be the cause of the appearance of 
an excess of high-frequency radiation in the outer layers. If this is so, 
it means th a t the unstable zone will be extended, and its upper lim it 
will be raised.

I t  follows from the  above considerations th a t the cause of g ranu
lation phenom ena m ay be seen in the existence of an unstable photo- 
spheric zone with r ; >  0 5 . The external appearance of the granulation 
network is also in agreem ent w ith these ideas. In  fact, if a fiat layer 
of liquid or gas, in which heat transfer takes place by convection, is 
heated from below, and the layer is well protected from disturbances, 
a regular network of hexagonal vortices, resembling granulation, is 
formed in it, the m aterial rising along the axis of each cell and flowing 
down along its outer surface (the so-called lienard  cells). The distance 
between the axes of neighbouring convection cells is always about 3-3 
times the thickness of the layer. Consequently, if we assume th a t the 
thickness of the convective layer is of the order of 700 km, the distance
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between the granules will bo of the order of 2300 km, and this is not 
far from reality. Furtherm ore, since the  gaseous masses rising in the 
convective zone are ho tte r than  th e  surrounding m aterial, the experi
m ents m entioned above also explain the fact th a t the granulation 
consists of bright regions (the centres of the vortex cells), separated 
by dark  interstices. Finally, because the thickness of the convective 
zone is small in comparison with the radius of the  Sun, it is clear why 
the granulation is independent of the heliographic la titude and of the 
phase in the 11-year cycle.

I t  m ust be pointed out th a t the phenom enon of granulation is very 
complex, and needs fu rther careful investigation. In  particular, in a  
recent work by V. A. Kkat [73], based on plates taken under exceptio
nally good seeing conditions, it is found tha t the smallest granules 
have dimensions of the order of 0"-4, and a contrast of the order of 13 %. 
Besides the  sm allest granules, we more frequently  find granules of 
d iam eter 0"-7. V. A. I v r a t  thinks th a t these granules m ay be the result 
of the coalescence of several granules of smaller size. The origin of the 
larger granules, of diam eter 1", seems to be the same. By estim ating 
the  possible tem perature differences between the granules and the 
in tergranular spaces, V. A. K r a t  finds th a t the observed “excitation 
transfer” effect for atom s in the Sun’s “reversing layer” (for lines 
corresponding to high excitation potentials) can be explained by g ra
nulation phenom ena.

The general ideas discussed above show th a t the convective zone 
m ust exist no t only in the  photosphere of the Sun, bu t also in those 
of stars. I t  m ust certainly arise in all cases where the transition  from 
the neu tra l hydrogen zone to the  ionised hydrogen zone takes place 
in the photospheric layers.

The dep th  a t which the transitional zone lies m ust increase as we 
pass from hot stars to cool ones. In  A -type stars of norm al lum inosity, 
for instance, the convective zone appears a t the outerm ost layers of 
the photosphere [20]. In  some cases we have even a density  reversal, 
when the  density  decreases inwards over some region. I t  is plain th a t 
the instability  is even more clearly m arked in such cases.

Chapter 18. The electrodynam ics of the Sun's
atmosphere

1. Infrodudory rem arks. The rapid grow th of the theory of radiative 
equilibrium , and the considerable success which it has achieved, have 
deservedly given it a leading place in theoretical astrophysics. Many 
observational da ta  can be explained more or less accurately by using
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the assum ption th a t the  atm osphere is in a s ta te  of local therm odynam ic 
equilibrium ; where deviations from therm odynam ic equilibrium  are 
found, the hypothesis of an anomalously high intensity  of solar radiation 
in the  ultra-violet region of the spectrum  is employed. The theory  of 
absorption-line form ation (see P a rt II) has more recently achieved 
notable success also.

However, as m ethods of observation were perfected (the introduction 
into practical use of spectroheliographs, speetrohclioscopes, obser
vations of the corona outside eclipse, and especially the slow-motion 
cinem atography of prominences with narrow -band filters which select 
the  H a line), it became more and more evident th a t the  m otions of 
prominences, and a num ber of phenom ena on the Sun which charac
terise t he solar act ivity, cannot be reduced to a consideration of radiation 
alone. Nor were the expected results obtained by taking account of 
o ther known forces, of chemical or hydrodynam ical origin. Only electro
m agnetic forces can, even in part, explain the natu re  of trajectories 
which recall the lines of force in an  electric or m agnetic field. H ence 
the  electrodynam ics of the  solar atm osphere has a ttrac ted  much a tte n 
tion in recent years and is rapidly being developed.

A t present quite a num ber of theories have been constructed which 
explain m any of the m anifestations of solar activ ity  by means of electro
m agnetic forces. However, the electrodynam ics of the solar atm osphere 
has not yet been com pletely worked out, and the  m ajority  of its con
clusions are provisional.

We shall not pause to  describe these theories here, bu t merely 
consider the physical foundations of the  electrodynam ics of the solar 
atm osphere, and some direct applications of it. I t  is well known th a t 
a force

acts on an ion of charge c, moving w ith velocity v in an electric field 
of in tensity  E and a  m agnetic field of in tensity  II. H ere we limit our
selves to  the  non-relativistic case, i.e. we suppose th a t v c and E  H  
(in absolute units).

I f  E =  0, then f is perpendicular to v, and the absolute m agnitude 
of the velocity does no t change. In  a constant uniform m agnetic field, 
the  motion of the ion is composed of a  uniform revolution in a circle 
w ith velocity v x in the  plane perpendicular to II, and a uniform motion 
along II. with velocity vu . I t  is easily found th a t the radius of the  circle 
H =  cm{ vx f d i ,  and the  angular frequency of revolution to, =  e / / / 7 H ; c ,  

where ?«,• is the  mass of the ion.
I f  E is parallel to  II, v x does not change, bu t vH increases as it 

would if the m agnetic field were absent.

(18.1)
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Since vn is independent of the presence of the magnetic field and 
can easily be calculated separately, we shall henceforth consider only 
v_j_, i. e. we shall assume th a t v and E are perpendicular to II. The 
equation of motion of the ion in this case is

?»,-dv/d< =  c E +  ec v A II . (IS.2)

We introduce a system of co-ordinates moving relative to the old 
system  w ith velocity

U = ^ E a H .  (IS.3)

Then v =  U -f- W, where W is the velocity of the ion in the new 
system  of co-ordinates. Substitu ting  in (IS.2) and using the equation 
( c / c ) U a H =  - c  E, we find th a t no electric field acts on the ion in the 
new system  of co-ordinates (E disappears), so th a t the ion moves in a 
circle w ith velocity W. This means th a t in the old system  of co-ordinates 
th e  ion moves in a cycloid w ith a mean velocity Li which is perpendicular 
to E, and so the ion does no net work in its motion.

This kind of m otion is called drift. We notice th a t the values of 
the  charge and mass of the  particle do not appear in the expression 
(IS .3) for the drift velocity. Hence, electrons and various ions move 
w ith the same m ean velocity (U is the same for electrons and ions, 
while W  is different). If, instead of one ion, we place in the same 
fields a num ber of ions and electrons forming a macroscopically neutral 
plasma, which is so rarefied th a t an ion completes a large num ber of 
revolutions in the  course of its free path , the whole plasm a will move 
w ith velocity U and no curren t will appear in it. I f  some o ther force, 
for exam ple the force of grav ity  or a pressure gradient, acts on the 
plasm a in place of the electric field intensity , the drift velocities of the 
electrons and ions arc unequal and are in different directions, as is 
easily shown by replacing cE  in (IS.2) and (IS.3) by the force f.

H itherto  we have assumed th a t the m agnetic and electric fields arc 
uniform. In  non-uniform fields the m otions arc more com plicated; 
th ey  have been studied in detail by S. A. B oguslavsk ii. However, 
in the atm osphere of the Sun, the field m ay be considered to be practically 
uniform. The radius of the circle described by a proton moving with 
a m ean therm al velocity v — 10® cin/see in a field II  10“2 gauss is

R < ,
3 X 1010. 1-7 X 10-24. 106 

4-8 X 10-10. 10-2 =  104 cm .

The radius of the circle described by an electron is still smaller.
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The m agnetic field on the Sun cannot change a t all noticeahly over 
distances of this order of m agnitude, and hence the field w ithin this 
circle can be supposed uniform. The non-uniform ity of the held need 
be taken  into account only for the m otions of particles with high energies 
in a very weak held, as for instance in the theory of cosmic rays.

2. The conductivity of the solar atmosphere in a magnetic held. Let
us now consider the motion of charges in an actual plasm a, where the 
particles in teract with one another. Here we shall suppose th a t in the 
intervals between collisions an ion moves freely in accordance with 
(18.2), while a t  the m om ent of a collision it changes its velocity, all 
directions of the velocity after collision being equally probable, so 
th a t the velocity a t th a t m om ent is zero on the average. For simplicity 
we shall a t h rst assume th a t the mean tim e of free flight iq, for the 
given kind of ion, is independent of the velocity. We shall also suppose 
th a t the m otions of the ions and electrons take place independently 
of one another. All these conditions are fulfilled, for exam ple, in a very 
weakly ionised gas, where the collisions of the electrons and ions take 
place m ainly with neutral atom s, which have an effective elastic collision 
cross-section a0 an 10 15 cm 2. The collisions between ions and electrons 
are infrequent and do not determ ine their motions. L et us consider 
the motion of one kind of ion, of mass m x and charge ev  Tn the absence 
of a m agnetic field, the acceleration of the ion in the field E is dv/df =  
Cj EJm1 — I'\, and the mean velocity in the direction of the field is

V, se (<q E/wq) rq =  l \  Tq . (18.4)

This gives a current of density

jj =  n1 zq \q =  (?q <q2 iq/z/q) E . (IS .5)

The current density  is proportional to the field in tensity ; the propor
tionality  coefficient ?. is called the conductivity. Since me mit the 
ionic conductivity is considerably less than  the electron conductivity, 
and th a t of a plasm a in the absence of a m agnetic field (A0) is practically  
equal to the electron conductivity:

=  K  =  nt e2 Tefm e . (1S.6)

re is determ ined by the effective cross-section <r0, the concentration of 
neutral atom s n0 and the mean therm al velocity vt of the electrons, thus:

re 3 .4
1

Vg Og f ( (18.7)

iq is similarly determ ined.
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Now let II #= 0. We take a rectangular .system of co-ordinates, with 
the 2 axis directed along II, and the y  axis parallel to E. The solution 
of equation (18.2) gives for u and v (the com ponents of the ion velocity 
Vj along the x  and y  axes a t time t) the following functions of time 
and of the veloeitv a t time t =  0:

u

v

F \  Fu' — 1 cos oq t +  v’ sin aq t 4- 1
(U, J 1 1  1 ' «q

v  cos o j1 t — ( i t '  —  ̂1) sin o q  t .
(IS .8)

Here u' and v' are the com ponents of the vector Vj', the velocity a t 
time t =  0. The last term  on the right-hand side of the first equation 
gives the drift velocity. The integration of equations (18.8) gives the 
co-ordinates of the ion as functions of time and of the initial co-ordinates 
x '  and y ' :

x = x' +  ^ |  sin aq I +  v' (1 — cos aq t) +  F x i j ,

y  =  y '  +  I  \ v ' ^  ) (I — cos aq t)l'\
w

(18.9)

Our task  is to  determ ine the mean velocity of diffusion of the kind of 
ion considered. We shall suppose th a t the ion density (q and the tem 
peratu re  T  depend on y  only.

Let us consider ions which crossed an area dS in the plane y =  0 
a t  a time between V and V +  d<' and have velocities between vq and 
\q +  dVj (Eig. 48). A t tim e t' these ions were in a cylinder with base 
area d.S’and height v d<'. (If the}' 
had no collisions between t and t', 
their velocities a t tim e t were 
between v /  and Vj' +  d v /.)

The eoin])osition of the mole
cules which cross dS  a fte r a time 
I' — t will va iy  owing to collisions.
The num ber of collisions which 
ions of the kind considered un
dergo in 1 ein3 in 1 second is n j x v 
L et yA (Vj', y) ( lv / be the fraction 
of collisions by which molecules 
with velocities between Vj' and \q' -j-dVj' are formed, where the velocity 
is ])reseribcd not only in m agnitude, bu t in direction also. If the gas is 
in stable equilibrium, y x is determ ined by Maxwell’s function; in the 
general ease, yA differs very little  from this if the drift velocity is small
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com pared with the velocity of therm al m otion (which is true for the 
electric fields usually encountered). The num ber of collisions which give 
ions with velocities between v /  and Vj' +  dvj' in a  cylinder of volume 
v d<' diS in the time from t to t +  d< is

Xi (vi'»y') d\y v as dr dt/  ̂.
A fraction e~(t~ 1'1’Zl of these particles reach d»S w ithout collisions. Thus 
the num ber of particles crossing dS  during d r  w ith velocities between 
Vj and Vj +  dvj is

f
n1 V d v / as at' J Xi ’̂i ŷ') e“ (£'~ t),r‘ di/Tj .

In  order to  obtain  the  num ber of ions crossing d& with all velocities v1( 
we m ust in tegrate the  expression obtained over all v / .  I t  is possible to  
change the variable of integration, since there is a onc-to-onc corre
spondence, defined by (18.8), between vx and v / .  H ere the cylinder 
in which collisions take place has a different position and volume for 
each value of v / .  Changing the order of integration over the two inde
pendent variables, and replacing t' — t by t, the tim e which elapses 
between the m om ent of collision and th a t of crossing d<S, we find for 
the num ber of ions of the  given kind which cross d& in one direction 
in tim e d i' the  expression

OO
dN  =  d& dt' n1 J { J Xi(vi'^y ) v d 'V  } e~t/Tl dt/r1 . (18.10)

o

This can be expressed in th e  form  dAr =  n^O) vx d 5  df', where v1 is 
the m ean velocity of diffusion along the y  axis.

E quating  the  right-hand sides and expanding Xi(vi >!/ ) *n powers 
of y ', we find

OO
t

ri'i (0) v1 =  j
6

where the higher powers of y' have been neglected, as is usual in diffusion 
theory. Ity  means of equations (18.8) and (18.9) we can express v and 
y' in term s of u ' , v ' , x, y  and t. For ease of writing we p u t the co-ordi
nates x  and y  of the area d<S equal to  zero, and we neglect term s in t \ 2, 
since, if the drift velocity is less th a n  the therm al velocity, rrq is 
less th a n  the force defined by equation (18.1). Wc also drop the odd 
powers of u' and v ' , since the velocity d istribution im m ediately after a 
collision does not differ greatly  from the equilibrium  distribution, i. c. 
it is alm ost isotropic, and these term s vanish on in tegrating over all 
velocities.

n iX i( ' i ' ,0 )  +  y ' - yX£ - l’- 0)
—t/r ,

v dv^ > e dtjx^ , (18.11)
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As a resu lt we have

M ° )  »i = ni Z i(vi '.° )  dvi dy /% X i  ( v / ,0) \.v ' z cos t  +
o

+  u '2{ 1 — cosoqi)] dvq'

Since the in tegration extends over all vq', we can writel >

/  ni Z i(vi'»°) dvi'

Moreover, the mean value of u ' 2 over all the  particles is equal to  th a t

where p l is the partia l pressure of the  ions of the kind considered on 
th e  p lane y  =  0.

Substitu ting  the  equations so obtained in (18.12), we find, using the 
equality  of the m ean values of v'2 and u '2, and n x(0) m L =

Thus the presence of the m agnetic field diminishes the velocity of 
diffusion by a factor 1 +  aq- iq2 .

Besides the direct diffusion in the direction of i \ ,  a transverse diffusion 
takes place in a m agnetic field, perpendicular to both fields and along 
th e  x  axis. We find, by a m ethod similar to  the foregoing

of v'2, because of the  isotropy of the velocity d istribution after a col
lision. Hence

ni J  Zi(V»°) m \ “ '2 dvi' = ni j  Zi(vi'>°) m i v'2 dvi' =  Vi >

oo

0 (18.13)

For H =  0 (co1=0),  the m ean velocity of diffusion would be

OO/{/ SniXi(vi'-0)
d y» i(0 )« i = miZ i ( vi'>°) +  y' u dv ,' > e

o
dJtjjl . (18.14)
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Replacing y' and u by means of (IS.8) and (18.9) and making the same 
assum ptions, we find

u l — L % l) )  (1 _ e o s t u i ' ) e  ‘ d I wi r ,

°  ( 1 8 . 1 b )

p  __ 1 ^Pi\ wi Tj-
1 Gi dy ) 1 +  Wf Tp ■

We see th a t the mean velocity of transverse diffusion is oj1 r 1 times 
the mean velocity of direct diffusion.

Similar expressions are obtained for the o ther kinds of ions and for 
electrons. The current density  is the sum of the current densities formed 
by the m otion of electrons and ions. We obtain  for the ionic com ponent 
of the current density, replacing F 1 by the  expression for it. the formula

. _  -  _  nie° Ti 1 ^
^  1 »i .  1 +  o>-“r f  1 ' ni e d r

i ei wtri . i (v _  i di>i\
1 +  uj? t {  I I  1 ' ri(. e dr A

+

( 1 8 . 1 6 )

We can introduce the  direct and transverse conductivities for ions, 
, and ?.i lu and also for electrons. I f  co,-rf >  1, the total transverse 

current is easily found to be zero, and  the direct ionic conductivity 
is ] (nii.iitf,) times the direct electron conductivity. The opposite is 
true in the absence of a m agnetic field. I t  should be noticed th a t we 
have carried out the calculation in a co-ordinate system  fixed to the 
centre of mass of the gas, since we have supposed the velocity d is tri
bution after a collision to be isotropic.

3. The interaction of electrons and ions. In  some layers of the Sun’s 
atm osphere the ionisation is considerable, so th a t we cannot neglect 
the collisions between ions and electrons. In  order to discuss this ease in 
g reater detail, we m ust first study  the mechanism of the m utual in te r
action of ions and electrons.

Ret an ion of mass w x and charge Z p be stationary , while another 
ion of mass » ; 2 and charge p moves past it w ith velocity V and closest 
approach distance p (the distance from the s tationary  ion to the straight 
line in which the second ion would move if the ions did not interact).

In  the co-ordinate system  in which the centre of mass of the two 
particles is a t rest, the first (“sta tio n ary ” ) ion moves with velocity
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— m.2 v/(?w1 + m 2), and the  second (“colliding” ) ion with velocity 
' ’/(% + > » ;) . We know from mechanics th a t in th is co-ordinate 

system  the two ions move in hyperbolae, the centre of mass of the 
particles being a t the external focus (if the particles repel each other) 
or the internal focus (if they  a ttra c t each other). The m agnitude of 
the velocity of either ion is the same long before and long after the 
collision (the asym ptotic velocity), bu t the direction of the velocity 
is changed, as a result of the interaction, by a certain angle (Fig. 49).

F i g . 4 9

A fter the collision, the  com ponent velocity of the  first ion in the 
direction of its original velocity is

v, =  — . ‘ v cos J, w1 VI j  +  vi„ r (18.17)

and the com ponent perpendicular to this is

tu - - * v sin 2w .ix + m2 Y (18.18)

1 8  A s t r o p h y s ic s
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In  the  co-ordinate system  which was originally sta tionary  with 
respect to the first ion m ,, these velocity components are respectively

r cos 2 w =  n\‘1 r ( l  — cos 2 1p) ,' m j 4- 1

/ TO, • Or, =  ,* v sm 2 w .TOj+TO, 1

(IS .19)

The solution of the equations of motion of the ion 
the angle between the asym ptotes) the expression

gives for y> (half

cot w =  4- mi " '2 v2p =  4- p V to, +  to2 Z e- a ’ (IS.20)

where
Z e- m, +  to, a =  - ;V- TO, TO 2

(18.21)

a is the distance of closest approach for which the direction of motion 
of the  particle is tu rned  through an angle J n.

Substitu ting  for \p in (IS .19), we find

o to, r oVi =  2 r cos- wm1-\-m2 r
2 m2v 1

m, +  m2 1 +  p'-ja-
2 Z1 c4 to, +  w2 1 

v3 to,2 m 2 7J2 +  a2

(IS.22)

I f  the num ber of in2 ions in 1 cm3 is n, and they  all move with velocity 
v, then  dn =  n v ■ 2 7i j) dp  is the num ber of m 2 ions which pass the m 1 
ion in 1 second a t distances between p and p +  dp. Each of these 
gives the  m l ion a velocity with com ponents i \ ‘ and v2 . The contributions 
v2 from different ions eancel one another, and the  to ta l change in velocity 
is

d r =  n • 2 7i 2 Z*e'
v3

TO, +  Too  p  d p  
TO,2 Wo p 2 +  « -

(18.23)

In  order to  find the acceleration of the  ion, i. e. the  to ta l change in 
velocity in 1 second, we m ust in tegrate d r  over all possible values o f p. 
However, as p - n x :  the integral diverges. Hence we m ust restrict the 
value of p. We denote the  upper lim it of the  values of p by D. Then 
the force acting on m x is

dr 
i iU

2 . iZ V  v i , -f- m 2
v- n log. 1 +

ir-

wliere, as we have said,

a =  Z -\-m2)/m1 m2 r 2 .

(IS.24)
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The problem which we have considered is equivalent to tha t of the 
retardation  of an ion ?/q moving in a plasma with a velocity v which 
is considerably g reater than  the therm al velocity of the ions in the 
plasm a (we regard the la tte r  as stationary). If an ion (or electron) of 
mass ?/ij is moving with a velocity g reater than  th a t of the electrons 
forming the plasma [>/i2 in formulae (18.17) to (18.24) is the mass of an 
electron], then the  re tardation  will be produced chiefly by the electrons, 
whose retarding force is greater, and the retarding force of the ions 
can be neglected. Various values are taken  for D  in the work of different 
authors. Sometimes it is p u t equal to  w hat is called the Debye radius 
D =  ] (kTjSji n e 2), the distance a t which the field of the faster ion is 
screened by the electrostatic polarisation of the plasma*. More often, 
however, D is pu t equal to half the m ean distance between the ions 
(1 tt- !). so th a t not more than  one particle is in the sphere of interaction 
a t one time, because we have assumed in deriving (18.24) th a t the 
collisions are between pairs of particles.

The m any-particle theory takes account of further interactions 
which are not between pairs. These differences, however, have very 
little  effect on the value of the retarding force, since the quan tity  D  
appeals only in a logarithm . We shall take D =  \ n~\. In  ordinary 
conditions D $> a, and  the  retarding force is

dr =  4 n W  . »», +  »», n l  ( nh nu . r2 \  (j g -2r,
1 dt i-'2 m1m2 “  wq +  m2 2 Z e 2n\

I f  the ion is moving with the therm al velocity, the force which 
retards its motion, in the direction of motion, is of the same order 
of m agnitude, bu t the mean re tardation  is alm ost zero, since it no t only 
loses energy, bu t also gains it from other ions. The retarding force on 
an electron in the plasm a, due to other electrons, is

dr 
<■ dt

Sne*ne . 3 k T  
3 k T  ° “e 4 e- nfi

8 ne* ne 
3 k T L (IS .20)

where L  =  log,, (3 A T/4<>2/?,,•'). In  the various layers of the  Sun’s atm o
sphere, L varies from 10 to 20. From  this we find the mean free path

/ v _  ^  (k T )2 
dr/ur dv/dt ~  3 r4 ng L '

and the effective cross-section

(18.27)

a a* \jl ve =  3 r*L/(A- T )2 .

We sec th a t I and a are independent of the mass of the ion.

* For the slower ion, D =  ] (A TjA n n r2).
18*

(18.28)



Chapter IS. The electrodynamics oj the Sun's atmosphere216

Wo notice th a t, if we considered onl}’ strong interactions which 
deflect the particle through an angle greater th an  90°, the closest 
approach would be defined by the condition of equality  of the potential 
and kinetic energies of the  particle e-jp =  3 k T j2 ,  whence the cross- 
section for close collisions o' =  rt p2 =  4 rr eA/6 (k T )2. Thus tak ing  
account of d is tan t interactions increases the effective cross-section 
by a factor of approxim ately 2 L.

The in teraction of electrons with electrons and of ions w ith ions, 
which we have considered, determ ines the velocity d istribution function 
of the ions and electrons separately. This interaction, however, docs 
not alter the m ean velocity of the electron gas or ion gas as a whole, 
i. e. it has no effect on the value of the to ta l conductivity  of the plasma.

This conductivity  is determ ined by the in teraction of electrons w ith 
ions, i. e. by the  tim e of free flight of an electron, which is lim ited by the 
retardation  due to  the  ions, and converse^. Using form ula (18.25), we 
find th a t le determ ined by ions is equal to 2 I. Then the m ean tim e 
of free flight

while th e  tim e of free flight of an individual particle is now proportional 
to the cube of its velocity. Furtherm ore, another com plication appears: 
we cannot neglect the exchange of m om enta between electrons and 
ions. To determ ine the  curren t density  we can no longer, in general, 
use the elem entary theory, bu t m ust s ta r t from the kinetic equation. 
The corresponding calculations arc very  com plicated, and we shall 
no t go through them , bu t give only the final result (due to T. G. Cowling

The velocities of diffusion of the individual com ponents are not 
determ ined by the equation: to find them , it is necessary to  find inde
pendently  the m otion of the gas as a  whole. Only the relative velocity

e
6

[34]).

of diffusion under the  action of forces perpendicular to th e  m agnetic 
field is determ ined in the first approxim ation; it is

(18.30)

where

r e l l
me
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At first sight the expressions (IS .13) and (IS .15) appear similar to 
the  expression (IS .30), bu t there is an  im portan t difference between 
them . In  the  former, the velocity of diffusion of each gas depends only 
on th e  forces acting on th a t gas, and on co and r  for th a t gas, while 
in the  la tte r  case the velocity of diffusion of each gas depends on the 
forces acting on all the gases, and  on the  weighted mean values of co 
and r.

For the  current density  in the second case we obtain, on neglecting 
small term s,

j =
n r e-

m 1 +  o r t -
E +

1
en.

dpe
dr +

O) T -

1 +  cor r
1
H E +

1 * dpe
e ng dr

=  k  ( e + dPe
dr +  k i  I I - 1 E +

1 dpe
dr H ,

A
(18.31)

where / t =  A0/ ( l + a ) 2r 2) and =  X0 co r /( l  +  a>2t 2) arc the direct 
and transverse conductivities. I f  a> r 1, which holds for the  chrom o
sphere when II  >  10 2, and in the  corona when II  >  10“5, we have
k  ^  ^  k  •

I t  rem ains to  decide which of the  formulae for the  curren t density 
should be used for the solar atm osphere. For T  =  5000°, a 10~12, 
whereas a neu tra l atom  has a cross-section cr0 10"15. This means 
th a t, if the  num ber of ions is more th an  one thousandth  of the num ber 
of neutra l atoms, formula (IS.31) m ust be used. Form ula (IS .16) may 
be used only in sunspots and possibly in a th in  layer of the  photosphere 
where the  ionisation is least. Form ula (IS.31) is widely used in theories 
of th e  electrom agnetic phenom ena in the Sun’s atm osphere.

4. Electric fields on tho Sun. I f  there is a pressure gradient in the 
plasm a, it produces a curren t indepcndentl}" of the presence of an electric 
field (IS.31). This current results in th e  form ation of a volume charge 
whose field opposes the  further separation of charges. The value of the 
field a t  which the curren t ceases is, by (1S.31),

E =  —  ^  grad pe . (1S.32)
n C

This field, as we see from the expression for it, is a conservative field 
if there  is a one-to-one relation between pe and nt . The am ount of charge 
which produces it is very sm all; it is easily found th a t th e  num ber of 
unbalanced elem entary charges is m any orders of m agnitude less than  
the  num ber of ions in the same volume. The density  decrease with 
height in the atm osphere produces in the photosphere a field E0^  5 X 10~n  
abs. esu ^  T5 x  10“8 volt/cm.
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I f  an isotherm al atm osphere of ionised hydrogen is in hydrostatic  
equilibrium, the equilibrium conditions for electrons and for protons 
can be w ritten  separately in the form

dpe 'dr =  nf me g - f  ne cK , 

dp£/dr =  >q nq g — ?q ell ,
(18.33)

where ne =  and pe =  and the  in tensity  vector points upwards. 
We find from the equations (IS.33)

dPe
dr 2 »»ii n e ft, E • J mn S

1 <lPe 
cne dr (18.34)

We see th a t the field exerts on the proton a force pE equal to half its 
weight, and the effective weight of the proton, i. e. the force of a ttrac tion  
on it tow ards the  Sun, is now equal to  the “ effective w eight” of the 
electron — eE; this brings about the same height d istribution of both 
protons and electrons, as is necessary for the atm osphere to be maero- 
seopicallv neutral.

O ther th an  the above, we know of hardly  any mechanisms which 
lead to the form ation of a volume charge in an ionised gas. I ts  large 
conductivity  causes a dissipation of the charge in a time of the  order 
of ?.~1. i. e. in 10-12 second, and hence considerable potential fields are 
impossible. Electric eddy fields are m uch more im portant, since they 
do no t lead to the form ation of volume charges. The variation of sunspots 
is the  chief source of eddy fields. Any change in the magnetic flux 
causes the appearance of an induction field determ ined by the condition

j> E ,d s  =  - \ ™ ,  (18.35)
L

where Es is the projection of E on the contour L, and <t> is the magnetic 
induction flux through the surface hounded by L.

I f  a spot with field in tensity  II  =  103 abs. emu and radius 
r -  5 x 1()8 cm appears in a tim e I - 3 days, the maxim um  intensity  
of the  electric eddy field above the spot is given bv the expression

, ,   t 1 n r- II   r II 5 X I09 . 10a
 ̂ ~  2 n r  c t ~  2 c t ~  2 x 3 x 10 0.2-4 x 10s

3 X 10-5 abs. esu =  10~2 volt, cm.

However, this field is referred to a sta tionary  co-ordinate system. 
I f  wc wish to consider the action of the field in some medium, we m ust 
regard the contour L  as fixed to th a t m edium  (L is not a geometrical
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contour, but a m aterial one), and we m ust take account of the motion 
of the medium in calculating the  field in a co-ordinate system  fixed 
to the plasm a. If, for example, the m a tte r above the growing spot is 
compressed a t such a rate  th a t the flux through the compressed contour 
is unchanged, there will be no induction currents, and the field in the 
moving medium will be zero.

Let some body be moving in the field II with velocity v. I f  a charge 
c is a ttached  to this body, it is acted on during the m otion by a force

I =  ^ v A II =  elT , (18.36)

where

E ' =  1 v A II .c A

An observer who is s ta tionary  relative to the body m ight suppose th a t 
in his system  of reference there is an electric field E '. This phenom enon 
is a particu lar case of electrom agnetic induction, which is very im portant 
in the electrodynam ics of the Sun. L et us consider an exam ple which 
illustrates this. Let an  extrem ely rarefied plasm a be in fields II and E. 
As we said above, the plasm a will drift with a velocity v =  cE A H/H-. 
This m otion produces a field IT =  (I/c) v A H =  — E. Thus the resu ltan t 
field in the  moving plasma is E -f- E ' =  0, and no currents arise in it.

The interaction of the  particles diminishes the  drift velocity; in 
this case also, however, we m ust substitu te  in the  formula for the  current 
density  not the value of E in the system  stationary  relative to the 
observer, bu t the value of E in the  system  of reference fixed to the  plasma 
as a whole. In  o ther words, in order to determ ine j, which is independent 
of the choice of co-ordinate system , we have to use th e  value of E in 
a definite system  of reference.

I f  the conducting medium moves in a m agnetic field under the 
action o f some forces, then IT, like any o ther field, causes the appearance 
of a current given by (IS.31).

Besides the cases we have considered, induction fields appear when 
the m agnetic m om ent of a bipolar spot group is changed in various 
ways: when the distance between the spots changes, when the group 
rotates about its centre of gravity , and so on. The la tte r  case is of 
especial interest, since here the electric field is parallel to the m agnetic 
field, and the conductivity is high.

The appearance of currents produces a new electric field, the  self- 
induction field E", which is of great im portance under the conditions 
of high conductivity and large dimensions found in the solar atmosphere. 
This field arises as a result of the changing m agnetic field o f the cur
rents. 'flic current density  is determ ined by the combined effect of 
all the electric fields, E IT E".
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5. Thermal ami mechanical ellccls of currents. Currents which arise 
as different m anifestations of electrom agnetic induction can produce 
therm al and mechanical effects. The heat evolved by a curren t in 1 cm 3 
in 1 second is determ ined by the expression

q =  j • E =  X E 1 =  f jX  . (18.37)

The am ount of heat evolved is determ ined by the  com ponent of the 
current parallel to E, and so, in the  case of an anisotropic medium, 
we m ust use X̂  instead of X.

I t  is possible th a t the cause of the high tem perature of the corona 
and upper chromosphere, and of the appearance of faeulae and floceuli, 
is the heating of these regions bj7 eleetric currents. I t  is significant 
th a t spots are always surrounded by faeulae and the tem perature 
of the corona above them  is higher.

The electric field com m unicates kinetie energy to  the electrons. 
In  ordinary conditions, when the fields are not very strong, the electrons 
pass on this energy to  the  ions, and the  kinetie tem peratures o f ions 
and electrons arc the same. However, an electron cannot pass on (o the 
ion, a t each clastic collision, more th an  the fraction (4 vijm^) of its 
energy. We can find a value of the field E =  E0 such th a t the additional 
energy acquired by an electron over the  distance of its free p a th  is 
equal to  the m axim um  fraction of therm al energy which it  can pass 
on to  an ion. The length of th e  free p a th  is proportional to  the square 
of the energy, and hence, if E  >  E0, the electron will gain more energy 
than  it can give up; the  energy increases, the free p a th  increases, the 
energy increases further, and so on. The energy of the  electron can be 
lim ited only by inelastic collisions or by the finite dimensions of the 
field. Thus the field m ay bring about a  discharge. This critical value 
of the  field a t which a discharge can take place is, according to R. G. 
G iovaxellt,

E 0 = 2 \ f 3 71 fi2 me^~ ni (18.38)

where /? =  1-57 X 10° cm3/sec2, and v0 is the mean velocity of an 
electron in therm odynam ic equilibrium  w ith the  ions. A t a tem perature 
T  — 5750°, E 0 =  7 x  10-5 p .̂ In  th e  chromosphere p; 1 dyne/cm 2, 
so th a t if E  >  10-4 a discharge can take  place.

I t  m ust be borne in mind th a t a  steady  conservative field, arising, 
for exam ple, from a concentration gradient, cannot be the cause of 
an evolution of heat, since it  brings abou t only some redistribution of 
the electron density, and not a  m otion of the electrons. Form ula (1S.31) 
shows th a t the current density  in this case is zero. Besides the eddy
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fields, a current m ay be produced by a variable conservative field, 
bu t this is practically  impossible in an  ionised atm osphere.

The mechanical effect of a curren t is found from (18.2). The to tal 
force exerted on the gas is equal to the  sum of the forces acting on the 
ions and on the  electrons:

since =  ne, and j in (IS.39) denotes the to ta l current, both  direct 
and transverse. The force f sets the plasm a in motion, and this m otion 
in tu rn  alters the current. Hence the curren t cannot be calculated 
simply from the conductiv ity ; it is necessary to  solve sim ultaneously 
the conduction equations and the equations of m otion of the plasm a 
under the action of the forces f, grad p, etc., and to take account of 
d rift and of the  self-induction determ ined by Maxwell’s equations. 
I f  grad p — 0, the plasm a moves and the curren t will be much less than  
in a sta tionary  medium. I t  is necessary for equilibrium  th a t the equation 
grad p  =  j A H/c should be satisfied. The pressure gradient, in tu rn , 
produces th e  current.

Thus the  solution of the problem of finding the currents and the 
m otion of m a tte r in electrom agnetic fields is very complex. The mechani
cal effect of the  curren t on the gas is as y e t the  only known cause which 
could explain tire m otions of prominences. The electrostatic force 
acting on charged clouds is m uch less im portant, because of the  small 
am ount of volume charge possible. How’ever, no theory  has y e t been 
constructed which satisfactorily explains the m otions of prominences.

I f  a conducting medium moves in a m agnetic field with a velocity v 
which is perpendicular to II, a current density  j =  X v A H/c appears in it. 
In  practice, the curren t due to  self-induction will increase gradually, and 
m ay be several orders of m agnitude less, depending on the  actual 
conditions. This curren t exerts on 1 cm 3 of the medium a  force

The force f, as is easily seen, stops the m otion of the m edium  in a time 
of the order

(IS.39)

(18.40)

t o v/f =  n c2/A H 2 , (18.41)

or several orders of m agnitude more because of self-induction, the 
effect of which we shall estim ate later. The m otion will not, in fact, 
be uniformly retarded; the appearance of induction fields, as wc shall
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show below, leads to a wave motion, or to an even more complicated 
motion. The example given shows only th a t steady uniform motion 
of the conducting medium across 11 is impossible in the absence of 
subsidiary forces.

Hence, if a change in the m agnetic field, such as an intensification 
or concentration of the lines of force, takes place in the easily mobile 
atm osphere of the  Sun, then the m atter, which moves with the  lines 
of force, will also be concentrated, forming a condensation, a denser 
region. The appearance of prominences above spots m ay be related to 
this circumstance. The direction of m otion of prominences and currents 
m ay be determ ined by the direction of the field which retards the 
transverse motions.

Since the plasma follows the field, the m agnetic flux through any 
m aterial contour is invariable, and no inductive electrom otive force 
arises. For the appearance of an induction current it is necessary th a t 
some force, such as a pressure gradient, should hinder the motion of 
the m a tte r and prevent it from following the field. This maj^ happen, 
for exam ple, in the form ation of a condensation above a growing spot. 
The same can occur if the  motion perpendicular to  the  direction of the 
field is m aintained by some force.

Let us consider this case in more detail. Let there be a force of 
density f' supporting the motion. In  steady motion, f' will be balanced 
by a force f =  j II/c. Thus the m agnitude of the  force f' determ ines 
the current density  (for a given H). Self-induction is un im portan t here, 
since the current density is constant in the steady  state . The velocity 
of motion of the  m a tte r relative to the  field depends on the conductivity: 
the greater the conductivity, the less the velocity which produces the 
necessary current density. In ordinary conditions this velocity is small.

Let us calculate, for example, the rate  of fall of an ionised prominence 
in a m agnetic field whose intensity  is directed horizontally and is / /  =  1 
gauss, while ne =  1010. We obtain  from (18.40) the condition for a 
steady sta te : ne mn g — / j  I I 2 vjc2, where g =  2-7 x  104 is the accele
ration due to  gravity. According to  (1S.29), pu tting  T  =  ">000°, we 
find r  -  Te =  10 r>. (o =  (ne —2 x  107 and | m r  | =  20 1 . In this case

_  ;.0 _« ,«■*T 1 m 2 c -  _  n t m t c -

to2 t  - vie x- r -  It 2 x IP ’

and the ra te  of fall

v =  ne m n g c2/ / j  I I2 =  g r/me & 20 cm/sec.

The order of m agnitude is not changed when d rift is taken  into account. 
In practice, this means th a t the prominence will simply hang above 
the Sun’s surface. The existence of s ta tionary  prominences m ay be
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related  to the presence of stric tly  horizontal fields or fields whose lines 
of force contain a cavity. If, however, the field in tensity  vector is 
inclined to the Sun’s surface, the prominence will move in the direction 
of the field intensity, i. e. in an inclined plane, with the appropriate 
acceleration.

Besides the case we have considered, another in which the m a tte r 
moves relative to the field is in principle possible. This occurs when a 
large mass of gas moves from a region where the in tensity  is low to one 
where it is high. As we shall show below, a field cannot a t once penetrate 
into a cloud of gas which conducts a curren t; screening currents are 
induced on the surface of the cloud, and their magnetic field neutralises 
the  field inside the cloud. Thus the interior of the cloud is not subjected 
to  a retarding force, and the retardation  tim e is increased.

The interaction of the screening currents with the magnetic field 
produces w hat is called a m agnetic pressure, equal to H 2/S 71. We shall 
estim ate its retarding effect. Let there be a cloud of length I =  1000 km 
and density  o — 10-1'2 g/cm 3, moving with velocity v — 30 kin/soc 
in a field II =  30 gauss. Then the motion is stopped in a time 
t &s> l o v  . 8 Tijll'2 =  8 seconds. We see th a t “ electrom agnetic screening” 
can be of im portance only in the case of very large masses and weak 
fields. On the whole, we can draw  the conclusion th a t the m otion of an 
ionised gas across the  magnetic field is stopped com paratively rapidly 
if there is no considerable force supporting the motion.

6. Allowance for sclf-imluction. We have assumed in our calculations 
th a t the current density has a steady value j =  A E. However, it is 
know n th a t, when a field E is applied, the current does not im m ediately 
reach its m axim um  value; it rises gradually, and the tim e for it to 
rise to m axim um  is proportional to the self-induction of the conductor. 
The self-induction of a large volume of conducting m aterial is large; 
the current density increases slowly, and the retarding force also in
creases slowlv, so th a t the re tardation  tim e is increased. To obtain a %/ '
quan tita tive  result, we m ust sim ultaneously solve Maxwell’s equations 
and the hydrodynam ical equation. This solution has been effected 
by H . Ai.vven for some particu lar cases. H e sta rts  from the equations

curl II =  4 * j , (18.42)

curl E =  — I d"  , (18.43)

j =  a ( e  +  * v A l l )  , (18.44)

=  1 j AH - ? r a d p ,  

where E is the electric self-induction field.

(18.45)
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In  formulae (1S.42) to  (IS.45) we have used th e  results th a t the dis
placem ent current in the solar atm osphere is considerably less than  
the conduction current, and the m agnetic perm eability is unity.

As a first approxim ation, let us consider a medium of constant 
density with an infinite conductivity, the velocity of the  medium a t the 
initial in stan t being perpendicular to  th e  uniform  m agnetic field 1I0, 
and its m agnitude depending only on z (the z axis is parallel to  II). 
Then the m agnitudes of all the  vectors appearing in the  equations 
depend on z and t only. We ro ta te  the  co-ordinate system  so th a t jy =  0. 
F u rther, jz =  0, since the induction fields in this case are perpendicular 
to  II. Then wc find from (1S.42)

c cIJ„
Jx =  — 4;t 8z , H x =  constant =  0, I lz =  IJ0 . (18.46)

A field H y due to  the  induced current system  is added to  the  original 
m agnetic field II0.

Wc substitu te  these values in (1S.45). Since, by hypothesis, grad p  
has no com ponent in th e  x y  plane, we obtain

and  also

cv_
8t =  0, vx =  constant =  0 ,

8v H 8H
- ^ =   ̂ t > = 08t 4 71Q 8z > u

8p
8z

1 SjHyt) 
S n 8z

(1S.47)

(18.48)

Since /. =  oo, while j is finite, equation (18.44) gives

E  = ~  C V A I I , E X ---  C Vy IIQ , Ey =  Ez =  0 . (1S.49)

We find from equation (18.43)

dllyjdt =  —  c 8Ex/dz . 

Using (1S.49), (IS.50) and  (1S.47), we obtain

dH1v _  11 <f 8211 v 
8t2 4  -i q 8z2

(IS.50)

(1S.51)

The equation we have obtained is identical w ith the wave equation, 
and consequently it describes a wave m otion propagated along the z 
axis with a velocity

V =  / /„ /1 (4.to) . (18.52)
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The sta te  of m otion of the fluid moves along n o with a velocity pro
portional to  the field in tensity  and inversely proportional to | o.

These m agneto-hydrodynam ic waves play a very great part in 
the physics of the Sun: they  are capable of transm itting  m otion and 
variable m agnetic fields from one layer to another. I f  the wave is sinus
oidal, the am plitude of oscillation of II y being A  and the frequency Q, 
then equations (1S.4G) to (18.50) give the following expressions for all 
the o ther quantities:

The m agnetic lines of force, which were p rev io u s^  stra igh t lines, 
are now transform ed into sinusoids by the superposition of the  field I i y. 
Their form is determ ined by the equation

seen to be equal to  vy.
The concepts of mechanical m otion arc, generally speaking, inappli

cable to the  field and to the lines of force. We introduce these concepts 
as an  easily grasped analogy, which often allows the na tu re  of the 
phenom enon as a whole to be qualitatively  imagined. The results 
obtained by the use of such a m ethod cannot be considered to be 
rigorously justified.

Thus the m a tte r  and the lines of force move in unison. This is to be 
expected from the general properties of a conducting m edium  “frozen” 
to the lines of force; sec below. From  this standpoint, we can regard 
the m agneto-hydrodynam ic waves as waves running on a stretched 
elastic string which corresponds to a lino of force, its mass being m =  gfH0 
per centim etre, since the num ber of lines of force per square centim etre 
is II0. The tension of one line of force is S  =  7/0/Srr. I t  is well known

H y =  A  sin Q  (t— z/v) ,

(18.53)

dyfdz =  H J H t , (18.54)

whose solution is

(18.55)

The velocity of the m otion of the  lines of force is dyfdt, which is easily
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th a t the velocity of a wave running on a string is V — ] (S ni). I f  we 
substitu te  the values of S  and m. we find V =  / /„ /y (8 rr o). The dif
ference from (18.52) is explained by the fact th a t we have not taken  
into account the sideways pressure of the lines of force, which is also 
77/8 7i (on one line). However, we shall not give the corresponding 
calculation here.

We can now estim ate the retardation  tim e of a mass of gas of d ia
meter / ,  with density  n, moving in a field 770 with velocity v. We can 
consider this cloud approxim ately as half a wave moving in one direction, 
like a rising crest. The wavelength is then 2 /, the velocity v =  770/] (4 ,to ). 
and consequently the period T  =  2 l/v. The retardation  tim e of the 
cloud is

t zv J T =  1/2 v =  I V (4 71 o)/2 770 .

I f  I =  1000 km. a - 10-12 g/cm 3, 770 =  10 gauss, then t 20 seconds. 
Thus, if wc take self-induction into account, the  re tardation  tim e is 
considerably increased.

I f  the conductivity is not infinitely large, the current j will lose 
energy by heating the  m atter, and the  wave will he dam ped. If  the 
dam ping is no t too strong, the mean energy loss in 1 second is, by 
formula (18.37),

cos2 Q ^ t  — ‘ j  d/

ns.5(>)
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dlT 1 f  1 .„ A2c2Q’ p 1 fd, = —  T  ]  /. r < U = -  4 .-i / / q2 /  T  J  
0 0

_ _  A-c- Q1 Q 
8 7i 7/02 7.

The wave energy IK is composed of the  magnetic energy 77y2/8jr and 
the kinetic energy i Q v2- By m eans of (18.53) we easily find th a t these 
two components are equal, so th a t the to tal mean energy is

IF = i
T

'V
4  71 d Z = d 2 I 

4  71 T sin2 72 1/ — ^l2
8 71d t =  . (18.57)

We introduce the q uan tity  a  defined by the relation

0    1 d l T  _  1 1 d l f

"  “  —  I F  d z  —  IK v  d<

Then IF =  lF0 e 2iz . Since IK is proportional to 77y2,

77y =  A e~ xz sin Q (t— zjv) .
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The logarithm ic dam ping decrem ent is easily calculated from its d e
finition and from (1S.5G) and (18.57) to be

If  the conductivity  is anisotropic, then we m ust use ^  instead of / ,  
since only ji evolves heat. The wave dam ping is im portan t only for 
com paratively rapid oscillations whose periods are of the order of 
m inutes.

7. The propagation of a magnetic field. M agneto-hydrodynam ic waves 
form one of the mechanisms whereby a field is propagated in a con
ducting medium. I f  th e  medium cannot move, the field is propagated 
in the  form of electrom agnetic oscillations which are dam ped, bu t periodic, 
if the conductivity  is small, or aperiodic if the conductivity  is large.

In  the la tte r  ease the field penetrates into the conducting medium to 
approxim ately \ of its wavelength in this medium. Consequently, a 
more slowly changing field penetrates deeper into the conductor. This 
produces what is called electromagnetic screening of the in ternal parts of 
the conductor from the external m agnetic field; we have m entioned 
this above. The energy of the field is thereby transform ed into the 
energy of the system  of screening currents.

The problem of the propagation of a variable m agnetic field is 
very im portan t in the physics of the Sun, since the poles of this field 
(the spots) are localised a t separate points on the  Sun’s surface, and 
the whole nature of the various phenom ena depends on w hether the 
field passes to the corona or to the prominences, and by how much its 
in tensity  diminishes. I t  is difficult to measure the field in a prominence 
or in the corona directly, because its in tensity  is small.

P. E. K olpakov and Y a . P. T krletskii [65] have indicated the 
im portan t p a rt played by the  m obility of the  solar atm osphere. We 
have seen previously th a t in this case the m a tte r is “ frozen” to the lines 
of force, there are no induction currents, and the energy of the field 
is no t converted into hea t; th e  field m ust consequently be propagated. 
This phenom enon m ay be more intelligibly in terpreted  as the motion 
of m a tte r under the action of the m agnetic pressure gradient together 
with the field, or as the  propagation of the field in the form of magneto- 
hydrodynam ic waves.

A second m ethod of field propagation which is im portan t for the 
Sun is the  transm ission of the field inside a large cloud. I f  there is a 
magnetic field inside the cloud, and the  field outside disappears, then 
the surface layers of the cloud will cause electrom agnetic screening of 
the outer layers, preventing the rapid propagation of the field and 
dim inishing its intensity  in the cloud.
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Let us consider this phenom enon in greater detail, following T. G. 
Cowling. Since the field II has no sources, we can introduce a vector 
potential of the m agnetic field, A, defined by the condition II =  curl A. 
Substitu ting  the value of II in (1S.43) and changing the  order of d if
ferentiation w ith respect to  co-ordinates and tim e, we find

E =  — \ dQt +gra<l<£, (18.58)

where E is the electric field which appears as the m agnetic field decays, 
and ef> is a scalar po tential. The la tte r  term  can be om itted, since no 
considerable volume charge can be form ed in a conducting medium. 
Thus we find for the induction current density

i  =  « = - - r  <18M»

This curren t produces a m agnetic field determ ined by equation (18.42). 
Replacing II on the  left-hand side of (18.42) by curl A, and j on the 
righ t-hand side by (1S.59), we obtain

curl curl A =  grad div A —  V 2 A =  4 ^  . (1S.60)

Only curl A has h itherto  been defined, and we can take any  desired 
value for div A. We p u t div A =  0.

V 2 A =  d°-A/dx°- +  d2A/8y2 +  8°-A(dz-

is no t larger, in order of m agnitude, than  A /R 2, where R  is the radius 
of the cloud (if I I  0 and A 0 outside the  cloud). Then (1S.60) 
allow’s us to find the ra te  of decrease of A :

8Ajet <  —  c2 A/4 71/. Ii,

and hence the decay time of A (and consequently of II) is

t ^
A

— dA/dt
4 n ?. R1

(18.61)

(18.62)

The tim e of grow th of the  field is o f th e  same order of m agnitude. 
I f  R  =  R q  =  7 x l 0 10cm, A =  1010 per second (the conditions in the 
in terior regions of the Sun), then  t &  109 years. This tim e is really 
determ ined by the  self-induction of the volume concerned, and is the 
tim e to establish a steady  state.

A . Y a . K ip p e r  h as  p o in te d  o u t t h a t  th e  p re sen ce  o f  c h a o tic  m o tio n s  
w h ich  d is to r t  th e  lines o f  fo rce  lead s  to  a  m o re  ra p id  d a m p in g  o f  th e  
field. S u ch  m o tio n s  m a y  a r ise  u n d e r  th e  a c tio n  o f  m a g n e tic  p re ssu re  
g ra d ie n ts  fo rm e d  w h en  th e  o rig in a l field  d ec ay s  in h o in o g cn co u sly .
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I t  .should be emphasised th a t t characterises the variation of the 
flux through a m aterial contour. The field in tensity  a t a given point 
m ay vary  rapidly, as we see from the exam ple of m agneto-hydrodynam ic 
waves.

Thus, if the Sun acquired its m agnetic field 109 years ago, it would 
have retained it up to  th e  present tim e even in the  absence of any 
“'m ain tain ing” effects. F or a cloud w ith R  =  109 cm and /  =  1013/sccond 
(the conditions in the  surface layers), t m  300 years. Thus the m agnetic 
flux of a spot should exist w ithout fu rther energy loss for hundreds of 
years, while a spot in fact appears and disappears in the course of a few 
days. We shall consider a possible explanation of this in the nex t chapter.

L et us now consider in more detail the “freezing” of the field to  the 
m atter. Suppose th a t some m aterial contour is draw n in a conducting 
medium. The variation in the  magnetic flux em braced by the contour 
causes self-induction currents in it, which, according to Lenz’s Law, 
oppose the change in the flux. I f  the conductivity  is infinite, the m ag
netic flux through the contour does no t change. In  an actual conductor, 
the self-induction currents gradually decay; the ir energy is transform ed 
into heat, and the flux gradually  changes. The order of m agnitude 
of the  time during which the  change takes place is given by (18.62), 
i. e. it is very large in cosmical conditions (in nebulae it is of the order 
of 109 years). During th is tim e the contour can move with th e  m a tte r 
and be deformed in any m anner: it will carry the  m agnetic flux with 
it. Since the  flux can be represented by the lines of force, the  great 
tim e needed for the flux to vary m eans th a t the lines of force always 
remain within the lim its of the m aterial contour in question, i. c. they 
pass through the same bod}- of m aterial and move with the  same velocity 
as they follow its motion, as for instance in the case of m agneto-hydro
dynam ic waves.

I f  there  are random  m otions in a conducting medium, the lines of 
force will have to take a very com plicated form as they follow the m atter, 
and will become “ entangled” . I t  is easy to see th a t th e  lines m ust 
thereby become more dense, i. e. the field intensity  m ust increase. 
The to tal num ber of lines of force is unchanged, but any one line will 
intersect m any times a plane through the gas in any direction. This 
increase in the field in tensity  cannot continue indefinitely. The field 
exerts a reciprocal action on the  conducting medium (the m agnetic 
pressure Z/2/8 :t), and, when the  mean density of magnetic energy is 
com parable with the  m ean kinetic energy density i  n v-, the  field ceases 
to increase and equilibrium is reached between the magnetic and 
kinetic energies. This mechanism of growth of the field is apparently  
of g reat im portance in the in terstellar medium, where we m ay expect 
a field of the order of 10~5 gauss to be present.

19 As t rophys ics



Chapter 19. Sunspots and faculae

1. Introductory rem arks. Itadiative equilibrium in sunspots. The
following m ust be reckoned am ong the fundam ental problems of the 
physics of sunspots:

(1) The stud}T of th e  physical s ta te  of the m a tte r inside spots, and 
the establishm ent of the natu re  of the  therm al equilibrium  and the 
depth d istribution of the basic physical param eters (ionisation and 
excitation of atom s, etc.) in th e  spot.

(2) The elucidation of the factors which m ain tain  a lower tem perature 
in sunspots th an  in the surrounding layers of the photosphere.

(3) The origin of the strong m agnetic fields in the spot and the study 
of the law of their variation w ith time.

(4) The general problem of the  origin of spots and questions relating 
to  the  eleven-year cycle of solar activ ity . (The cause of the cycle itself, 
the elucidation of the  heliographic regularities of the sunspot d is tri
bution a t various phases of solar activitjq  the m agnetic regularities 
connected w ith the  phase of solar activ ity , such as the periodic in ter
change of polarity  in the two hemispheres of the Sun, and so on.)

A t present, fairly definite conclusions have been reached only as 
regards the first of these problems.

L et us consider th e  question of th e  physical s ta te  of the m atter 
inside sunspots, and firstly the question of the  tem peratu re distribution 
w ithin the spots. Spectroscopic observations have disclosed regular 
m otions of th e  gases in spot regions. In  the lower layers of the spot, 
the  m a tte r flows out of it, while in the  upper layers th e  m a tte r flows 
into it (the Evershcd effect). The presence of such currents leads im 
m ediately to the idea th a t processes of heat transfer by moving m atter, 
i. c. processes of convective heat transfer, m ight p lay  an im portan t 
p a rt inside the spots. However, a num ber of facts indicate th a t, despite 
the presence of these currents, the heat transfer in a spot, as in the 
photosphere, takes place m ainly by radiation. We shall briefly discuss 
these facts.

As in the  case of the solar photosphere, th e  absorption processes 
in a spot whose spectral class is K  0 should be determ ined principally 
by negative hydrogen ions (sec C hapter 6). B u t in this case, as was 
sta ted  in Chapter ti, we can use the dependence of T  on r  for grev 
m aterial to determ ine the tem peratu re d istribution. The fact th a t the 
energy distribu tion  curve in the  continuous spectrum  of the  spot is 
approxim ately P lanckian indicates th a t the continuous absorption 
coefficient in the  spot varies little  w ith frequency.

290
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Consequently, if the photosphere and the spot are in a s la te  of 
rad iative equilibrium  (we have already proved this for the photosphere), 
the  to ta l in tensity  d istribution I  (0) of the em ergent radiation as a 
funetion of the angle 0 to the  normal can be found with quite sufficient 
accuracy by tho use of formula (4.32), both for the photosphere and 
for the spot. I t  then  follows from this form ula th a t the ratio  [7(0,O)]S/ 
[7(0,O)]q, where the suffix s refers to the spot, should be independent 
of the angle 0. In  o ther words, the ratio  of the to tal (bolometric) in ten 
sity  of radiation for the spot to the to ta l in tensity  for the neighbouring 
photosphere should be the  same, for the case in question, a t all points 
of the  Sun’s disc. Observations which have been m ade, including the 
investigations of G. F. S itnik  [150], entirely confirm the supposition 
th a t  the ratio  [7(0,O)]s/[7(0,O )]g is constant.

The fact th a t this ratio  is independent of the angle 0 m akes it possible 
to  determ ine the effective tem peratu re (Te)s of a spot a t  any point of 
the solar disc. I f  ( T J q  is the tem perature of the photosphere, then 
by (4.21)

(7i H )J(tiH)q  =  [(Te)./(Te)Q?  . (19.1)

S tarting  from observations of the ratio  [7(0,O)]s/[7(0,O )]q, which is 
independent of 0, and  is therefore equal to (tzH)3I{tiH)q , and knowing 
(71(!)q , we obtain  (T f)s. Such observations (taking scattered  light into 
consideration) give a value of abou t 0-4 for the left-hand side of 
(19.1). W ith (Te)Q =  5710°, this leads to (T e)s about 4500°. The la tte r 
figure is a kind of average, since observation shows th a t the larger 
spots apparen tly  have a smaller (T e)g. Tlius, for exam ple, m easurem ents 
of an exceptionally large spot which was observed in N ovem ber 1938 
gave a tem peratu re of about 3700°.

The values of (Te)s found from form ula (19.1) should not b e  iden
tified, as is often done, w ith the  excitation tem perature (T cx)‘, since, 
as we have seen in C hapter 12, there is some difference, whose nature 
is no t ye t clear, between the  two quantities.

A second m ethod o f solving the problem of h ea t transfer is the 
following. Assuming th a t the spot and the photosphere are in radiative 
equilibrium , and taking into account the fact th a t  in both cases the 
absorption coefficient depends only slightly on the  frequency, we can 
apply formula (4.40) to the spot and to the photosphere. In  this case 
we have

[7, (0.0)), 
[ W 0 ) J o

19*

OO
f  c“ t6ec0 sec 0 d</[exP {h cjk /. (Te)t (‘ +  ? t)i} -  1]

6
CO
f  C~tsec0 see 0 dt/[cxp {hclk ;.(Te)0  (t +  J 1)1} -  1]

o'

(19.2)
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I f  \vc apply it to the centre of the solar disc, where 0 = 0 ,  the result is

CO

rj  (u m  I I> {h dk  /  (Te)t (i +  J o«} - 1]

- >  , . (1M )
o

Thus formula (19.3) gives the theoretical ratio of intensities “spot to 
adjoining photosphere” for various wavelengths, for a spot a t the 
centre of the Sun’s disc. I f  the spot is in radiative equilibrium, formula
(19.3) can be brought into agreem ent w ith the observed ratio [ /A (0,0)],/ 
[ / a(0 ,0)]q  by choosing the one param eter (T e)s, if, of course, the value 
of (T ?)q is given. This can in fact be done for (Te)s 4500°, the 
observed in tensity  ratio  then  being in satisfactory agreem ent w ith the 
theoretical ratio  in the w avelength range from 3000 A to 10,000 A; the 
agreem ent is not quite so good from 10,000 A to 22,000 A, possibly 
because of the effect of w ater-vapour absorption bands in the E a r th ’s 
atm osphere. F u rth er observations are needed here.

Finally, we can apply form ula (19.2), for any w avelength A, to 
investigate the ratio ( 0 , 0 )] ,/[ /A( 0 , 0 ) ] q  a t various points on the solar 
disc (as in the case of in tegrated  radiation). H ere too the theory is in 
satisfactory agreem ent with observation; the values of (T e), obtained 
in this way vary  w ith different observers, from 4300° ( R .  S. R i c i i a k d s o n )  

to 4750° (G. F. Sitnik). I t  is possible th a t this difference is related  to 
an actual difference in (Te)s ; as we have already said, larger spots 
apparen tly  have smaller (T e)s.

From  these facts we m ay suppose th a t sunspots arc, in fact, in 
radiative equilibrium. In  particular, the assum ption th a t the spots 
are in convective equilibrium  leads to a m arked discrepancy between 
theory  and observation.

The fact th a t the m a tte r in a spot m ust be in radiative equilibrium  
follows also from an estim ate of the energy fluxes carried by radiation 
and by convective currents. A t the velocities observed in a spot (up to 
2 or 3 km/sec), convective currents are too small to be an effective 
agent for therm al energy transfer*.

2. The spectrum of a spot. The temperature. The electron pressure.
We shall now give an analysis of the absorption lines in the spectrum  
of a sunspot. This spectrum , in accordance with the lower tem perature 
of the spot, belongs to a la ter class than  the spectrum  of the photosphere; 
spots arc generally placed in the class Iv. 0, while the Sun’s sjjcctrum  is 
in the class dG 3. I f  we suppose th a t the physical conditions in a spot

* A detailed survey of all the topics discussed above is given by G. F. Sitnik 
[151].
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are similar to  those existing in the atm osphere of a s ta r  of the class 
X  0, and take into account the fact th a t the acceleration due to  gravity  
in the spot m ust be the same as for the Sun (a dw arf star) then we 
should expect, from Table 11, th a t (T e)s would be 4910°. This is somewhat 
higher th an  the figure given above (4500°). However, no reliable con
clusions can yet be draw n, since the class X 0 for a spot is approxim ate 
only. Moreover, we should, stric tly  speaking, use for comparison the 
mean spectrum  of the spot, i. e. the spectrum  which a d is tan t observer 
would record if the entire disc of the Sun were covered with spots. 
If, for exam ple, the class X  0 m entioned corresponds to a spot a t the 
centre of the Sun’s disc, the mean spot spectrum  will be of a later* 
class, and the agreem ent with (Te)s m  4500° will be improved.

In  studying the excitation and ionisation conditions in spots, we 
can use all the m ethods explained in P a rt II. T h a t is, we can use either 
the elem entary m ethods of the curve of grow th (Chapter 12) or those 
of C hapter 13, which depend on a more accurate construction of con
tours. The construction of a curve of grow th for sunspots is carried 
ou t in accordance with the general m ethods explained in Chapter 12.
The existing investigations show th a t the curve of grow th thus obtained © © ©
differs hardly a t  all in shape (within the lim its of observational error) 
from the curve of grow th for the undisturbed photosphere. However, 
the data  required for more definite conclusions are as yet scanty. Any 
displacem ent and distortion of the curve of grow th for spots, in com
parison with th a t for the photosphere, should be m ainly due to three 
factors: (1) the general difference in the num ber of absorbing atom s 
in the spot and in the photosphere; (2) the difference in tem perature 
between spot and photosphere; (3) the  splitting  of the lines in the spot 
spectrum  owing to the presence of a strong m agnetic field (up to 4000 
gauss) in the spot.

I f  the resolving power of the spectrograph is not very high, the 
separate Zeeman com ponents merge together, and this is equivalent 
to a broadening of the lines. The effect of such a broadening on the 
equivalent widths of the lines should be unim portan t for faint lines and 
m ost considerable for medium lines, corresponding to the fiat transit ional 
p a r t of the curve of growth.

Let us consider these cases in tu rn . For fain t lines, the equivalent 
w idth is proportional to  the num ber of absorbing atoms, and since 
this num ber remains the same in the  presence of a field, the effect of 
the splitting  am ounts merely to some broadening of the lines, w ithout 
any change in MY For very strong lines, the m agnetic splitting, even 
for a field of the order o f 4000 gauss, is considerably less than  the ex ten t

* Since the radiation of the central parts of the disc of the Sun (or of a star) 
eorresjKinds to hotter layers than that from the disc as a whole.
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of the wings, and usually less than  the width of the line (say for rv =  0-5), 
even taking into account the outerm ost components.

We now consider medium lines. L et the  equivalent w idth of some 
line lying on the interm ediate part of the curve of growth be 1KA° in 
the absence of a m agnetic field, and le t the num ber of atom s producing 
it  be N. In  the  presence of a m agnetic field the line is split into n com
ponents, each com ponent being determ ined, roughly speaking, by the 
absorbing action of X s — N/n  atoms. However, for the  lines considered 
(on the transitional part of the  curve of growth), even a large change 
in the num ber of absorbing atom s causes a very small change in the 
equivalent w idth. H ence, for small n, each of these com ponents should 
have practically  the same W x as the original line had in the absence 
of the  m agnetic field, i. e. I f ;0. The merging of all the com ponents results 
in an increase of \VX for th e  observed line.

The polarisation of the atom s leads to a certain  decrease* in this 
resu ltan t w idth, bu t the line will nevertheless be strengthened if the 
num ber n of com ponents and the field strength  are sufficiently great. 
Thus the  Zeeman effect leads to a raising of the  middle p a rt of th e  curve 
of growth. H ere i t  m ust be borne in m ind th a t different atom s (and even 
different lines belonging to  the  same atom ) give different splitting 
schemes, both  as regards the m agnitude of the  splitting and in the 
relative intensities of the  components. H ence the problem  in question 
is extrem ely complicated.

Curves of grow th constructed both for the spot and for the pho to
sphere allow a num ber of conclusions to  be draw n concerning the physical 
conditions in the spot. F irstly , we can determ ine the excitation tem 
peratu re  in th e  spot. We first determ ine a provisional value of {TQX), (in 
constructing the  curve of growth), and then, using form ula (12.37) 
and a graph like Fig. 34, we find an improved value of (T ex)s.

A nother m ethod is based on formula (12.40), in which we insert 
the  suffix s instead of st:

0°gio *o>.

=  log

(logio S 0)o

(iVr), K ) 0  
10 W 0  («r)f logio

(vo)g
(vo )q

— r»040 £{ i

( ? ’e x ) .

1 ‘
(^ex)o.

(19.4)

B y determ ining the  difference {(log10X 0), ■—■ (log10 A"0)q } for various 
m ultiplets whose lower levels have different eit we can construct the

* The effect of the polarisation of the atoms is that the energy absorbed in 
each of the separated eomjKments is less than it would be if there were no pola
risation.
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relation between these differences and the values of which is usually 
linear, in agreem ent w ith (19.4). The quan tity

AO =  5040
1 1

. ( 2 W ) ,  “  ( ? ' e x ) 0
(19.5)

is then found from the angle between the straight line obtained and 
the axis of e{. Having found AO and taken a definite value for {Tcx)q,  
we obtain (T cx)s■ Tor large spots, P. ten  Bruggkncate and H. von 
K lubeu have found AO =  0-39. Taking this value with (jTcx)q =  5040° 
we obtain {Tex)x =  3800°, while with ( 2 tc x ) q  =  5700° w'e obtain (T cx)s =  
4200°.

Apparently [Tcx)s, like (Te)s, varies from one spot to another, 
being less for larger spots. Hence the value mentioned, AO =  0-33, is 
probably too high.

The methods based on the theory of curves of growth also allow' 
us to determine the electron pressure in a spot. Having found the number 
of atoms of some element in two successive ionisation states, wre must 
use the ionisation formula (5.11), taking, of eourse, a definite value 
for T  which is close to the effective temperature of the spot. If we do 
this for two or more elements, then we can determine not only j)e, 
but also T  itself.

The electron pressure pe in a spot can also be obtained without using 
curves of grow th. Writing the ionisation formula (5.19) tw'iee (for the 
photosphere and for the spot), we find, putting the result in logarithmic 
form,
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where, of eourse, we assume th a t equation (5.19) can be applied to the 
atm osphere as a whole (passing from n to  iY). Subtracting one equation 
from  the other, we obtain
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where the tem peratures which appear here are, stric tly  speaking, some 
ionisation tem peratures averaged with respect to depth , which can be 
approxim ately identified with the effective tem peratures.

The first two term s on the right-hand side of (19.8) can be determ ined 
if two successive ionisation states of some clem ent arc represented in 
the spectra of the spot and of the photosphere by fairly strong resonance 
lines, for which, according to formula (12.28), IF* is proportional to ]'N, 
and for which the use of the curve of grow th is consequently no t ob
ligatory*.

The determ ination of (pe)„ from form ula (19.S), using the resonance 
line 4227 A of Ca I and the H and K lines of Ca II , has been carried 
out by T. V. K r a t  [68]. The value 3800°, m entioned above, was taken 
for T s, and 5040° for T q . The application of the law IK; ^  ) iV as 
above gave (pe)s/{pe)o ^  from m easured equivalent widths.
This estim ate of (pe), is certainly too low, since the difference A O  
taken by T. V. K r a t  is above the average. However, on using other 
existing values for this difference, we invariably arrive a t  the conclusion 
th a t (pe)s is about an order of m agnitude less than  (pe)g.

L et us compare this difference in pt between the photosphere and 
the  spot with th a t which we should expect in passing from the Sun 
to  a s ta r of the class dKO. I t  follows from Table 8 th a t, in the atm osphere 
of the s ta r 70 Ophiuchi A, of class dKO,  the electron pressure is about 
20 times less than  in the atm osphere of the Sun. This difference agrees 
in order of m agnitude w ith T. V. Ivrat’s estim ates.

Furtherm ore, a direct comparison of this s ta r 70 Ophiuchi A w ith a 
sunspot, carried out by S. E .  A. v a n  D i j k k  [170], has shown th a t, 
w ithin the lim its of observational error, the values of pe .arc practically 
the same for the two objects. These facts indicate th a t a spot is similar 
in m any respects to  the atm osphere of a dw arf star of the same spectral 
class.

I t  would be interesting to confirm this last conclusion on the basis of 
o ther considerations. I t would in  principle be possible to  conduct a 
quan tita tive  com parison of equivalent w idths in the spectra of the 
spot and of the photosphere, using the  curve of growth in order to 
convert to num bers of atoms. However, a num ber of complications 
im m ediately occur here. Thus, for instance, the num ber of excited 
magnesium atom s which produce the well-known green trip let 5183-7 A, 
5172-7 A and 5167-4 A in the spot, is twice the num ber in the pho to
sphere. Calculations show th a t this result is very difficult to explain

* Lt must be remarked that the use of this law presupposes that the damping 
constant J'ik is the same. This constant 7’.j. is determined chiefly by collision 
damping, and consequently may he different in the spot and in the photosphere. 
The method in question is therefore only approximate.
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by using only the ordinary formulae of therm al equilibrium. Moreover, 
the  increase in the equivalent w idths of these lines as we pass from the 
photosphere to the spot is practically the same as in passing from 
dG 3-type stars to dlv 0-type stars.

T. V. Kkat th inks th a t the cause of these discrepancies is to be 
sought in the fact th a t the continuous absorption coefficient in the 
spot should be less than  in the photosphere. This increases the value 
of =  ovly.r in the spot, and thereby has the same effect as an in
crease in the  num ber of atoms. The fact th a t xv decreases from photo
sphere to spot has been established by T. V. K rat, by a study  of the 
deviations in the in tensity  of radiation in the continuous spectrum  of 
spot and photosphere from the in tcnsit}7 of radiation corresponding to 
the case of grey m aterial [GO], The inequality  (*v)s/(* v)q <  1 also follows 
from Fig. 15, if we take T s =  4200°, T q  =  5600° and calculate the 
ratio  ( x v ) t / ( x v ) o  for the value of ( p e ) o / ( p e ) s  =  10 given above. For 
/. =  5000 A, the ratio  (*„),./(x„)q is found to be about one-third.

I t  follows from these considerations th a t, to give a theoretical 
in terpreta tion  of the differences in line intensities between spot and 
photosphere, we m ust henceforward use the m ethods of C hapter 13. 
H aving found the d istribution of the various physical param eters 
inside the spot, we m ust construct the contours of the lines in which 
we are interested, in accordance with the general ideas of Chapter 13. 
The same, of course, m ust be done for the photosphere. Only then will 
the comparison of theory  and observation be sufficiently justified.

For the calculations ju st m entioned concerning the  s tructu re of 
the spot, we can use the  theory  of the solar photosphere discussed a t 
the beginning of Chapter 17. H ere we need only take T e aa 4500°, 
retaining the same value of g =  2-74 X 104 cm/sec2. I t  is possible, however, 
to proceed in a different m anner, using the  observationally determ ined 
law of variation of the  in tensity  with the angle 0 for the  spot. This 
gives (see C hapter 17) the relation between B x and rx. Using this m ethod, 
R. Michaud [87] finds th a t, in the  range from 4800 to  6000 A, the ab 
sorption of radiation in the  spot is due to negative hydrogen ions. The 
model which lie has constructed m akes it possible to calculate the 
energy distribution in the infra-red continuous spectrum  of a typical 
spot, and the calculations (based on the H -  ions) are in very good 
agreem ent with the results of E. P ettit and S. B. N icholson. The 
model accounts equally well for the line spectrum  of the spot.

I f  we know how the tem perature varies, and also the electron and 
gas pressures as funct ions of optical depth, we can calculate the geome
trical depth  of the spot and o f the photosphere. A comparison shows 
th a t a t equal depths the pressure in the spot is much less than  in the 
photosphere (see above).
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In  such a comparison, the choice of the zero of linear depths in the 
spot and in the photosphere is very uncertain. This problem  has recently 
been discussed by V. S. B e k d i c h e v s k a y a  [21]. She finds th a t, for a 
particu lar ad justm ent of this common zero-point, the calculated values 
of the gas pressure in the spot m ay even come out g reater than  a t the 
corresponding levels in the  photosphere.

A second extrem ely im portan t m ethod of investigating the physical 
conditions in sunspots is a careful comparison of the spectrum  of a spot 
with those of stars of neighbouring classes. We m ust find w hether it is 
possible to  choose, among the spectra of stars (of course, near the class 
dK  0), one which exactly corresponds to the spot spectrum . The only 
comparison of this kind is th a t of a spot spectrum  w ith the spectrum  
of the  dK  0-type dw arf 70 Ophiuchi A (see above), and th is shows 
th a t the ratio  of the num ber of atom s in the  spot to the num ber in 
this star is g reater than  un ity  for all neutral atom s and less than  unity  
for all ionised atoms.

3. Possible causes ol' flic lower tem perature in a spot. The magnetic 
fields in sunspots. The nex t question in the physics of sunspots is: w hat 
is the na tu re  of the mechanism which decreases the tem peratu re of 
the m a tte r in a s p o t1? N um erous a ttem p ts  to  explain this fact have 
been based on the  assum ption th a t an outflow and ad iabatic expansion 
of gases takes place in a spot, and this leads to cooling. However, it 
has subsequently been discovered th a t this “ adiabatic theory” meets 
w ith a num ber of very serious difficulties [179, p. 194]. More recent 
theories relate the cooling of the m a tte r in spots to the presence of 
strong m agnetic fields in them . We shall now proceed to consider the 
subject of the m agnetic fields in spots.

We first give some general characteristics of the  m agnetic fields in 
sunspots. The presence of a strong m agnetic field is an invariable p ro 
p erty  of sunspots. No spot has been observed w ithout a field. On the 
other hand, we even find w hat arc called invisible spots, which are 
regions of the photosphere above which weak m agnetic fields are obser
ved. These regions are often found where a spot has recently been or 
where one soon appears.

The m agnetic lines of force are perpendicular to the Sun’s surface 
a t  the centre of the spot and m ake an angle o f abou t 20° w ith it a t the 
edge of the  penum bra. A single spot resembles a unipolar m agnet in the 
nature of its field, while a typical group of two spots resembles a bipolar 
m agnet. Sometimes m ultipolar groups arc found, w ith a complex 
disposition of the poles.

A bipolar group can be characterised by its m agnetic mom ent 
>1 — II . S  1, where II is the mean field in tensity  in the spot, S  its
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area and 1 the distance between the spots. The field intensity  of a bipolar 
group a t a distance R  from it such th a t R I is

II =  — grad M.U
R3

3 (3I.lt) I t__ M
IP IP ’ (19.9)

i. e. the  field decreases approxim ately as R~3. The field in tensity  II  
a t  the centre of a spot varies with the area S  of the spot, reaching 
3500 gauss for large spots.

The dependence of H  
and S  on tim e is shown in 
Fig. 50 for typical spots 
which change rapidly (be
low) and slowly(above) [35].
S  is given in millionths of 
a hem isphere of the Sun, 
and H  in gauss. A t first H  
is proportional to  S, and 
then  reaches a m axim um  
where i t  scarcely changes.
Only later, as th e  area of 
the  spot appreciably dec
reases, does II  begin to 
decrease also.

The tim e of increase of 
th e  field in tensity  is usually 
2 or 3 days; the tim e of 
constan t field in tensity  lasts 
from some days to  some weeks, and the tim e of decrease is one or two 
weeks. On the  o ther hand, we have seen a t the  end of Chapter 18 th a t 
the  field of a spot can exist for hundreds of years w ithout loss of energy. 
Because of this, T. G. C o w l in g  supposes th a t  the spot field is carried 
ou t to  the surface and  down again by the m otion of ionised m atter. 
The spots arc like windows, through which the field which always 
exists in the  sub-photosphcric layers emerges to the surface.

The m agnetic field exerts a pressure H ~ / S tz on the  conducting 
atm osphere. In  the deep layers, the gas pressure is considerably greater 
th a n  the m agnetic pressure, and hence the  magnetic pressure does 
no t lead to  an expansion of the gas. In  the photospheric layers, the 
m agnetic pressure is of the same order of m agnitude as the gas pressure, 
and the field m ay reach the surface by causing the gas to move. The 
expansion of the gas results in its cooling. In  the equilibrium  sta te  the 
to ta l pressure in the  spot (gas pressure plus m agnetic pressure) m ust 
be equal to  the gas pressure outside the spot a t  the same level. Thus,



Chapter 19. Sunspots and faculae: m

knowing II, wo can estim ate the difference between the gas pressure 
in the spot and th a t in the photosphere. Since p =  n A'T, the knowledge 
of the tem perature ratio obtained from observation enables us to find 
the density ratio.

The radiation from the surrounding layers continually heats the 
outerm ost layers of the spot, increasing the  gas pressure. The equi
librium  is thereby  destroyed and the heated  layers expand somewhat, 
until their tem perature falls to its form er value. I t  is possible th a t  
this expansion is in fact the observed m otion of m a tte r from the spot.

Thus the lower tem perature in a spot is apparently  a necessary 
consequence of the strong magnetic field. There is as yet no conclusive 
answer to the problem of the origin of the  field. L. E. Gurevich and 
A. T. L e b e d in sk i! [53] suppose, in opposition to Cow ling , th a t the 
field can be d irectly  produced in the sub-photosphcric layers by the 
circulation of conducting m a tte r in a m agnetic field under the action 
of hydrodynam ical forces. Such a circulation could cause currents 
which would determ ine the m agnetic field of the spot. The whole process 
is rem iniscent of the way in which dynam os are excited. However, 
the authors give no specific mechanism for this self-excitation.

R ecent investigations with the solar m agnetograph (see H . \ \ \  
B abcock [13]) seem to show w ith certain ty  th a t the  Sun has a weak 
general m agnetic field. A t la titudes below ^  65°, regions have also 
been discovered which show the presence of weak magnetic fields. 
However, these regions are very im perm anent and arc transitory  in 
character.

An im portan t question is w hether or not the origin of the magnetic 
field II  in spots is related  to the existence of the general magnetic 
field of the Sun. This question has been considered by V. E. Stepanov 
[103]. I f  the appearance of spots is connected in some wav with the 
general field of the Sun, the place where the spots appear should depend 
mainly on the magnetic, and not the  heliographic, la titude. Thus, if 
the S un’s m agnetic pole in the  northern  hem isphere is, a t  a given 
mom ent, closer to us than  the heliographic pole (the two do not coincide), 
the mean la titude a t  which spots appear in the  northern  hemisphere 
should be less than  in the  southern hemisphere. For the opposite position 
of the pole, the  effect will be opposite.

The difference in the mean la titude a t which spots originate in the 
two hemispheres should thus have a period equal to the period of revo
lution of the Sun’s m agnetic axis, as seen from the  E arth . A statistical 
reduction of forty-five years’ observations of spots has enabled this 
period to be fairly reliably determ ined: it is found to be 27-5093 days, 
which is somewhat different from tha t  determ ined spectroscopically. 
However, the  value obtained by V. E. Stepanov is more reliable,
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since it is based on a lengthy series of observations. Thus it can be 
assum ed th a t the appearance of spots is connected with the  general 
field of the Sun,

4. Solar faculae. The depth distribution of temperature in a faeula.
Let us now consider the faculae. These, as is well known, are observed 
only on the outer p arts  of the  solar disc, and  chiefly in the region 
where 0-6 R q  <  R <  R q . They appear to the observer as brighter 
parts  of the photosphere. Faculae have a complex fibrous structure, 
which sometimes changes in the course of a few hours. The fibres (fila
ments) are in tu rn  composed of granules. However, the  granulation in 
faculae differs from th a t in the  undisturbed p arts  of the  photosphere. 
The granule-interstice contrast in the faculae is considerably greater 
than  in the photosphere.

In  particular, the  contrast a t the extrem e limb is, according to 
V. A. K rat [73], about 30 %. Unlike ordinary photospheric granules, 
facular granules have a tendency to  be formed a t alm ost exactly the 
same places. This, apparently , explains the surprising stab ility  of 
faculae, regarded as scries of facular granules. According to recent 
investigations by V. A. K rat and by C. Maoris, it seems th a t the 
m ean lifetime of a single granule in a faeula is approxim ately the same 
as in the  photosphere.

I t  seems th a t the m ean level a t which faculae lie is higher than  
th a t of spots and of the  photosphere as a whole. This is suggested, 
for example, by the fact th a t the angular velocity of ro tation  of the 
Sun, as determ ined from faculae, is g reater th an  th a t determ ined from 
spots. I t  is known th a t the  angular velocity of ro tation  of the various 
layers of the Sun increases w ith height. (This apparently  docs not 
extend to the  solar corona; see C hapter 22.)

The m easurem ent of the contrast between the  faeula and the ad
joining 'photosphere is a very im portan t subject in the physics of faculae. 
The ratio

^ ( 0 )  =  [/.(0 ,0 )]// [ / ,(0 ,0 )]o , (10.10)

where the suffix /  refers to a faeula, has been measured for various 0 
by m any observers. Thus, V. A. A muartsumyan and N . A. K ozyrev 
found for a selected faeula with R =  0-94 R q  a value of F(0) equal 
to 1-14 for A 3900 A and 1-10 for A 5000 A. The values of F(0) 
have been determ ined by T. V. K rat [07] from several faculae for 
various 0 and for A =  3900 A and A : 5000 A. For A =  3900 A, the 
value of F(0) for R =  0-52 Rq  and R  =  0-90 R q  was 1T5 and 1-2S 
respectively. For A =  5000 A the value of F(0) for the same Jt was 
1-0S and 1-1G. A. I. L ehedinsk ii and S. S. Zhuravlev [79] have 
studied the value of F(0) by photoelectric methods.
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I t  m ust be pointed out th a t all these investigations relate essentially, 
not to  the  faeular filaments m entioned, bu t to  some mean “sm eared” 
representation  of the  faeula. This sm earing oeeurs because of the 
oscillation of the images and the presence of scattered  light. On account 
of the oscillation of the images, the brightness of the filaments will 
be partly  “d istribu ted” on to the parts near the filaments. Calculations 
which take account of this effect, and also direct (provisional) estim ates, 
suggest th a t the value of F (0) in these filaments m ay in reality  reach 
To to  2-5.

I t  is very interesting th a t th e  ratio  of total intensities [ /  (0 ,())],/[/ (0,O)]q 
varies (unlike the  ratio  for sunspots) with the distance from the centre 
of the disc. This apparently  means th a t solar faculae are not in a state 
of radiative equilibrium.

The tem peratu re d istribution inside a faeula can be studied by 
means of the m ethod explained a t the end of C hapter 7. To do so, 
we m ust know the  law of variation of [^ (0 ,0 )]/ w ith the angle 0. In  
particular, we can find this law from the observed ratio  (19.10), since 
the  dependence of [Ix (0 ,0)]^  on 0 is known. Knowing the law of variation 
with 0 of the in tensity  concerned, we can regard th e  equation

OO

[^ (0 ,0 )] , =  /  e- Tt scc0 See 0 d rx (19.11)
o

as an integral equation which enables us to  determ ine the dependence 
of B x(Tf) on rx for a given X. I f  we suppose th a t  the m a tte r in the 
faeula and in the  photosphere has the  properties of “grey m ateria l” *, 
we can apply the  same m ethod to  the  to ta l rad iation  also:

OO

[7(0,0)], «  /  B(T/)  e~ l8ec0 see 0 d r  . (19.12)
o

The solution of equations (19.11) and (19.12) can be obtained b}' the 
m ethod of numerical integration. I f  it is possible to  represent the 
observed in tensity  in the form of a polynom ial, expanded in powers 
of eos 0, we can use the m ethod of C hapter 7.

Such calculations show th a t for small r  the tem perature T, of the 
faeula is higher th a n  th a t of th e  photosphere, while for large depths 
it is lower th an  th a t of the  photosphere. [It is therefore incorrect to 
equate (as is frequently done) the difference in the  tem perature o f the 
radiation T K between faeula and photosphere to  the difference in their 
effective tem peratures.]

* Tn view of the small difference between the mean temperatures of faeula 
and photosphere.
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In  order to understand  the result ju st s ta ted , it is necessary to 
recall th a t a t the limb of the solar disc we observe, in general, radiation 
emerging from the upperm ost layers of the solar atm osphere. Hence 
the g reater brightness of the faculae a t the limb, com pared w ith the 
brightness of the photosphere, is a direct indication th a t in their outer 
layers they  are ho tte r th an  the photosphere. On the other hand, we 
do not see the faculae a t the centre of the disc. This means th a t the 
excess of therm al radiation, just m entioned, in the outer layers of the 
faeulae (in comparison w ith the photosphere) m ust be in some degree 
com pensated by a lower tem peratu re of the faculae in regions where r  
is large.

U nfortunately, the results of the above-m entioned calculations are 
as y e t purely qualitative. We have said in Chapter 7 th a t the finding 
of the function T(r) from the darkening law is affected by uncertainties 
arising from the necessary extrapolation of the  in tensity  to the extrem e 
limb of the solar disc. This problem, moreover, is especially complicated 
for the faeulae. I t  was supposed until quite recently  th a t the facula- 
photosphere contrast increases righ t up to the limb. The investigations 
of M. W aldmeier [178], however, indicate th a t this contrast is greatest 
for R m m  0-95 R q  and th a t it  decreases on each side of R m. In  the two 
cases a different d istribu tion  T(r)  is found. In  the form er ease (maximum 
contrast a t the limb of the  disc) the excess heating in the faeula should 
take plaee m ainly in its outerm ost layers, w ith r  <  0-02. On the other 
hand, in the la tte r  case the excess heating (i. e. th e  ratio  TjJTq)  is a 
m axim um  a t  about r  0-6.

To solve this problem, we need further careful m easurem ents of 
the facula-photosphere con trast elose to the  extrem e limb of the  Sun. 
There is still reason to th ink  th a t the  second ease seems closer to 
reality , sinee, as is shown by a study  of absorption lines in the  spectra 
of faculae, the atom s which form these lines are a t a higher tem perature 
th a n  the corresponding atom s in the photosphere (see below), while the 
absorption lines are formed on the average close to the level r  =  0-3 
to 0-G. The study  of flocculi also indicates th a t the second case is closer 
to reality. We shall discuss this subject in Chapter 21.

In  connection w ith the  in terp re ta tion  of the observed facula-photo
sphere contrast, we shall pause to consider an  im portan t problem 
which is quite general in character. We assume for sim plicity th a t the 
radiation of frequency v emerging from  the Sun (or a star) arises in 
a relatively th in  opaque surfaec layer where all the tem peratures which 
characterise the radiation and the s ta te  of the m a tte r in the layer arc 
the same, do not vary with depth , and are equal to T 0. In  this case 
it is quite evident th a t the in tensity  of the em ergent radiation I v{0) 
in the given frequency will be equal to B V(T 0). [See, for example,
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formula (3.38) for T  =  T 0 =  constant.) We now assume th a t, for some 
reason, the kinetic tem perature of the layers concerned is raised to 
some value Tt >  T 0. The question is w hether the in tensity  I v(0) 
will now be equal to B v(Te). We shall show th a t this will not be the 
case*.

In  accordance with formulae (3.30), (3.13) and (2.27), the most 
general expression for the in tensity  of the em ergent radiation a t the 
surface has the form

OO
/' j — t„sccO

/„ (0 .0) =  / * e see 0 d<„ , (19.13)

o
where we have not used the assum ption of local therm odynam ic equi
librium. R estricting ourselves to a qualitative trea tm en t of the problem, 
we shall assume th a t w ithin the outer layers of the atm osphere, from 
which the in tensity  / V(G,0) m ainly originates, the ratio  j vjx v is constant. 
On the hypothesis of local therm odynam ic equilibrium, this assum ption 
would imply, by (3.10), the constancy of the tem perature inside these 
layers. P u tting  j v/ x v =  constant, we have for all 0, by (19.13),

/„ (0 ,0 ) (19.14)

N ext, taking into account the fact th a t the emission coefficient in 
stellar atm ospheres is principally determ ined by recom binations (except 
in the far infra-red region of the spectrum ), we can use formula (S.3S) 
for it, neglecting stim ulated  emission processes for the ease of the Sun. 
Finally, let the absorption processes (the coefficient x„) and the emission 
processes (the coefficient j„) be determ ined, in the frequency considered, 
by the same atoms. Then, according to (5.20) and (5.22), we can write

Q X , =  n r,k K '  . (19.15)

where nrk is the num ber of atom s per cm 3 in the rth  ionisation s ta te  and 
the Adh excitation state. H ere it m ust be em phasised th a t only one of 
the bands in Fig. 11 is taken  into account, both in (S.3S) and in (19.15). 
N othing essentially new would be added to our results by taking account 
of all bands with y rk <  hv.

From  the above, we find for Jv(0,0) the expression

1,(0,0)
v r v + i

0r,kh*^
c2 (2 a me k Te)3/2 e (19.10)

I f  in this formula we introduce the formulae of therm al equilibrium 
given in Chapter 5, pu tting  T  =  T e and taking account of stim ulated 
omission, then wc find /„(0 ,0) ■ a result which is easily in tel
ligible.

• This question is discussed by P. It. M u s t e l ’ [100].
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In  order to m ake our principal result clearer, let us consider a fre
quency v close to  or equal to the  frequency vk of the edge of the  absorption 
band which we are discussing. In  this case hv y rk, and consequently

i , ( 0 ,0)
n, nr - r l

r,k
Sr.tt*’4*

Mr + 1c2 (2 n. me k Te)3l~ (19.17)

The first factor on the right-hand side of (19.17) depends on th e  ioni
sation and  excitation processes, while the second depends only on the 
kinetic tem perature, and only very slightly on th a t. I f  the ionisation 
and excitation processes are determ ined by th e  tem perature T  =  Te, 
then, as we have ju st said, I„(0,0) — B„(T).

L et us now consider what will happen when T e is raised. We have 
seen in Chapter S th a t, under the conditions existing in stellar atm os
pheres (low densities of m atter), the  ionisation is determ ined mainly 
by radiation, and not by collisions. Moreover, we have said in Chapter 15 
th a t the same is true  of excitation processes. I t  follows from  this th a t 
th e  first factor on the  righ t-hand side of (19.17) will not, in general, 
change a t first when T e increases. The effect of the increase in T e on 
th is factor becomes noticeable only when the factor a  in formula (S.24) 
becomes com parable w ith or g reater th an  unity . The efFect of the 
increase in T g on the  second factor in form ula (19.17), on the other 
hand, is generally small. Thus, when T e increases, the value of I v(0,0) 
will a t first rem ain practically constant. L ater (when a  >  1) it begins 
to increase, b u t the inequality /„ (0,0) <  B V{TC), or even I y(0,O) B v{Te), 
is still m aintained. Thus, under the  conditions existing in stellar a tm os
pheres, an  increase in  th e  in tensity  of the em ergent rad ia tion  cannot 
be im m ediately related  to any corresponding increase in the kinetic 
tem perature. H ence, if for exam ple the  tem peratu re of the radiation 
of a facula (T a)/ is g reater th an  the  tem perature of the  rad iation  ( T k)q 
of the  neighbouring parts  of the  photosphere, the difference A T Vj =  
=  (T e)j — (27e )0  cannot be ascribed to  a corresponding difference 
in the kinetic tem peratures. In  reality , the difference A Ts — (rl\) j  — (T8)q 
m ay be m uch higher. I t  is clear, also, .th a t this conclusion is entirely 
qualitative and is no t connected with the  restrictions m ade in our 
discussion of the  problem.

5. The spectra of faculae. We now tu rn  to  the  spectra of faculae. A 
general qualitative comparison of the  spectrum  of a facula w ith th a t 
of the  adjoining photosphere shows th a t the lines of ionised metals 
are stronger in the  former than  in the la tte r. The reverse is observed 
for th e  lines of neutral metals. The H  and K  lines of Ca I I  arc an excep
tion to th is ride; they  are fain ter in the spectrum  of a facida th an  in 
th a t o f the adjoining photosphere.

2 0  Ast rophys ics
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There are as yet few spectrophotom elric investigations of faculae. 
They are chiefly the work of T. V. K rat [G7J at Pulkovo and of O. X. 
M itropol'skava [80] a t the Crimean Astrophvsical O bservatory. We 
shall give briefly the results of these two investigations. The construc
tion of the  curve of growth for a facula, which was performed by O. XT. 
MitropoiAskaya using lines of Fe I, has shown th a t this curve is in 
shape the same, w ithin the limits of observational error, as the curve 
constructed for the adjoining regions of the photosphere; a certain 
relative displacem ent of the two curves along the  axis of abscissae 
shows th a t there are fewer absorbing atom s of Fe I in the  facula than 
in the  adjoining photosphere.

I t  follows from these two investigations (in agreem ent with the 
qualitative comparison m entioned above) th a t the great m ajority  of 
the lines of neutral elem ents are in  fact fain ter in the facula than  in 
the photosphere, while the reverse is observed for the lines of ionised 
elements (with the exception of the H  and K lines). These facts would 
correspond to  a higher mean tem peratu re in the  facula than  in the 
adjoining photosphere.

We have said above th a t the  determ ination of the effective tem per
atures of faculae (from the facula-photosphere contrast) is hindered by 
the peculiarities of the law of tem perature d istribution within the 
faculae. H ence we m ay a ttem p t to  determ ine (Te) t as follows. We 
assume th a t we have determ ined the  difference of equivalent w idths 
AWX =  (IF̂ )/ —-(IF;.)© for a num ber of absorption lines. We further 
assume th a t the  dependence of IV% on the spectral class of the star, 
and therefore (see Table 11) on the effective tem perature, is known for 
these lines. Then, supposing th a t the physical conditions in a facula 
are similar to  those in the atm osphere of a star whose effective tem perature 
is higher th an  th a t of the Sun while g has the  same value, wc can d e te r
mine the  difference A T e =  (T e)/ — (T c)q from the  values found for 
A 11Y  By this means A T e is found to be about a hundred degrees. 
I f  wc take  the “ filam entary” s truc tu re  of faculae into account, A T e 
in the “ filam ents” is still greater.

Tt is extrem ely important- th a t further work should be done on the 
application of this method, since, for example, a difference in A T f for 
neutral and ionised atom s m ight indicate a deviation from the con
ditions of therm odynam ic equilibrium in the faculae.

The obtaining of a reliable estim ate of the electron pressure in 
faculae is made less easy by various anomalies in the behaviour of 
ionised elem ents (especially Ca II). Present d a ta  would appear to 
indicate th a t pe in the faculae should not differ m arkedly from pe in 
the .adjoining photosphere.
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The subject of the anomalous behaviour of Ca II  lines in the spectra 
of faculae is not vet altogether clear. I t  is quite possible th a t v e  have 
here the same agency which we have suggested for the  “ m etallic-line” 
stars (see C hapter In). There are a num ber of indications th a t there 
is a large energy excess in the far ultra-violet region of the spectra of 
faculae. This m ust lead (see C hapter 15) to  anom alously strong ionisation 
of the Ca I I  atom s and a dim inution in their num ber.

We shall briefly consider the behaviour of hydrogen lines in the 
spectra of faculae. The contours of the H., line in these spectra and in 
those of o ther features observed on the  Sun are shown in Fig. 51. The 
continuous contour is the ob
served contour of the H 3 line 
in the spectrum  of a facula.
However, in the  segment ab 
the I I a line belonging to the 
facida proper should lie below 
the line ab. since chromospheric 
flocculi are situa ted  above 
faculae, and these flocculi 
make a contribution of rad i
ation in the  central p arts  of
H., (see C hapter 21). The true 
contour of the H a line in the 
spect rum  of a facula, w ith the 
spurious radiation removed*, 
should go roughly along the 
line be, which is shown dotted.
The broadening of the  line 
contour in the spectrum  of a 
facula, com pared w ith the 
same line in the spectrum  of 
the adjoining parts  of the 
photosphere, is caused (it is now thought) by the  increased excitation 
of the  hydrogen atom s in the faculae. In  consequence of this, the 
num ber N 2 of hydrogen atom s in the second quantum  s ta te  is incre
ased, and the line is thereby broadened. \Vre should expect a decrease 
in the central residual in tensity  in the facula, com pared with the photo
sphere, again because of the increase of in the facula. Moreover, 
this decrease of r r< is often observed in the H^ lincf, where the

* That is, the Ha line contour in the spectrum of a facula in the case where 
there arc no chromospheric flocculi.

f  This is often seen in sjK?ctroheliograins taken in the If^ line. In such cases 
the faeular area is darker in than the neighbouring parts of the phdtosphcre.

20*
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rad iation  belonging to the floeeuli i.s much weaker th an  in H a, and 
consequently does not noticeably d isto rt the line contour belonging 
to  the faeula pro])er. The same is true to an even greater ex ten t of 
the higher term s of the Balm er series.

I f  the H 3 line were broadened because of the pressure effeet (possible 
increase in ne) and no t because of an increase in the  num ber of atom s 
in the second state , we should expect a considerable broadening of the 
H^, Hy, . . ., lines, where the pressure effect is much greater than  for H a. 
However, in the faeulae the broadening of these lines is considerably 
less than  th a t of the H a line.

The fact th a t  hydrogen atom s are more strongly excited in faeulae 
than  in the adjoining photosphere does not contradict the approxim ate 
equality  of (7TCX), and (TVOo for lines of metals, found from observation. 
The hydrogen atom s whieh produce the Balm er series, unlike the m etal 
atom s, have an exeitation energy of 101G eV. Here even a small increase 
in T cx can lead to  a considerable increase in the ratio  N J N r  Furtherm ore, 
it is quite possible (as we have already said) th a t there arc, in the  faeulae, 
deviations from therm odynam ic equilibrium  whieh, as usual, increase 
with increasing exeitation potential.

Finally, observation shows th a t the  tem peratu re d istribu tion  in 
different faeulae is very different. Thus, for exam ple, in the  speetrum  
of a very bright faeula observed on 13 Septem ber 1950, the eontours 
of the lines Ha, H^, H y, and H a, ineluding the wings, were less deep 
th an  the corresponding eontours in the speetrum  of the adjoining pho to 
sphere [90]. This fact eannot be explained by an increased ionisation 
of hydrogen, since this would lead to an absurdly high electron pressure 
in the  faeula, of the  order of 10,000 bars. We m ust therefore, apparently , 
suppose th a t  the  smaller num ber N„ of hydrogen atom s was due to 
a lower excitation tem peratu re for hydrogen in the faeula concerned.

Chapter 20. Prominences
1. The classification o! prominences. In  studying jjrominences we 

m eet with a collection of phenom ena whieh are extrem ely complex, 
and rieh in physical significance. The application of cinem atography to 
the  study  of solar phenom ena has m ade possible a provisional classi
fication o f prominences. This classification m ust be regarded only as 
a division into various forms of prominence differing from one another, 
with an indication of the possible connection between these forms.

The features on which this classification of prominences is based are:
(1) The external form and structu re  of the prominences.
(2) The nature of the motion of m a tte r in the prominences.
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(3) The relation between prominences and sunspots.
(4) The place where the prominences are formed (chromosphere or 

corona).
We shall no t explain in detail the present-day classification of prom inen
ces, bu t shall confine ourselves to  some very brief remarks*.

Quiescent prominences (often resembling haystacks in appearance) 
m ay rem ain alm ost unchanged during m any hours. One of the best 
criteria distinguishing quiescent prominences is the absence in them  
of ex ternal currents or jets, which are one of the m ain distinguishing 
features of active prominences.

Ordinary active prominences are the kind m ost frequently  found on 
the  Sun. They arc observed in all latitudes, and this distinguishes them  
from active sunspot prominences (see below). The m ost characteristic 
p roperty  of ordinary active prominences is the  presence o f currents 
of moving m a tter, which emerge from the  outer p arts  of the  “ tru n k s” 
of these prominences and proceed downwards to  the chromosphere, into 
which they  are draw n, as it were. The place where these currents flow 
into the chromosphere, which lies a t some distance from  the  “ tru n k ” , 
is called the  centre of attraction. Judging by the  observations a t  present 
existing of the  process of inflow of m atter, the centres of a ttrac tion  
arc relatively small areas in the chromosphere, which arc not distinguished 
by any external features. There m ay be several centres of a ttrac tion  
for one prominence. The currents of m a tte r which move to  the  centre 
o f a ttrac tio n  usually consist o f separate jets (streamers) and  knots. The 
length o f a je t varies from a few thousand kilom etres to  several hundred 
thousand kilom etres in very  active prominences. Large wide je ts m ay 
rapidly dissipate the prominence.

Furtherm ore, if  the  centre of a ttrac tion  is extrem ely strong, the whole 
of an  active prominence m ay be torn  off from the  tru n k  which joins it 
to the chromosphere, raised to  a height hi a strongly curved trajectory  
and then, moving down, be draw n into the centre o f a ttrac tion  (such 
a prom inence is said to be quasi-cruptivc).

W hat are called interacting prominences also belong to  the  class of 
active prominences. H ere the m a tte r flows across, in the form of jets 
and  knots, from one prominence to  another. Cases arc also observed 
where these je ts  and knots move in both directions; there is here, 
consequently, an exchange of m atter, between the two prominences.

Eruptive prominences are those which rise relativcl}’ quickly to  great 
heights above the Sun’s surface, and then  disappear. The m aximum 
heights reached by these prominences lie chiefly between 100,000 and 
500,000 km. At greater heights, the m aterial in eruptive prominences

* W e  shall use the terminology employed in E. Pettit’s classification, which 
is o n e  of the most complete.
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is dispersed and ceases to be visible. These prominences arc formed 
from quiescent or active prominences. No eruptive prominence seems 
to  be known which rose directly from the chromosphere.

'flic process of the form ation of an eruptive prominence from an 
active one* can be regarded as an explosion, although, of course, this 
word refers to  the ex ternal appearance of the phenom enon, and not 
to  its nature. As a result of the explosion, the prominence, which was 
until then an active prominence, expands, and after rising disappears 
against the background of the corona. D uring the whole process of 
expansion, the prominence sends out currents of luminous m a tte r dow n
wards. These currents, which are fairly num erous a t first, are directed 
tow ards the earlier centres of a ttrac tio n  and tow ards newly-formed 
centres.

E ruptive prominences may apparently  be divided in to  two sub
classes. The first class contains those in which a relatively isolated mass 
of gas rises, while downward currents leave it. The second class consists 
of eruptive prominences having the form of an are whose vertex rises 
while the whole are expands. Here the  downward currents are directed 
along the two sides of the arc.

In  conclusion, it m ust be noted th a t the following circum stance is 
extrem ely im portant. The appearance of an eruptive prominence (i. e. 
the explosion of an  active prominence) usually takes place in regions 
where neither photospheric nor chromospheric disturbances are observed.

Sunspot prominences are divided into a series of greatly  differing 
sub-classes. The common feature of all these is th a t they are related to 
sunspots. Prominences of this class are never observed w ithout accom
panying spots, though spots m ay frequently  be observed w ithout 
prominences. We shall here refer to the m ost typical of the sunspot 
prominences.

The kind of sunspot prominences m ost often observed are w hat 
m ight be called coronal sunspot prominences. Here the luminous m a tte r 
forming the prominence appears in the corona above the spot. W hat 
happens is th a t, above a group of sunspots, convergent currents of 
m a tte r (jets) or detached parts  of currents appear and all move tow ards 
the spots in straigh t or curved trajectories. In its external appearance, 
such a prominence resembles an opened fan. K nots of concentrated 
luminous m a tte r are often observed in the upper parts  of these cu rren ts ; 
these knots arc generally formed in the coronal region also, and, rem ain
ing a t rest, serve as “ reservoirs” for the downward flowing jets. I t  is 
of in terest to note th a t the brightness of the je ts increases as they 
approach the chromosphere.

* More exactly, from a quiescent one, since the active prominence is formed 
only a relatively short time before the “eruption’’.
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in  the case of the m ost active groups of sunspots, the m atter 
in the knots flows downward, no t in one direction, bu t in several, and 
elosed loops are thus formed. Sueh prominences resemble fountains in 
external appearance. In  rare cases the loops m ay arise from the chromo
sphere also.

Coronal sunspot prominences are sometimes accompanied on one 
or both sides by aetive prominences similar to  those discussed above, 
with whieh they have m any features in common. In  this case the currents 
of lum inous m a tte r flow into the region of the spots.

A very interesting class of sunspot prominences is formed by those 
whieh are called surges. H ere the m a tte r is ejected from the chromo
sphere a t speeds whieh sometimes exceed 500 km/see, and then returns 
along almost the same path back to the chromosphere. Surge prominences 
m ay either be small condensations, rising to several thousands of kilo
m etres and subsequently returning to  the chromosphere, or take the 
form of huge branches of luminous m a tte r with a height of over 100,000 km. 
In  the la tte r  case, praetieally  all the luminous m a tte r in the prominence 
returns to  the chromosphere. Occasionally the upper parts  only are 
detached from it.

The lifetime of a surge prominence is very short: from 10 to 20 
m inutes for small ones, and a little  over an hour for large ones. I t  is 
very interesting th a t the ejection of surge prominences can take plaee 
a t any angle to the Sun’s surface.

The ejeetion of small aggregates of ehromospherie m a tte r (often a t 
large angles to  the vertical) is observed in fairly aetive spot groups; 
like the eruptive prominences, they  do not re tu rn  to the chromosphere.

Besides the forms of sunspot prominence m entioned, there are 
others whieh we shall no t diseuss here.

Tornado-typo prominences are like vertical spirals or eoiled-up ropes. 
In  this ease we are evidently eoneerned with the ro tation  of the pro
minence and in general w ith phenom ena of a vortex nature. There are 
indications th a t ro tation  oeeurs in prominences of other types also.

Finally, we m ust briefly m ention the prominences whose form ation 
is connected w ith the eoronal region. We have already spoken of eoronal 
prominences of the sunspot type. A similar case is found with ordinary 
aetive prominences. As the num ber of stream s of luminous m a tte r 
emerging from such a prominence increases (this indicates tha t the 
centre of a ttrac tion  is playing an increasing part), long luminous jets 
begin to pass now and again from the region of the corona to the eentre 
of a ttrac tio n ; they  have a small curvature and a velocity of the order 
of 100 to 200 km/see. The}' m ay appear a t heights of about 150,000 km 
and usually move with constant veloeitv along their whole pa th  to the 
eentre of a ttrac tion . Observations show th a t these prominences may
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appear and enter the chromosphere even when no other prominence is 
observed; this shows th a t centres of a ttrac tion  can exist on the surface 
of the Sun independently of prominences.

The coronal clouds are a very interesting form of coronal sunspot 
prominence. Their developm ent takes place as follows. Above a group 
of sunspots, bright points are suddenly formed. New points subsequently 
appear, whereupon all the points coalesce into a cloud, which, as it 
were, hangs in the coronal region, while stream s of m a tte r in the form 
of je ts begin to  move down from it to  the sunspots.

In  concluding our description of the various classes of prominences, 
we m ust again emphasise th a t the present classifications have as yet 
no physical basis. However, some classification of prominences, if only 
a very provisional one, is indispensable, since, as we have seen, there 
is a very great difference in the  forms of various types of prominences, 
and to  in terpret the physical properties of each type a separate approach 
m ust be m ade, though some regularities m ay, of course, be more general 
in character.

I t  m ust be noted th a t the actual developm ent of prominences is 
much more com plicated th an  can be realised from a single simple 
classification. Sometimes it is very  difficult even to  assign prominences 
to  one or another class. F inally, it is necessary to  take account also 
of the interconnection between prominences of various classes. For 
exam ple, eruptive prominences m ay appear as an outcome of the 
developm ent of active prominences, and so on.

The classification which we have considered is based on observations 
of prominences a t the limb of the solar disc. H ere the prominences are 
observed in emission. I f  a prominence lies between the observer and 
the photosphere and is projected  on the Sun’s disc, it absorbs the  
la tte r ’s radiation (in lines where the optical thickness of the prominence 
is large) as a com paratively dark  form ation called a filament. In  the 
m ajority  of eases, the filaments arc of small w idth and have a  very 
elongated form. Their length (estim ated in projection) is sometimes 
a considerable fraction of the  Sun’s diam eter.

As they  approach the limb of the disc in consequence of the Sun’s 
ro tation , the  observer usuall}' sees the filaments transform ed into pro
minences; however, there is not a complete correspondence between 
the geom etrical characteristics of filaments and of the prominences 
which arise from them . The filaments are apparen tly  seen as a result 
of the absoqjtion of photosphcric radiation, in various frequencies, by 
the densest and most extended p arts  of the prominences.

From  the phenom ena of “ transform ation” of filaments into p ro 
minences and vice versa, it has been established th a t, in the m ajority  
of cases, filaments are formed by quiescent prominences. I t  is of interest
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to rem ark th a t these filaments (and therefore quiescent prominences 
also) avoid regions occupied by sunspots. I f  a spot appears close to a 
filament, the  la tte r  rapidly vanishes. In  general, however, filaments 
exist for a com paratively long time, m easured in days or weeks.

Sometimes sunspot prominences too cause a m arked a ttenuation  of 
the  radiation of the  solar disc in the  line frequencies. However, in this 
case th e  dark  form ations on the disc are smaller than  ordinary filaments. 
They have relatively short lifetimes and are different in form ; they 
resemble small dark  elongated areas of irregular shape, very dark small 
spots, etc. These form ations are very often observed above chromospheric 
flares.

2. The motions of m atter in prominences. L et us now consider the 
subject of the m otions of the  m a tte r which forms prominences. A very 
great am ount of inform ation on this subject has been obtained by means 
of the cinem atography of prominences, using narrow -band interference- 
polarisation filters. In  the Soviet Union, such cinem atography was first 
achieved by A. B. S e v e r n y !  and A. B. G i l ’v a r g  [133] a t the Crimean 
astrophysical observatory of the U SSR  Academ y of Sciences. By study 
ing the m aterial obtained, A. B. S e v e r n y !  [130] was able to define 
three basic types of m otion in prominences.

The first type includes the motions observed when eruptive p ro 
minences break out. The second and m ost numerous type of m otion 
contains, according to A. B. S e v e r n y ! ,  quite regular accelerated or 
retarded  motions of individual knots, je ts and clouds in prominences 
along curved trajectories. These m otions are characteristic of sunspot 
prominences, active prominences, coronal clouds and surge prominences.

Finally, the th ird  type of m otion includes irregular m otions of indi
vidual knots, clouds and je ts (like waves), and also changes of shape 
and structu re , which are very similar to the  m etam orphoses of terrestrial 
clouds, or smoke drifting on an uneven surface. Such m etam orphoses, 
sometimes extrem ely slow and lasting for hours or days, are character
istic of quiescent prominences. In  this case we are doubtless concerned 
with the appearance of the  same turbulence which is found throughout 
the solar atm osphere.

I t  is clear th a t such a division of m otions into types m ust form the 
starting-poin t for the construction of a future well-founded classification 
of prominences.

L et us now consider o ther regularities discovered in the m otions of 
prominences. The use of cinem atograph films has m ade it possible to as
certain th a t the motions of m a tte r doion into the chromosphere m ust be 
regarded as of much greater im portance than  was earlier supposed. As an 
exam ple, we m ay point to coronal sunspot prominences, active prom i
nences, etc. Among the num erous sub-divisions of sunspot prominences,
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only a few appear in the chromosphere (for instance, surge prominences). 
The rem ainder arc formed in the corona, whence the stream s of luminous 
m a tte r flow downwards. Tn general, contrary  to the views previously 
held, it m ust be supposed th a t m any classes of prominence arc formed 
in the corona.

These circum stances are taken into account, in particular, in a new 
classification of prominences made by D. H. M e n z e l  and J . \V. E v a n s  

[85]. In  this classification, prominences are divided into two main classes: 
(A) those formed in the corona, the m a tte r in which moves predom inantly 
downwards, and (B) those formed in the chromosphere, in which the 
m a tte r moves upwards.

A careful exam ination of cinem atograph films of the motion of prom i
nences shows th a t, in a very large num ber of cases (especially for coronal 
sunspot prominences, active prominences and interacting prominences), 
the motion of the knots and je ts of luminous m a tte r takes place for long 
periods along certain quite definite curved trajectories. This suggests 
a field of some kind of force in the region occupied bv the prominences.

A study of eruptive prominences has shown th a t, as a prominence 
moves outw ard from the Sun, its velocity increases, and the change in 
velocity takes place very quickly, alm ost in jumps, if we follow the 
leading edge of the je t or knot. Between the m om ents when the velocity 
suddenly increases, it rem ains constant, or varies very slowly. (In reality, 
of course, the velocity does not change instantaneously, hu t during a very 
short interval of time.) The time intervals between these velocity jum ps 
are m easured sometimes in m inutes, sometimes in hours.

A. B. S e v e r n y !  [128] has discovered th a t, near the m om ent when the 
velocity suddenly changes, the brightness of the knots in the prom i
nences increases, and, a t the m om ent when the velocity changes sharply, 
reaches a maxim um , though these outbursts of brightness take place, of 
course, sim ultaneously Avith a general decrease in the m ean brightness of 
the prominence as it rises.

In  Fig. 52 we give graphs taken  from A. B. Seveunyi’s work. Those 
illustrate the regularities m entioned above concerning the changes of 
velocity and brightness of the knots in eruptive prominences.

The result ju s t discussed m ust also be rela ted  to  the circum stance 
th a t an eruptive prominence becomes brighter ju s t before its upw ard 
flight.

The following rem ark should be m ade in concluding the  subject of 
the changes in velocity in the m otion of m a tte r in eruptive prominences. 
We have shown above th a t the changes in velocity in the motions of an 
eruptive prominence m ay occur \Tery rapidly, alm ost in jum ps (P e ttit’s 
first law). However, in studying such a jum p, very great care m ust be 
taken, since in m easuring the A'elocity \vc m ust rel\T on a determ ination
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of the position of the individual luminous knots. There may, however, 
be some am biguity in the identification of knots a t different instants. In  
particu lar, L. Larmore [78], in his work on four prominences (including 
a large eruptive prominence), finds no ease of a sudden change in velocity. 
This question is extrem ely im portan t in the physics of prominences, and 
requires fu rther study.

Observations have shown th a t the atom s of various elements in prom i
nences move w ith practically  the same velocity. In  other words, there is 
no separation of the elements in prominences. This is certainly a result 
of the presence in prominences of sufficient forces of internal resistance 
to motion. If, for exam ple, calcium atom s are given an acceleration 
g reater than  th a t of o ther elements, the Ca atom s will have to “ push 
th rough” a crowd of other atom s, i.c. the la tte r  will exert a resistance 
to the moving Ca atoms. I t  is obvious th a t this resistance will be greater, 
the g reater the density of the medium. Since the various atom s in prom i
nences move with the  same velocity, we m ust suppose th a t the density  
of prominences is sufficiently great to prevent a separation of the ele
ments. The same follows from theoretical calculations also (see, c.g., 
W. H. M cC r e a ’s calculations [108, p. 677]).
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3. The spectra of prominences. H aving acquainted ourselves with the 
general properties of prominences, le t us now consider and in terp re t their 
spectra. F irs t of all, it  m ust be rem arked th a t  the  spectrum  of a prom i
nence projected on the sky is an emission spectrum. I t  consists of bright 
lines, a fain t recom bination continuum  beyond the lim it of the Baliner 
series, and an even fain ter continuum  due to  th e  scattering of solar 
radiation by the free electrons contained in prominences. These charac
teristics of the  spectra of prominences arc related to the fact th a t the 
optical thickness of a prominence in the frequencies of the  continuous 
spectrum  is considerably less than  u n ity  (as follows from observation).

We shall explain w hat we have said about th e  bright-line spectra of 
prominences by considering the  case where the  optical thickness of 
a prominence in the line frequencies is also less th an  unity . In  this case 
(since r,, <  1 in all frequencies), the in tensity  of radiation emerging from 
the prominence is proportional to  the  emission coefficient j y in all fre
quencies.

On the o ther hand, the emission coefficient, is large in the frequencies 
where the absorption coefficient is large [see, e.g., formulae (3.10) and 
(9.5)]. And since, in the line frequencies, the absorption coefficient is 
greater th a n  in the neighbouring p arts  of the  continuous spectrum , th e  
emission coefficient also will be g reater in th e  line frequencies. Hence, 
in projection on the  background of the sky, the prominences m ust in 
fact give a bright-line spectrum . H ere it is clear th a t  the  result in ques
tion does not depend a t  all on the  simplifying assum ption which we have 
made, th a t the  prominence is transparen t in the  frequencies of the  ab 
sorption lines.

If, however, th e  prominence is projected on the  solar disc, the  ab 
sorption lines of the solar spectrum  a t  the  corresponding p a r t of the disc 
m ust be deepened by the additional absorption of light in th e  prom i
nence. This is indeed observed for some lines in th e  spectra of filaments, 
nam ely those lines where the optical thickness of the  prominence is com
parable w ith or greater th a n  unity .

The bright-line spectra of quiescent prominences, observed outside 
eclipse, consist chiefly of the first few lines of the Balm er scries of 
hydrogen, th e  H  and K  lines of Ca II , the  D3 line of neu tra l helium 
(X =  587G A) and some fain ter lines. The spectra of prominences ob
ta ined  a t  the tim e of a total solar eclipse, when the effect of the daylight 
sky is reduced to  a minimum , are much richer in lines and include sev
eral dozen emission lines. The m ajority  of these are lines of hydrogen and 
of ionised metals. There are considerably fewer lines of neutral m etals 
th an  of ionised metals, and  they  m ainly correspond to fairly strong lines 
in the  ordinary absorption spectrum  of the Sun. Besides the  lines m en
tioned, several lines of neutra l helium (including D3), and the ionised
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helium line 46SG A, are found in the spectra of quiescent prominences. 
Judging by the  existing materia], the spectra of eruptive prominences 
differ hardly  at all from those of quiescent ones (in the relative intensities 
of the  different lines).

Prom inences related to  spots are often called metallic. This nam e arose 
beeause their spectra, taken  outside eclipse, contain, besides the  lines of 
H , Ca and He, m any bright lines of m etals, such as Sr, Mg, Na, Ti, Fe, 
etc. These lines arc sometimes so bright th a t the image of the prominence 
eah be seen in their light even when the slit of the spcctrohelioscope or 
prom inence spectroscope is open. In  some cases, a fairly intense con
tinuous spectrum  has also been observed in prominences of this class.

However, there is apparently  no essential difference between the 
spectra of quiescent prominences and those of sunspot prominences. 
A comparison of spectra (obtained a t  the  tim e of an eelipse) shows th a t 
the  form er exhibit m ainly lines which have intensities, in the  scale com
monly used for estim ating the intensities of chromospheric lines, of more 
th an  30, whilst in the  m etallic prominences fainter lines also appear, with 
intensities >  15. Thus the  spectral lines of quiescent and metallic sun
spot prominences differ from each o ther chiefly b3̂  their intensities alone.

This difference m ay be due either to a difference in the degree of 
ionisation and excitation, or to a difference in the num ber of em itting 
atom s (but no t to a difference in chemical composition). We should ex
pect th a t the num ber of em itting atom s in sunspot prominences is greater 
th an  the  corresponding num ber in quiescent prominences.

Many of the characteristic properties of prominence spectra, such as 
th e  presence in these spectra of He I  and H e I I  lines, the predom inance 
of the  lines of ionised m etals com pared with those of neutral m etals, and 
so on, correspond to  a higher s ta te  of excitation and ionisation of atom s 
th an  under the  conditions of the photosphere and the  “ reversing layer” 
of the  Sun. For exam ple, A. U nsold  points ou t th a t the spectrum  of an 
eruptive prominence in emission has 
exactly  the same properties as an 
ord inary  spectrum  of a s ta r  of class 
cA. However, more definite conclu
sions m ust be based on a q u an tita 
tive analysis of prominence spectra.
This we shall now give.

4. Self-absorption in prominences.
We draw  a cylinder in the prom in
ence, directed along the  line of sight 
and  having u n it base area (F ig.53).
The length s of this cylinder, whieh 
is a t  a height h above the photo- Fig. 53
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sphere, is equal to the thickness of the  prominence in the given 
direction.

H ere we shall be interested in the to tal energy em itted  by the  cylinder 
inside the line with transitions k -> i. Let I a. be this to tal energy, em itted 
in 1 second by the cylinder tow ards the observer and referred to  unit 
solid angle. I t  is evident th a t the q uan tity  I ik. is also the to tal intensity  
of radiation in the given line and in the given direction.

L et the num ber of em itting atom s in the cylinder be N k. We assume 
th a t the optical thickness of the prominence in the direction considered, 
inside the whole line, is considerably less than  unity . In  o ther words, we 
assume th a t we can neglect self-absorption inside the prominence (in the 
given direction). Then we have for I ik

N. A ...
I u -=  4 7 l l hvik . (30-1)

since we can neglect processes of stim ulated emission, for no t very small 
hvik, under the conditions existing in the  Sun. I f  we have determ ined the 
value of I ik in some way from observation*, the value of X k can be d e 
term ined from (20.1). However, in m any very im portan t cases, it is 
necessary to take account of self-absorption. L et us briefly consider this 
subject.

Replacing the  quan tity  y.v in equation (2.26) by ov, and denoting the 
elem ent of optical thickness along the direction cc' by d r v = av n ds, we 
obtain

d/„/dT„ =  —  I,  +  jJov . (20.2)

The solution of this equation, which is found in the  same way as (3.36) 
and (3.37), gives

(«)

h  = f  (20-3)
o

where T r (.s)  is the optical length of the  whole cylinder cc'. The optical 
length can be m easured either from the point c or from c'. In tegrating
(20.3) over all frequencies in the emission line, we clearly obtain I ik:

Jik =  J  K  dv =  J  |  j ^  e " d r r j  dv . (20.4)
6

* Observers usually express the energy emitted by prominences in terms of 
that emitted by the centre or limb of the solar disc.
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If self-absorption is absent [t„(a') 1], the expression (20.4) takes the
form

fi

I i k  =  /  { /  {? d«s ] dv  . (20.5)
o

The com putation of the integral on the right-hand side of (20.4) p re 
sents great difficulties in the general ease. We shall therefore simplify 
the problem somewhat. Assuming th a t the physical conditions inside 
a prominence depend only on the height h above the photosphere, we 
can regard the  quantities j t, and <j„ as constan t along the path  of in
tegration  (the cylinder cc ') .  We can take j vj a Y outside the inner integral 
sign in (20.4). F u rther, instead of r v(s) we can write, using (5.20), (5.22) 
and the constancy of a y ,

s n

t v(s) =  J  a„  n ds — m  J  a v d-s =  s,, , (20.0)
o o

where s, is the  absorption coefficient referred to  one atom , and Ay is 
the num ber of absorbing atom s in the cylinder cc'. Thus we have, instead 
of (20.4),

1« = J  £ ( l - e ~ trAf) d v .  (20.7)

We now introduce the notation

P r =  jr/°r- (20.8)

To ascertain  the processes by which the  value of P v is determ ined is the 
greatest difficulty in the problem of self-absorption. I f  local therm o
dynam ic equilibrium  existed in the prominence (in fact it does not), then, 
by (3.10), we should have Pv =  B v. I f  the prominences simply scatter 
the solar radiation which is incident on them  from below, then, according 
to  (0.5), P v — J Finally, if the emission in the prominences is a result 
of fluorescence or the  excitation of atom s by electron collisions, P y is 
altogether different. However, in all these eases the q uan tity  P„ m ust 
vary relatively little  with frequency inside the line (considerably less 
than  the expression in parentheses in the integrand). H ence (20.7) can 
be rew ritten

l i t  =  P. J  (1 — e— *‘vi)dv , (20.9)

where P v is the mean value of P v.
The appropriate investigations show th a t, even in the centres of 

strong lines, the optical thickness of prominences does not exceed 10 (or 
a t m ost a few times this). This means (sec Fig. 25) th a t in the dam ping



320 Chapter 20. Prominences

region (where sv is several orders of m agnitude less than  sr ) the optical 
thickness s.Wj 1. Consequently, we can take for s„ simply the D oppler 
coefficient given by form ula (11.34), where A vn is determ ined by both 
therm al and tu rbu len t motions.

I f  the value of Pv in any  direction (c.g. an', W , cc', etc.) is the same, 
the qu an tity  I ik will be determ ined only by the value of the integral on 
the right-hand side of (20.9), and consequently will depend only on AT{ 
and on the param eter r 0 in (11.29), so th a t we shall have some curve of 
growth ( th a t is, a relation between I ik and N t), bu t for emission lines. If, 
also, the function Pr is constant for all prom inences of the class con
cerned, then such a curve of grow th can in principle be constructed from 
m any prominences. A family of such curves of growth constructed for 
various values of the param eter r 0 m ay form the starting-poin t both  for 
a comparison of theory  and observation and for a determ ination of the 
quantities and v0. The values of the  above integral have been calcu
lated, for example, by E. F .  M .  v a n  d e k  H e l d  [1G9],

Assuming for the m om ent th a t this hypothesis about the  constancy 
of Pv is correct, we can decide about the presence of self-absorption as 
follows. We select two lines: one for which self-absorption is certainly 
absent, say the D3 line of H e I, and the o ther for which we should ex
pect considerable self-absorption, say the H a line. H aving m easured the 
values of I ik for both these lines a t  various points in th e  prominence (or 
even in different prominences), we construct graphs, placing (log10 / i t)ue 
on the axis of abscissae and (log10 Iik)ua on the axis of ordinates. I f  now 
the conditions of excitation and ionisation are the  same throughout the 
prominence (or all the  prominences), and self-absorption is absent, then 
there should be a proportionality  between {Iik)u and (Ia-)iie> as follows

Io9iojh«

from (20.1). However, if self-absorption is present, i t  is quite clear th a t
(A‘t)iia *s diminished where it is 
large. For, the  larger I ik, the 
g reater N k, and consequently (for 
Pv constant) th e  g reater Nit i.c. 
the  greater the self-absorption. 
As a result, we obtain  a graph 
like Fig. 54. The qu an tity  A is 
a measure of the self-absorption. 
From  such investigations it has 
been discovered th a t the  H  and  K  

Fio. 54 lines of Ca I I  usually have strong
self-absorption, the  H n line m oderate self-absorption, and the  D3 helium 
line, like all th e  fain ter lines, p ractically  no self-absorption.

The m ethod ju s t described has the defect (which is revealed by the 
sca tte r of the points about curves like Fig. 54) th a t in using it we postu-

Io9ioJh«
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late  the  existence of a universally valid curve of growth, i.e. the con
stancy of P„. However, it is quite clear th a t, besides any  o ther factor, 
the  transition  from an optically th in  to an optically thick layer will i t 
self cause a change in Pv. This is particularly  apparent in th e  case -where 
the value of I ik is determ ined by processes of scattering of solar radiation. 
I t  is evident th a t, for rVt >  1, the  value of J v will be different in the 
outer and inner p arts  of prominences. The situation  is similar for o ther 
mechanisms of the  excitation of atoms.

F or th e  H  and K  lines, according to V. P. V y a z a n its y n  [175], this 
difficulty can be partly  removed as follows. Since the  H  and K  lines begin 
from th e  same level and  lie in the  same p a r t of the  spectrum , the  excita
tion conditions for these lines m ust be practically  th e  same, so th a t we 
can pu t (Pv)u & (PV)K. Thus th e  effect of self-absorption on the  ratio 
( A j - ) h / ( A m ) k  m ust be determ ined by th e  value of N t  only. Since the 
oscillator strength  for the K  line is twice th a t for the  H  line, the 
self-absorption in the K  line will be stronger th an  in the H  line, and this 
effect will increase with iY{, i.e. with the  to ta l brightness of the prom i
nence in the H  and K  lines. B y m eans of (20.9), assuming, as shown 
above, th a t (Pr)a =  (Pr)K, we can obtain  th e  theoretical relation be
tw een Ni and th e  ratio  (A'l-hiA A'a-)k- The qu an tity  v0 which appears in 
the  expression for the  absorption coefficient can be determ ined from the 
half-w idth of the H  and K  lines. Using th is m ethod (with some modifi
cations), V. P. V y a z a n i ts y n  has obtained, from  a large am ount of m a
terial, a m ean value of iYf =  N r =  2-4 X 1013 Ca 11 atom s for all the  
prominences which he studied. I f  we take th e  mean thickness of quies
cent prominences as approxim ately 10,000 km, then  1 cm 3 of a prom i
nence m ust contain about 2-4 x  104 atom s of Ca II. From  th is m aterial 
it was also found th a t self-absorption diminishes th e  brightness of the 
H  1 ine of Ca I I  by an  average factor of three.

In  another paper, V. P. V yazanitsyn  [170] has studied the rare p h e 
nomenon of the partial screening of one prom inence by  another. H ere 
th e  prominence closer to the observer was represented b}5 * 7 both emission 
lines and absorption lines.

5. The excitation of atoms in prominences. The principal problem in
the  theory of self-absorption is to establish the fonn of the  function P y, 
i.e. to ascertain  the excitation and ionisation conditions in prominences. 
However, it is quite clear th a t th is is one of th e  m ain problem s in the 
whole theory of prominences. In  some cases it can be solved by means 
of formula (20.9). L et us assume, for instance, th a t the value o f I ik is 
determ ined by ordinary scattering of solar rad iation  in the prominence. 
We can then  write Pv =  Jv, where «/„ =  j  l v dco/4rr =  I v IT; IT is the 
radiation dilution factor and I „ is the  m ean in tensity  of radiation inside

21 AMropliysics
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the prominence. I f  now we have determ ined (e.g. as shown above) the 
values of and  v0, the integral on the right-hand side of (20.9) can be 
easily com puted. Knowing the absolute value of Tik from observation, 
we can determ ine J v in accordance w ith (20.9). The value of /„ thus 
found should correspond closely to the  mean in tensity  of solar radiation 
incident on the prominence. This is quite evident for small t„. For large 
r„, however, the radiation l v emerges, according to (20.3), from the ex
terior layers of the prominences where r„ is small (because of the ex
ponential e~Tv), i.e. here also the value of l v should approxim ately cor
respond to the mean in tensity  of solar radiation. Calculations perform ed 
by V. P . V yazanitsyx  in the two papers m entioned have shown tha t, 
for the H  and K  lines, the value of J v found in the m anner described is 
in fact close to the value J „ =  J /„  dcu/4^ for solar radiation in the 
centres of the H  and K  lines. Consequently, the rad iation  of prominences 
in the H  and K  lines is largely due to the  scattering of solar radiation (in 
this case, resonance scattering). This result is related to the facts th a t 
the transition  coefficients A ki and B ki for th e  H  and K  lines are large, 
and th a t the  density  of solar radiation in the region of the  spectrum  
concerned is fairly high.

The same conclusion appears to be true  also for m any o ther lines 
(chiefly of metals) observed in the spectra of prominences. However, in 
a  num ber of cases there is reason to suppose th a t the mechanism which 
makes prom inences lum inous m ainly involves recom binations, accom
panied by subsequent downward cascade transitions of the  electron. For 
example, the intensities of emission lines of hydrogen and, in particular, 
of helium are anom alously high in comparison with the intensities of 
m ost o ther lines (chiefly those of m etals w ith small excitation potentials).

By studying this problem  we can obtain  very  valuable inform ation 
on the nature of the ionising and exciting radiation from an  exam ination 
of the d istribu tion  of the em itting atom s among the levels. S tric tly  speak
ing, we should solve th is problem by starting  from the  corresponding 
equations of the steady state. E ach of these equations asserts th a t the 
num ber of electrons arriving a t the A*th level of the r times ionised atom  
in 1 second by all possible paths is equal to the num ber of electrons 
leaving this level in 1 second, again b}' all possible paths. The two num 
bers are referred, of course, to the same volume, say 1 cm3. (It is evident 
th a t these equations are valid in the case where the brightness of the 
prominence does not vary  w ith time, or varies only slightly.)

Let us write down these equations. Let nik be the density of radiation 
corresponding to the transition  i k or k —> i. We denote by Ck/ the 
probability  of photo-ionisation from the H h  level. I t  can be com puted 
from (14.20). We denote by C/k the probability  o f photo-recom bination 
to the &th level. According to (S.25), it is
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c tk
c3

8 n h v 3 e
mev'l2kT

V3 dv. ( 20 . 10)

Then the  equation of the  steady  sta te  for the first level, w ith k — 1, has 
the  form

n r+ . 1 n t  0/1 +  2  n r , t (-^Sl +  6 l t  -®*l) — n r, 1 2  (?1« B l s  +  ?V.l (7^ . (20.11)
«=2 s = 2

The first te rm  on the left-hand side gives the num ber of recom binations 
to the  first level; the second gives the num ber of transitions to this 
level from lughcr discrete levels. The first term  on the right-hand side 
gives the  num ber of transitions from the first level to  higher discrete 
levels. The second term  gives the num ber of photo-ionisation processes 
from the  first level.

The equation of equilibrium  for th e  second level has the form

OO
» r + i  0 /2  +  2  nTit { A a  +  Qis B s2) +  nr i q12 B l2

* ~ 3 (20.12)eo N
—  n r ,2 {  2  ( ? 2*  B 2n  +  A 21  +  (?12 -®21 +  0 2 / }  *

For the th ird  level, we have

oo 2
” , +1 n e 0 /3  +  2  «r,« { A ,3 +  Q 3 s B t3) +  2  »r,£ Qs3 B *3

o i = 1 (20.13)

=  n r,3 { 2  03» B 3s +  2  (-^3. +  Qs3 B 3 s )  +  0,3/}- 
£—4 « — l

The equations for the other levels are w ritten  down similarly. I t  is d ea r 
th a t there m ust be an infinite num ber of them . However, in practice, 
we restric t ourselves to a finite num ber of equations, since, when these 
are correctly chosen, the remaining equations have an  insignificant 
effect on the result.

In  constructing the equations of the steady  state , we have neglected 
the excitation of atom s by collisions, because of the low density  of 
m a tte r in  prominences. (The kinetic tem perature of prominences, 
judging from various data , is about 6000° to  15,000°.)

To find the d istribution of atom s among states, we need to  know 
the quantities oik and 0*/-

H aving taken  a series of values for the tem peratu re of the radiation 
(excitation tem perature) T x up to the lim it of the Lym an scries, and 
of the  ionisation tem perature rl \  bej'ond this lim it, V . P .  V y a z a n i t s y n  

21*
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[175] was able to obtain a fairly satisfactory explanation of the observed 
ratios I n : I u : : I u  ̂ . I t  was found th a t 1 \  =  5070° and 1 \  =  6650°.
Thus the excitation tem perature is here close to the effective tem perature 
of the  Sun. On the o ther hand, the value =  6650° indicates the 
presence of a definite excess in the in tensity  of solar radiation beyond 
the limit of the Lym an series*. This leads to an excess ionisation of 
hydrogen atom s, and thus to an increase in the num ber of recom binations, 
i. e. an increase in the brightness of the corresponding hydrogen emission 
lines.

I t  m ust be m entioned, however, th a t recom bination emission seems 
to  be im portan t only in the  higher term s of the Balm er series. I t  follows 
from recent investigations (G. S. I v a n o v - I v i i o l o d n y i ,  P .  t e n  B r u c g e n -  

CATE) th a t the  occupation of the th ird  and p a rt of the fourth level of 
the hydrogen atom  corresponds to a relatively low excitation tem pera
ture, of the  order of 4000°. This m ay be taken to  indicate th a t the 
excitation in the frequencies of and (in particular) H , can be effected 
even by solar rad iation  th a t is a tten u a ted  by the presence of the F rau n 
hofer absorption lines H^ and H a and by virtue of the inequality  IF 1, 
where IF is given by form ula (S.3).

In  connection w ith this problem, we m ust make the following 
rem ark. A lthough the above way of solving equations of the type
(20.11) to  (20.13), etc., is fundam ental and physically the m ost correct, 
it nevertheless involves a num ber of serious difficulties. The chief of 
these is th a t the  density of the ionising and exciting radiation in the far 
ultra-violet region of the  spectrum  is unknown to us, while the presence 
of lines of He I and H e I I  in the spectra of prominences indicates th a t 
we should expect m any anomalies as regards the density of radiation.

In  particular, the  nature of the ionising radiation in prominences, 
both  as regards tem perature and as regards its source, m ay be m arkedly 
different from th a t of the exciting radiation. Thus, the  ionisation of 
hydrogen and helium in prominences is apparently  determ ined by hard 
coronal radiation. On the  other hand, the excitation of hydrogen atom s 
from the first level is apparently  determ ined by the emission of the 
prominence in the lines of the Lym an series (resulting from recom bination 
processes with subsequent caseade transitions). I t  is true  th a t  direct 
chromospheric radiation in the Lym an a, /?, etc., lines also falls on the 
prominences. However, the optical thickness of the prominence in 
these lines is very large (in the H a line it is often com parable with 
unity), so th a t m onochrom atic chromospheric radiation penetrates into 
the prominence only in a very much a ttenuated  form.

* On account of the high opacity of the solar gases beyond the limit A =  912 A, 
we should expect that the intensity of radiation here would eorrcsj>ond to the 
boundary temperature of the solar photosphere, which is approximately equal 
to 4500° or 50003.
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These results show th a t our inform ation about the values of oik 
and Ck/ for high frequencies is as yet very uncertain. In  general, the 
theoretical conclusions regarding transitions with high excitation energies 
arc still very indefinite, the more so since the situation m ay differ for 
different classes of prominence. On account of this indefiniteness, various 
indirect m ethods are employed [besides the use of equations (20.11) 
to (20.13)]. One of these methods, which is very widely used, is the 
following.

Let us consider atom s with a large first excitation potential, such 
as hydrogen or helium atoms. The application of the formulae of therm al 
equilibrium to  these atom s can. as we have shown, lead to large errors. 
On the o ther hand, there is reason to suppose th a t, for transitions with 
small energies, the use of these formulae is m uch more legitim ate. We 
therefore consider transitions between the continuum  and levels having 
a com paratively small binding energy yrk (up to 5 eV). For these transi
tions we can use, on the  above grounds, the formulae which are valid 
in the presence of therm odynam ic equilibrium. We obtain  one such 
formula by dividing (5.54) by (5.11) and taking account of (5.6):

»r.J t =  « r  +  l Vt u
Vr,k h3

3 /2 ,r + i 2(2 nmt)*'-[kT)

or, in logarithm ic form,

(20.14)

log l0 n r,k =  logio « r  +  l +  log l0 Ve +  log10 +

h3
;(2 7imt,+  l o g l 0  v 5 /2 7.5/2

r + 1

|  log10 T  +  50t40 XrJt (20.15)

where yrk is now expressed in electron-volts.
I f  now we determ ine N r k by means of (20.1) or (20.9), then, knowing 

pe and T, we can find iVr + 1, and so on.
Since form ula (20.14) is used by m any authors, and a large num ber 

of quan tita tive  investigations have been performed by means of it, 
we shall exam ine its validity. I t  can be shown th a t form ula (20.14) 
would hold com pletely rigorously if the following three conditions were 
satisfied: (1) the  density  of rad iation  incident on the atom s, in the long
wave part of the spectrum  (where the values of hv correspond to the 
small values of yrk under consideration), is determ ined by P lanck’s 
form ula; (2) the velocity d istribution of electrons corresponds, for low 
energies, to Maxwell’s form ula; (3) transitions between the ground level 
(and the low levels in general), of the atom  or ion concerned, and the 
high levels in which we are interested, are forbidden or do not play an 
im portan t part.
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The first condition is fulfilled with sufficient accuracy in prominences. 
The second condition also is satisfied (see C hapter 8). I t  is more difficult 
to decide how far the th ird  condition is fulfilled. I t  holds, for example, 
for the  levels of orthohelium . B u t the fact th a t the application of formula 
(20.14) leads in a num ber of other cases also to plausible and self-con
sistent results indicates th a t in these eases the num ber of transitions 
from the ground s ta te  to  any excited level does not exceed, in order of 
m agnitude, the num ber of transitions between excited levels and the 
num ber of recom binations to this excited level.

6. The ionisation of atoms. The electron pressure. L et us now briefly 
consider the question of the  ionisation of atom s in prominences. Our 
first ta sk  here is to determ ine the mean value of pt. We can do this 
by the following methods.

The first m ethod is to determ ine pe by means of formula (15.1), 
where m  is the  principal quantum  num ber of the last distinguishable 
line in the Balm er or Paschen series in the prom inence spectrum . For 
T, in passing from ne to pe, we can take a value of the order of 6000° 
to 15,000°; see below.

The second m ethod of determ ining pe is as follows. We shall see 
below th a t the  hydrogen in prominences is ionised to  a  considerable 
extent , so th a t the num ber of free electrons in prominences is determ ined 
m ainh’ by the  ionisation of h}Tdrogen, and no t by th e  ionisation of 
metals. In this case ne ?ij, where Wj is the num ber of protons in le m 3, 
and consequently, using equation (20.14), we obtain

n0,k =  n., Oo.k 
ux 2(2am )

h3
3/2

xo.kl*T
(AT)3'2 6 (20.16)

where g0k =  2 k2. H aving determ ined the  value of n0 k (for any  Balm er 
or Paschen line, or even for several lines) by m eans of (20.1) and the 
known thickness of the prominence, we find the value of ne by m eans 
of (20.16).

Tn accordance with w hat we have said above, we can take for T  the 
tem perat ure of the  Sun’s radiation in the red and infra-red parts  of the 
spectrum , where it is close to 6000°. Since the exponential factor in 
(20.16) appears under a radical sign in the determ ination of ne, we m ay 
suppose th a t the  value found for nt by this m ethod will no t differ much 
from the true value.

The th ird  m ethod of determ ining ne was first used by V. P. V ya- 
zanitsyn  [175], and is based on the solution of equations (20.11) to 
(20.13). From  these equations we find for hydrogen the ratio  n0>J /» en, <=« 
a* n0J n 2, and knowing n0 from observation we can find ne.
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A nother m ethod of determ ining ne (and therefore th e  linear thickness 
of a prominence) has been developed by H. Zanstra  and applied by 
various authors [1S2J. I t  is based on the  following considerations. We 
have pointed out above th a t the  fain t continuous spectrum  of prom inen
ces th a t is observed in the visible p a r t of the  spectrum  is due to the 
scattering of solar radiation by free electrons in the prominences. This 
conclusion is based not only on a comparison of the coefficients j v for 
various emission processes, bu t also on the  fact th a t, according to 
B.' L y ot’s observations, the  continuous spectrum  of prominences, a t 
least in the  range from 5950 to 6400 A, is polarised to an ex ten t of 
about 15 %.

Thus th e  measured in tensity  of the continuous spectrum  of a pro
minence in the visible region should be equal to A nes, where s is 
the linear thickness of the prominence along the line of sight, and  A 
is some constan t determ ined by the electron scattering coefficient and 
the in tensity  of th e  solar radiation incident on the prominence. On the 
o ther hand, using formula (20.16), we can determ ine from observation 
the quan tity  snok, and therefore sne2 if T  is given. Since the  two 
quantities sne and sne2 are determ ined independently, we can then 
find s and ne independently.

We can sim ilarly use th e  ratio of the in tensity  of th e  continuous 
spectrum  of a prominence in the  visible region to  its in tensity  ju s t beyond 
the lim it of the Balm er series. In  the la tte r  case, the radiation is due 
to recom bination processes, and the in tensity  is again proportional to sne2.

Various authors have applied these m ethods to  determ ine ne. The 
values of ne found by these investigations lie between ne =  5 X 109 
and ue m  10u  cm-3 . This variation is due partly  to th e  difference in 
the  m ethods employed, partly  to  our ignorance of the  exact value of 
Tc, and partly , perhaps, to actual differences in the  physical conditions 
in different prominences.

The m ajority  of the m ethods used to determ ine ne presuppose a 
knowledge of the linear thickness of the prominence along the  line of 
sight, so th a t the q uan tity  ne appears as a factor in the p roduct sne-. 
However, recent investigations by G. S. Iv a n o v -K iio lo d n y i [62] show 
th a t the  actual value of nt in prominences (at least of some classes) 
m ay be considerably g reater than  the  values ju s t given. The chief 
observational facts which lead to this conclusion arc as follows:

(1) We have m entioned above th a t th e  contours of emission lines 
in the spectra of prominences m ust be purely D oppler contours, if, 
of course, there is no self-absorption; this is true, in particular, for the 
high term s of the Balm er series. For these term s, therefore, the ratio 
found from observation between the half-w idth zl k of the  line and the 
wavelength k m ust, by (11.30), be th e  same for all these lines. On the
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other hand, according to a great am ount of m aterial obtained by 
G. S. I v a n o v - K i i o l o d n y I ,  this ratio  A 7/7 increases somewhat with 
the num ber of the line in the series. I f  we take this to be the result of 
S tark  broadening, v e is found to be of the order of 2 X  1012 to 
2 X 1013 cm "3.

(2) The highest line observed in the  hydrogen emission from pro 
minences is 7 /31. Fewer lines than this are usually observed, and the 
value of ne resulting from this com parison is greater than  1012 cm "3.

(3) The following effects are shown by helium lines:
(a) I t  is found th a t (AX/X)»t >  (ZlA/A)io,s3o> *n accordance with 

the fact th a t the S tark  effect should be greater for the higher levels 
than  for the lower ones.

(b) The quan tity  AXjX for helium varies in correlation with 
its increase for hydrogen.

I f  now we take for sne2 the  value 1030 cm -5 which is usually 
obtained, and for ne the  value 1013 cm -3, we find th a t s =  101 cm, 
i. e. the effective em itting  layer of a prominence along the line of sight 
m ust be very th in . In  other words, we come to imagine a prominence 
as an object consisting of num erous widely scattered  thin luminous 
“ th reads” or “filam ents” .

I t  is clear th a t the above som ew hat unexpected conclusions m ust 
be verified by fu rther investigations. N evertheless, the conception of 
prominences (at least of some classes) as consisting of numerous very 
th in  threads is confirmed by various facts. F irstly , the stria ted , extrem ely 
thin, threadlike structure of m any prominences was noticed even by 
the first investigators of these objects (A. Skcch i, L. R esv ig h i, C. A. 
Y ou n g , J . F e n y i and others), who observed prominences visually a t 
tim es when the images were very good*.

Furtherm ore, the idea th a t there are fine threads of luminous m atter 
in prominences is in accordance with the fact th a t in m any prominences 
there is observed (M. W a ld m e ie r , M. N. G nkvysiiev , R. 8. G nkvysiieva  
and others) the coexistence of two entirely different phases o f m atter, 
the prominence m a tte r proijcr and coronal m atter, whose kinetie tem 
perature is of the order of 1.000,000° (sec C hapter 22). This fact can, 
apparently , be explained only by supposing th a t between the two 
phases there exist some kind of “ barriers” , which seem to be of electro
m agnetic origin. The ho tte r coronal m a tte r could, in fact, remain for 
a considerable tim e between the “ th reads” . All these considerations 
require further developm ent, of course.

* It is well known that the eye can detect considerably finer details and 
contrasts than can a photographic plate.
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Let us now consider the problem of the origin of the anom alously 
high sta te  of ionisation of the  helium and hydrogen atom s in prominences. 
One of the m ost probable mechanisms of the ionisation of prominences, 
according to I. S. S h k lo v sk ii, is by the m onochrom atic ultra-violet 
radiation of the corona (see Chapter 22), i. c. the radiation of the corona 
in various lines lying in the far ultra-violet region of the spectrum . The 
chief of these are the coronal lines A =  776 A (Nc V III) and A =  625 A 
(Mg X). The ionisation equation for this case is constructed similarly 
to equation (S.27), the quantities J v being different from zero only in 
the narrow regions of the coronal lines. In  particular, according to  (3.6) 
and (5.37), the num ber of photo-ionisations in 1 cm 3 and 1 second caused 
b}T radiation of some given coronal line is, for hydrogen,

where j  gy dv  is the integral of the density  of monochrom atic coronal 
radiation over the whole line, and kv' is the coefficient of photoelectric 
absorption from the first level, given by formula (5.24) w ith n =  1. 
The to tal num ber of photo-ionisations is determ ined by summing (20.17) 
over all the lines which cause ionisation. The num ber of photo-recom 
binations is determ ined as before by formula (S.25).

The use of such ionisation formulae does in fact explain the very 
high degree of ionisation of II  and H e in prominences. I t  appears th a t 
the ionising action of the coronal radiation m entioned is equivalent, for 
hydrogen, to  Planck rad iation  w ith a tem perature T  pa 7000°, which 
is close to the value of the “ ionisation tem peratu re” jP 2 6650°, found 
by V. P. V y a z a n i t s y n .  V. A. K r a t  [72] arrives at the same quan tita tive  
conclusion.

Furtherm ore, such calculations show th a t the degree of ionisation 
x u of hydrogen in prominences is of the order of 0-1 to  1-0. In  this case 
the ionisation of hydrogen is indeed the principal source of free electrons. 
This circum stance (which we have already utilised) is in accordance with 
o ther results based on m ethods differing from the one used here. In 
Chapter 21 we shall consider one such method as applied to the chrom o
sphere.

The deviations from the ionisation sta te  corresponding to therm o
dynam ic equilibrium  can be estim ated from formula (20.14), if there arc, 
in the prominence spectrum , lines of two consecutive ionisation sta tes 
of the clem ent concerned. For prominences these are, of course, lines 
of neutral and singly ionised elements. No lines of doubly ionised elements 
are observed in the spectra of prominences.

(20.17)
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From  (20.14) ivc can write

n0,k

1 ,k
111 ^O.t « 2 
n2 $l,k ul

( X0, k - Xl , k>/ k T
e (20.18)

where, of course, the suffix k m ay in general be different for the neutral 
and the ionised atoms.

For exam ple, having determ ined n0 k and n lit from lines of neutral 
and singly ionised helium (the line 4686 A of He II), we can determ ine, 
by m eans of (20.IS) for a given value of T, the ratio  nAjn2, i. e. the ratio  
of the num ber of singly ionised helium  atom s to the num ber of doubly 
ionised helium atoms. The greatest uncertain ty  here is the fixing of T. 
However, if the difference y0k — y lk is small, an error in the value 
taken  for T  has a small effect. We can take  T  =  6000° here also (see 
above). In  this way, for instance, it is found th a t the ratio  of n2 to nk, 
which is the ratio  of n  (He I I I )  to n (He II), in the prominences is about 
1038 5 tim es greater th an  the value given by the  ionisation form ula 
(5.11) for T  =  5040°. From  a formal standpoin t, such deviations from 
therm odynam ic equilibrium  can be described as follows. In  formula 
(5.11a), instead of the principal tem peratu re te rm  5040 yTfT ,  we write 
0  (y r). In  th is case the ionisation formula takes the form

U_ I |

login log10 * + ' +  I  log10 T  —  0  {yr) —

2 ( 2 : i m  ) 3 / 2  A-5 ' 2
—  logjo Pe +  logio h3 (20.19)

Introducing into (20.19) the known value of pe, taking in the second 
term  on the right-hand side of (20.19) some definite value of T  (say, 
close to  the effective tem perature of the Sun; this term  is generally 
unim portant), and finding the  ratio  nr+J n r by m eans of a formula 
similar to (20.IS), we find the function <I> (yr) from  (20.19).

Using a num ber of elements, we can construct the  relation between 
0 ( y r) an(l Xr *n tlie form of a sm ooth curve. Such a curve gives, for 
every yr, a quan tita tive  measure of the deviations from the  form ula 
of therm al ionisation (5.11 )*. By means of this curve and form ula (20.19), 
we can estim ate the ionisation for elem ents where only nr, or nr+1, 
etc., is known.

7. The kinetic temperature and chemical composition of prominences.
L et ns now consider the question of the kinetic tem peratures of p ro 
minences. One of the m ost direct m ethods of determ ining these is to

* See [1(5S, p. 090] for a graph of the function (P(y.r), constructed by A. U n s o l d  
for an eruptive prominence.
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study  the energy distribu tion  in the recom bination emission of prom inen
ces beyond th e  lim it of the Balm er series.

Since a prominence is transparen t in the frequencies of the continuous 
spectrum  (at least up to the  lim it of the  Lym an series) the  am ount 
l v dv  of energy rad ia ted  by the  prominence from  1 cm3 in 1 second in 
a given direction cc' (see Fig. 53), and referred to unit solid angle and 
th e  frequency in terval from v to v +  d r , m ust be

-  S

I v dv =  dv J j v q ds , (20.20)
o

where s is th e  geom etrical length of the cylinder cc'. The quan tity  is 
evidently the in tensity  of rad iation  in the  given direction.

In  the case considered, the emission coefficient j v is given by formula 
(8.38), where we can neglect stim ulated  emission. Again supposing th a t 
th e  phj'sical s ta te  of the m a tte r in a prominence depends only on the 
height h, we can take  the product j v o in (20.20) outside the integral. 
We then  obtain  from (8.3S)

I 2  A: * h * v * k '  1 " ( ‘ - -x o ,* > /* T *
* , = * { * .% }  | ~  C . (20.21)v 1 * i; ( c2 (2 si mt k T f /2 J V '

For the pro ton  ux =  1, and gok =  2 k2.
N ext, taking into account the  fact th a t ne sv n lt and also using 

(5.24), we find
T 2 2 9 si2 h c 6 R g' - ( hv-xo,k)lkTe
1 .  fz) s n S  %  e

* 3 l /3c3 ( 2 ^ m e k T f 12 k
( 20 .22)

where k =  2 for the Balm er continuum . Since the correction factor g' 
varies relatively little  w ith frequency, it follows from (20.22) th a t the 
in tensity  of recom bination emission beyond th e  scries lim it (for hydrogen) 
decreases proportionally  to e~h,'lkT£. Consequently, by comparing the 
observations w ith this theoretical law, we can determ ine T e.

There is no reasonably accurate determ ination  of Te by this method. 
The existing d a ta  on the kinetic tem peratures of prominences (which 
are identified w ith the  electron tem peratures) are based m ainly on the 
study  of equivalent w idths (using the  theory  of curves of grow th; see 
above), and of the contours of emission lines in the spectra of prominences. 
H ere we m ay recall th a t the observed w idth of any line is due not only 
to the therm al velocities, bu t also to the tu rbu len t velocities of the  m atter 
in prominences. The two velocities can be distinguished if we use two 
elem ents w ith greatly  differing atom ic weights, for instance hydrogen 
and calcium. In  this case the therm al component of the w idth of the 
line should be different, while the tu rbu len t component is the same.
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However, there  is still a discrepancy between the values of T k and vt 
found by different investigators. The values found for T k lie between 
6000° and 15,000°, while the tu rbu len t velocities arc from 0 to 10 km/see. 
F u rth er investigations arc needed here also. I t  is possible th a t the 
differences concerned m ay largely be the resu lt of actual differences in 
the  values of T k and i\ for different prominences.

I t  is therefore of in terest to  note the following fact. I t  is found th a t 
the contours of prominence lines, and in particu lar of H a, vary m arkedly 
from one prominence to  another, and even in different p arts  of the same 
prominence, as was noticed by M. C o n w a y  and M. A. E l l i s o n  [41]; 
this phenom enon has recently been studied by G. S. I v a n o v - K h o l o d n y i  

[62]. The observed broadening of the contour tow ards the  centre of the 
prominence m ay be due to the fact th a t the core of the  prominence has 
a higher kinetic tem peratu re than  its “shell” .

L et us now briefly consider the problem of the chemical composition 
of the m a tte r which forms prominences. There are not as y e t any suf
ficiently detailed quan tita tive  investigations. However, the existing 
general investigations of prominence spectra, and in particu lar those 
of V. A. I v k a t  [72], show th a t the chemical composition of prominences 
is practically  the  same as th a t of the  chromosphere and photosphere. 
Moreover, the existing d a ta  enable us to assert th a t, in general, all 
parts  of the solar atm osphere (chromosphere, corona, etc.) have the 
same relative content of various elements. For some of these p a rts  
(e. g. the solar corona; see C hapter 22), th is is confirmed directly by 
a quan tita tive  analysis of spectra.

Such a homogeneity in the chemical composition of the various 
p arts  of the  solar atm osphere m ust be a result of the “m ixing” 
effect of turbulent currents. Thus, for instance, a certain  difference 
between the spectra of quiescent prominences and those of sunspot 
prominences is undoubtedly a result of the  differing excitation conditions, 
and possibly of a general difference in the  num ber of em itting atoms.

The hypothesis of the iden tity  of chemical composition of the pho to
sphere and prominences reveals the possibility of determ ining the 
relative helium content in the  solar atm osphere from emission lines in 
the spectra of prominences. As is well known, there arc no helium lines 
in the ordinary spectrum  of the Sun.

Such calculations can be perform ed, for exam ple, by m eans of 
formula (20.14), bearing in mind, of course, the critical rem arks per
taining to it. We write the expression for nr k, in accordance with (20.14), 
twice: once for neutral hydrogen and once for neutra l helium, denoting by 
asterisks all quantities referring to  helium. We then  obtain  for n0 ,*/n0k

" o . /  =  n,* 9o,t* m, e-(xo.k-xo,.'VkT 
n 0,k n l 9o,k

(20.23)
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H aving selected two lines with small yok and y0i,*, we determ ine, 
from  observations of these lines, n0 s*/nQ k N 0 s*/N0 k, and then, 
introducing this ratio  in (20.23), and also the m ost likely tem perature T, 
we find the ratio  nk*lnv  N ext, having estim ated by some m ethod the 
ionisation sta te  of hydrogen and helium, we can estim ate, from the ratio 
n i*ln i found, the  ratio  of the to ta l num ber of atom s of hydrogen and 
helium, i. e. the ratio

n*/n =  (n2* +  nk* +  n0*) /  {nk +  n0).

This m ethod has been employed by various authors. A. B. Seveknyi 
[129] used as the two lines the H a line and the orthohelium  line 
X — 10,S30 A. The observations were carried out with the interference- 
polarisation filter of the Crimean A strophysical Observatory.

As a result of such investigations it has been found (by A. B. Sevek
nyi, A. U nsold) th a t, in fact, the content of helium relative to hydrogen 
in the prominences, and consequently in the photosphere, is approxi
m ately the same as in th e  photospheres of stars of other classes. H ow 
ever, these estim ates cannot really be called accurate, because of the 
extrem ely complex physical conditions in prominences.

8. A possible interpretation of the phenomena observed in prominences. 
Let us now briefly eonsidcr the  problem  of the in terpreta tion  of the chief 
phenom ena which characterise the form ation and developm ent of 
prominences.

We shall discuss first the question of the mechanism whereby relatively 
cool and dense m a tte r is produced, in the  form  of prominences, inside 
the very hot and rarefied corona, and also th a t of the converse process, 
the decay of a prominence. Wc reeall th a t the appearance of luminous 
m a tte r in the eoronal region (the je ts  and knots in a prominence), as 
it were “ from now here” , is the most characteristic property  of ordinary 
eoronal prominences, coronal clouds, and a num ber of other kinds of 
sunspot prominence.

This appearance of luminous m a tte r on the darker background of 
the corona is undoubtedly the result o f a condensation of the m atter 
which forms the  corona, under the action of some “ focusing” agencies, 
which appear to be electrom agnetic in nature.

I t  is true  th a t the  kinetic tem perature of the eoronal m a tte r (about 
1,000,000°) is very much higher than  th a t of the prominences (about 
0000° to 1;>,000°). However, it is easy to explain this cooling of the 
coronal m a tte r  when it is condensed into prominences. Bor the conden
sation process brings about, in accordance w ith (8.38), an increase in the 
num ber of recom binations (increase in the produet ?!,,?!r + ]), consequently 
an increased loss of rad ian t energy into the surrounding space, and
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thereby a cooling of the coronal m aterial. In  particular, it would be 
possible to  explain, by processes of condensation of m a tte r (of an “ im 
pulsive” short-period kind), the  increases in brightness o f the knots 
in a prominence, established by A. B. Severny!, which coincide with 
sudden changes in its ra te  of motion.

Two possible factors m ust be considered in connection with the 
a ttenuation  of the radiation from m a tte r in a prominence:

(1) The expansion of the knots and of th e  p arts  of a prominence 
during its m otion. As a result of th is expansion pt decreases, the  ioni
sation of atom s increases and a t  the same tim e the num ber of recom 
binations (which determ ine, for instance, the  emission in hydrogen and 
helium lines) is diminished. These effects lead, of course, to a reduction 
of the light of the  prom inence in emission lines.

(2) As was first established by A. B. Severny'! [128], a heating of 
prominences by the corona adjoining them  (a conduction proeess) is 
possible. This heating also is accompanied by an increase in the ioni
sation of the  atom s in the  prominence. This factor is m ost effective in 
conjunction with the first factor, th e  dim inution in density  of the m a tte r 
in th e  prominence. For in th a t  ease th e  penetration  of high-velocity 
electrons from the  corona into the  prominence is considerably facilitated.

The relatively long existence of prominences of some classes is 
apparently  brought about to some ex ten t by the m agnetic lines of 
force, which hinder the penetration of electrons from the  corona into 
the  prom inence; these electrons have a very high kinetic tem perature 
and can therefore ionise the prominences.

L et us now tu rn  to the m ost complex problem  in the  physics of 
prominences, th a t of the forees whieh support the m a tte r in prominences 
and cause it to  move. H ere, unfortunately , the situation  is still uncer
tain. However, we should examine some aspects of the  question.

We begin w ith the problem of the  support of the m a tte r which forms 
prominences. Wc m ight a ttem p t to  explain the relatively stable existence 
of some types of prominence (for exam ple, quiescent prominences) by 
starting  from the hypothesis th a t the  m a tte r in them  is in a  sta te  of 
hydrostatic equilibrium described by equation (7.1). W riting the 
equation of s ta te  of the gas in the form

p =  Ro Tjfi (20.24)

and tak ing  T  =  constan t inside the  prominence, as appears fairly 
legitim ate in view of its small mean optical thickness, we obtain  the  
equation of hydrostatic equilibrium  in the form

do _  g ft
~e ~  HT d h . (20.25)
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H ere we have neglected, for the present, any possible contribution due 
to rad iation  pressure.

In tegra ting  (20.25), we obtain

n0 e ^ hlHT , (20.26)

where q0 is the density  of m a tte r a t the  base of the prom inence; it m ust 
be recalled th a t, in our notation, h increases tow ards the centre of the 
Sun.

Taking a series of values for T  which lie in a certain range, we can 
compare the  law (20.26) w ith th a t given by observation for th e  density 
variation  of any one clement in all stages of ionisation (since all the  
elem ents are d istribu ted  in the  same m anner in a prominence). Such a 
com parison invariably shows th a t the ex ten t of prominences, as regards 
height, is considerably g reater than  we should expect from (20.26). 
This means th a t  some o ther forces directed aw ay from  the  centre of 
the Sun, besides the  gradient of the  gas pressure, act against the force 
of gravity . I t  was though t for a long tim e th a t the radiation pressure, 
both general and selective, was such a force. An a ttem p t was m ade to 
explain by rad iation  pressure not only the  considerable height of p ro 
minences, bu t also their m otion (for example, the  “ explosion” of eruptive 
prominences and the ir subsequent m otion aw ay from the  Sun). Since 
this question is very im portan t for th e  problem  we are considering, 
we shall discuss it in som ew hat g reater detail. Wc shall show th a t 
rad ia tion  pressure docs no t seem to play an im portan t p a rt in supporting 
and moving the  prominences.

F irstly , this follows directly  from an estim ate of the  m agnitude of 
the radiation pressure on the m a tte r in prominences. H ere we should 
be m ainly in terested  in the  radiation pressure on the  atom s of the  m ost 
common elem ent, hydrogen. For, if the  radiation pressure is im portan t 
only for some o ther clement, such as calcium, the  atom s of calcium 
would have to  earry (or support) an  enormous num ber of hydrogen 
atom s (which arc over 5 X 105 times as numerous as calcium atom s); 
thus the ne t effect of the radiation pressure on the whole of the m a tte r 
would be very small.

The radiation pressure on the  hydrogen atom s in prominences 
includes the selective radiation pressure in the frequencies of the  lines 
of the  L ym an series and th e  general pressure in frequencies in the 
Lym an continuum .

The radiation pressure on one atom  of any clement is easily calculated 
by means of the general expression (7.5). Introducing here the  values
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of n and k„ from (5.20) and (5.22), we obtain for the  force of radiation 
pressure F ' , acting on one atom , the expression

CO

F ' =  ndh =  n  J  (20.27)
a

In  order th a t  the atom s concerned should be in equilibrium  under the 
action of radiation pressure and of the oppositely directed force of 
grav ity , it is necessary for the equation

CO

=  71 f  11 v kvdvjc , (20.2S)
o

to hold, where m is the mass of one atom  of the kind in question.

Let us first consider the rad iation  pressure on hydrogen atom s which 
is determ ined by the Lym an continuum . Substitu ting  m = m u in (20.2S), 
pu tting  //„  =  B V{T), where B v is given by form ula (3.11), and using 
formula (5.24) for kv, we easily find th a t (20.2S) is satisfied for 
T  fh 11,000°. (The lower lim it of in tegration in (20.2S) is here equal 
to Vj, the frequency of the  Lym an series limit.) Thus, in order to explain, 
in th is ease, the equilibrium  of prominences, we should have to suppose 
th a t the  Sun radiates anom alously strongly ju s t beyond th e  lim it of 
the Lym an series. [If the Sun radiated , beyond the Lym an series limit, 
d irectly  from the surface of the photosphere (the chromosphere being 
absent), then, according to Table 13, the  rad iation  would correspond 
to  T  pa 4400°.] Such an anom aly does in fact exist (sec Chapters 21 
and  22), bu t it is much less pronounced, and corresponds to a tem perature 
o f approxim ately 0500°, which value is confirmed by ionospheric ob
servations. Furtherm ore, a t  T  — 11,000° the hydrogen atom s in p ro
minences would be m ainly ionised, and this would greatly  reduce the 
radiation pressure, since the la tte r acts only on neutral hydrogen atoms, 
and  these would have to  support the remaining, predom inant, mass of 
protons.

We now pass to  selective radiation pressure. H ere the photospherie 
radiation itself is quite inadequate. In  the lines of the  Balmer series, 
the flux of photospherie radiation is known, and the radiation pressure 
on the atom s in the  second level is easily calculated. However, the num 
ber of atom s in the second excitation s ta te  is so small th a t the  mean 
acceleration acquired by one neutral hydrogen atom  from the selective 
radiation pressure, in the  frequencies of the lines of the Balm er series, 
is negligible compared with the acceleration due to gravity. In  the  region 
of the Lym an series, the photospherie radiation is great lj' a ttenuated  
by the presence of the absorption lines in this series. A considerable
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acceleration due to radiation pressure on the prominences might be 
given by radiation of the chromosphere in the  Lym an a, /?, . . .  lines. 
However, the optical thicknesses of prominences in the H a line are 
usually greater than  or com parable w ith unity . This means th a t  the 
optieal thickness of the  prominence in the Lym an a, . . .  lines is 
extrem ely great. Thus the flux of chromospheric radiation inside the 
prominence is very  small, and so the  height of the  prominence would 
itself be very small.

Besides these difficulties which follow from calculation, there are 
also a num ber of faets derived from observation w'hich are in disagree
m ent w ith the  hypothesis th a t rad iation  pressure plays a large p a r t in 
prominences. W e shall briefly enum erate some of these faets.

(1) The ejection of an eruptive prom inence usually takes plaee in 
regions where neither photospherie nor ehromospherie disturbances are 
observed. If, on the other hand, this ejection took place under the 
influence of radiation pressure, we should expect it to  oeeur chiefly in 
regions of increased intensity  of u ltra-violet radiation, i. e. above faeulae 
(or floeeuli) and, in general, above the aetive p arts  of the Sun (we are 
no t speaking here of prominences connected w ith ehromospherie flares). 
However, in prominences above faeulae whieh contain sunspots, we 
m ost frequently  observe downward m otions of m atter (in the m ajority  
of sunspot prominences).

(2) The form ation of denser luminous m a tte r (against the  background 
o f the  darker coronal regions) in eoronal sunspot prominences, in eoronal 
clouds, ete., and its motion downwards to the  chromosphere, bear no 
relation to the hypothesis th a t prominences are formed from the  chrom o
sphere under the action of radiation pressure. I t  is very difficult to sup
pose th a t, in the form ation of a eoronal eloud, the forees of g rav ity  and of 
radiation pressure arc in exact equilibrium*. I t  is clear th a t the  m echa
nism w hereby a coronal eloud is formed has no connection w ith radiation 
pressure.

Besides the difficulties m entioned, we m ight po int to a num ber of 
others. Moreover, th e  hypothesis of radiation pressure cannot explain 
a large num ber of specific properties of the  m otion and behaviour of 
prominences. Among these properties are: (1) the  m otion of conden
sations and currents, in prominences of some classes, along, as it were, 
com pletely “ fixed” trajectories, both  eurved and stra igh t; (2) the 
existence of centres of a ttrac tion  in the  chromosphere (or beneath it);
(3) the exchange of m a tte r between two interacting prominences;
(4) the transform ation o f prominences from one class to another; (5) the 
process of the  condensation of lum inous m a tte r in eoronal space; (C) the

* W c  reca ll t h a t  a  c o r o n a l c lo u d , o n  i t s  a p p e a r a n c e , r e m a in s  c o n t in u a lly  a t  
th e  sa m e  h e ig h t .

2 2  Ast rophys ics
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ejection and subsequent re tu rn  of luminous m a tte r and, w hat is p a rti
cularly im portan t, its returning along the  same trajecto ry  in the case 
of surge prominences; and so on.

Finally, we should note the following facts. The investigation of 
surge prominences observed above chromospherie flares (M. A. E llison )  
has shown th a t their m otions often exhibit accelerations (towards the 
centre of the Sun) exceeding the acceleration due to gravity. Thus, for 
exam ple, in the  ease of a surge prom inence observed above the flare of 
S May 1951, some of the knots had an acceleration mu eh greater than  
th a t due to gravity , an extrem ely im portant observation [17].

In  general, the d a ta  a t present existing show th a t the force of grav ity  
plays hardly any p a rt in the  m otions of m any types of prominence. 
This seems to be true even for quiescent prominences [120].

How ean we account for all the properties of prominences which 
we have enum erated, as well as for others ? There are a num ber of 
reasons for supposing th a t these properties are determ ined in some 
way by the electrom agnetic fields whieh exist in th e  solar atm osphere 
(see C hapter 18). These fields m ust determ ine the equilibrium, the  motion 
of m a tte r in prominences along eurved trajectories, the existence of 
eentres of a ttrac tion , the  condensation processes in eoronal m atter, and 
so on.

I t  is true th a t these general considerations have as yet been little 
developed. However, the presence of electrom agnetic fields in the Sun’s 
atm osphere, and the large p a r t which they  play in the m otions of

ionised m atter, are be
yond thesligh test doubt. 
The taking into aecount 
of electrom agnetic fields 
is a quite new, and a t 
the same tim e extrem ely 
im portant, part of the 
phvsies of the Sun.

We have as y e t no 
well-developed theory  of 
prominences, and lienee 
we shall give only one 
of the  possible models.

unipolar induction. This 
phenom enon can be explained by means of a simple model (Fig. 55). 
The conducting dise B W ro tates in a m agnetic field about the axis 
aa which is parallel to the field. The motion of m atter, in accordance 
with (IS.56), produces in it a field E ' =  (v H)/c, directed along the

H. Alfvkn s ta rts  from w hat is called
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radius of the disc. The potential difference between the points .4 and B
jt

is V =  (1/c) J (v A IL) . ds. I f  we join these points by a conducting
A

contour A D C B ,  a current will flow in it. Such a mechanism may exist 
on the Sun. As is well known, a m otion of masses of gas is generally 
observed above spots (the Evershed effect), and the  Coriolis force 
produces a tangential velocity component. This motion, which takes 
place under the action of hydrodynam ic forces, causes a potential 
difference. The contour joining the points A and B  is formed by a magnetic 
line of force A D C  (since across the m agnetic field the  conductivity of 
the chromosphere is almost zero because of the low density) and the 
segment of photosphere C B ,  where the conductivity  across If is fairly 
large because of the high density of m atter. I f  we take v =  101 cin/scc, 
H =  200 oersted and A B  =  5 x  109 cm, V =  10s volts. P a r t of th is 
field m ay cause a discharge in the photospheric layers, and the rem ain
ing p a rt m ay cause a current in the chromosphere. A t.f v e n  thinks 
th a t such a mechanism can explain the appearance of rapidly changing 
prominences whose m otion ends in a spot (for exam ple, coronal sunspot 
prominences). A similar process m ay occur every tim e a line of force 
crosses layers with different velocities in a m agnetic field. For example, 
a potential difference m ay arise on account of the  differential ro tation 
of the  Sun in its general m agnetic field. If, as a result of the super
position of the spot field, a line of force joins two points having 
different velocities, a discharge m ay result.

The form ation of prominences is pictured by A lfv en  as follows. The 
curren t flowing along a line of force forms its own m agnetic field in the 
form of concentric rings. I t  is well known th a t m agnetic lines of force 
always, as it were, strive to contract. In  other words, the interaction 
of parallel currents leads to  a compression of the m aterial forming the 
corona tow ards the axis of the current. The compression of ionised 
m a tte r increases the radiation and leads to cooling. The condensations 
formed move along the lines of force to the photosphere under the 
action of gravity . The m otion m ay also be caused by the pressure gradient 
formed by non-uniform compression in different p arts  of the line of 
force.

In  quan tita tive  calculations, it m ust be borne in mind th a t the 
density of the current flowing along the axis of the discharge is determ ined 
not by the ohmic but by the inductive resistance, since the self-induction 
of such large contours is very' large.

Thus the motion of prominences seems to be a peculiar magneto- 
hydrodynam ical phenomenon. The obstacle to any complete and accurate 
trea tm en t of this phenom enon lies in the lack of inform ation concerning
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the actual boundary conditions, which arc necessary for a sim ultaneous 
solution of the  equations of the electrom agnetic field and those of the 
m otion of the solar plasm a. All a ttem p ts to discuss the m otion for 
a given field or the field for a given m otion of the highly-ionised plasm a 
arc scarcely adequate. The a ttem p t by A. B. Severny! [132] to consider 
such a complete problem in the  first (linear) approxim ation, tak ing  into 
account the force of g rav itation  and the gas pressure, has shown th a t 
local pressure variations (e. g. between a sunspot and its surroundings) 
m ay cause m otions of plasm a condensations almost exactly  along lines 
of force in the external m agnetic field of the  spot if th is field is large 
(about 1000 oersted), and a t a certain angle to the lines of force for a weak 
field (<—»10 oersted). A. B. Severny! has shown th a t, in the case of 
an incompressible plasm a, these general solutions coincide w ith the 
well-known solutions of A lfven .

I t  m ust be noticed th a t, although purely hydrodynam ical forces 
cannot explain the m otions of prominences, these forces cannot be 
neglected, since they  determ ine the character of the motions and cause 
secondary phenom ena. I t  m ay be th a t the irregular m otions in quiescent 
prominences and in coronal clouds arc determ ined by these hydrodynam i
cal forces.

In  conclusion, it m ust be em phasised th a t, besides the theoretical 
consideration of the observed phenom ena which accom pany the  motion 
and equilibrium  of prominences, a very great am ount of observational 
work is required. Bor exam ple, the question m ust be investigated to 
w hat ex ten t the m otions of luminous m a tte r recorded in photographs 
arc actual displacem ents and do not represent a simple change in 
position of the condensation in the  corona, and consequently of the 
radiation. This problem  m ust be studied by sim ultaneously photographing 
prominences and determ ining their radial velocities. The existing investi
gations seem to show th a t in the m ajority  of cases we are in fact concerned 
w ith actual m otions of m atter, bu t there are as yet very  few such 
investigations.

Furtherm ore, the relation between the motion of prominences and 
the conditions under which the}' rad ia te m ust be exam ined from ever}' 
aspect, as was done in the  investigations by A. B. S evern y! m entioned 
above.

Finally, it would be extrem ely interesting to ascertain w hether there 
is any visible connection between prominenees and the chromosphere 
(or photosphere) lying beneath them . Thus, for instance, it is known 
th a t, on H a spectrohcliogram s, filaments sometimes have a bright 
background (in the form of a border), a few seconds of arc in width, 
which im m ediately adjoins the filament and is visible along its whole 
length.
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Chromospheric flares

1. The observational investigation of the height distribution of emitting 
atoms. The chromosphere is a  direct continuation of the outerm ost 
layers of the solar photosphere, which are conventionally called the 
reversing layer. The base of the chromosphere is the level in the solar 
atm osphere where the ordinary absorption-line spectrum  of the Sun, as 
seen by an observer looking a t the limb of the disc, passes in to  an 
emission-line spectrum  like th a t of the prominences. Below the base of 
the chromosphere, the optical thickness of the solar gases along the 
line of sight is g reater than  un ity  in the frequencies of the continuous 
spectrum , and here I v(->7i,0) an B V(T0), where T 0 is the boundary 
tem peratu re of the solar photosphere. A t the base of the chromo
sphere, this optica] thickness along the line of sight is of the order of 
unity .

Above this lies the chromosphere itself, which is characterised by 
the fact th a t it is transparen t in the frequencies of the continuous 
spectrum . This is its chief distinguishing property , which brings about 
its bright-line spectrum . H eated  gases which are transparen t in the 
frequencies of the continuous spectrum  m ust give a li7ie spectrum  (if, 
of course, these gases are no t seen in projection against a brighter 
background). The bright-line spectrum  of the chromosphere is qualitatively 
similar to the spectra of prominences. In  the relative intensities of a very 
great num ber of its lines, the spectrum  of the chromosphere corresponds 
to the absorption spectrum  of a s ta r  of a class earlier th an  th a t of the 
Sun (dG 3). In  the spectrum  of the chromosphere, as in those of prom inen
ces, there are lines of H e I  and the line 4G8G A of H e II . The gases of 
the chromosphere are consequently in conditions which differ from 
those in the solar photosphere.

The study  of these conditions is one of the chief tasks of the physics 
of the solar chromosphere. A second im portan t task  is to study  the law 
of density  variation  of the m a tte r in the chromosphere w ith the height z  
(measured from the base of the chromosphere). H ere we can study  this 
law direetty  by observation, which is no t the case for the solar photosphere, 
and the same can be done for the corona. This is particu larly  im portan t 
because, as we shall see, the d istribu tion  of the gases in the solar chromo
sphere is very anom alous. Thus, for exam ple, emission in the H and Iv 
lines o f Ca I I  can be observed up to  a height z  =  15,000 km, whereas, 
in the grav itational equilibrium  described by formula (20.26) with 
T  =  T 0 an 4630°, the density  of m a tte r would have to  fall practically 
to zero a t  a distance of 15,000 km, and consequently the emission of 
Ca I I  could not be detected a t this height.

341
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Wc shall now tu rn  to the study of the law of density variation of 
the chromospheric gases with height. Let I ik, or I  simply, be the energy 
in the line corresponding to the transition  k —> i , em itted by 1 cm 2 
area of the chromosphere projected on the sky, in 1 second and in unit

solid angle. This energy is d e te r
mined by the transitions k -> i  t a 
king place in the cylinder A B C D  
(see Fig. GO a), lying along the line 
of sight a t a height x  above theO ©
base of the chromosphere and 
having a cross-section of 1 cm 2. 
I t  is evident th a t this energy is 
the to tal in tensity  in the whole 
line, i.c. the integral J  J„ d r  taken 
over all frequencies inside the 
line. N ext, le t j' he the to tal em is
sion coefficient referred to 1 cm3. 

The problem is to find the dependence of j' (x) on x  or of j' (r) on r, where 
r is the distance of the point concerned from the centre of the Sun, using 
the  law of variation of I  (x) w ith x  which is found from observation, 
i. e. to convert the observed emission from un it projected area of the 
chromosphere into the emission per un it volume. H aving found j'{r), 
we can also find the law of variation w ith x  or r of the num ber of em itting 
atoms.

In  order to solve th is problem , we m ake the following assumptions. 
We shall suppose th a t the chromosphere is sp herica l^  sym m etric with 
respect to the centre of the Sun. F urther, we assume th a t there is no 
self-absorption in the emission lines. (We shall discuss la ter how to take 
self-absorption into account.)

Let A B  BkC he an  instantaneous position of the limb of the Moon’s 
disc (Fig. oGb) as it gradually covers the  Sun. We take 1 cm of the 
limb of the disc, B l i k, and denote the energy of the radiation of all 
atoms, projected on the semi-infinite strip  Cl B B 1D, in the spectral line 
concerned, by E{x),  where x  is the height of the projected limb of the 
Moon above the base of the chromosphere. This function E(x)  is found 
from photom etric m easurem ents of the in tensity  of the line a t various 
m om ents during a solar eclipse, i. e. for various heights of the Moon’s 
limb above the base of the chromosphere (the photographs of the spectrum  
are taken with a wide slit). I t  is evident th a t the integrated intensity  
I  (x) in troduced above, which is defined in Fig. 5G (b) by the un it projected 
area PQ I iS ,  is obtained from E(x)  by differentiation:

I (x) = — 8E(x)ldx. ( 21 . 1)
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Introducing the co-ordinate s m easured along the cylinder A B C D  
(in Fig. 56a ; s =  FM),  we find for I(x),  in the ease of a medium tran s
parent to  its own radiation, the expression

OO
H*)  =  /  i ' i r ) •

B ut
s =  \' [r2 - ( «  +  x)2] ,

and consequently

ds r dr

I  (x)
OO

9 [  j'(r)rdr

n + x

( 21 . 2)

(21.3)

(21.4)

Instead  of r, we introduce the height /  above the base of the chromosphere 
(/ =  GM  in Fig. 56a). Then

I(x) =  2
X

f(f)(R + f)df 
!■[(* +  /)* — (*  +  *)s]

(21.5)

The chromosphere is of relatively narrow  exten t, so th a t f  is p rac ti
cally zero for x  >  15,000 km. Hence throughout the chromosphere, 
we can neglect the  quantities /  and x com pared w ith R,  and thus we 
have

CO

/ ( * )  =  V(2R) f ^ j ~ xy  ( 21 . 6 )

This is A bel’s equation; its solution is given by the formula

j '(x)  =  —
CO

1 d f  IU)df  
)' (2 It) dx J  y ( /  — x)

X

(21.7)

Form ulae (21.1) and (21.7) enable us to obtain  the function j '(x)  from 
E{x).

The reduction of observations shows th a t E(x)  can generally be 
represented as an exponential function

E ( x ) - A e ~ P x (21.8)
or as a sum

E{x) = A l e.~l,‘z +  A«e-P'* . (21.0)

Sometimes a th ird  term  of the same form  has to  be added to the right- 
hand side of formula (21.9). Since the approxim ation (21.8) is very
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often sufficiently accurate, we shall discuss it here. Inserting (21.8) in
(21.1), we obtain

I ( x ) = A p e ~ f i * .  (21 . 10)

Finally, we introduce (21.10) in (21.7). We then  find

A B312 ~ S>X
r ( * ) =*{2L n ) e ’ ( 2 L 1 1 )

and also
A B312

r ( 0)  =  ^ / n R ) . (21 . 12)

In  Table 14 we give th e  values of the constan t /3 appearing in formula
(21.11), and also those of log10 A.  These d a ta  were obtained by V. P. 
V y a z a n i t s y n  from spectrogram s of the 1941 eclipse [177].

In  order to  use Table 14 to draw  the appropriate conclusions con
cerning the  density  d istribu tion  of elem ents with height, we first convert 
the q uan tity  j' to the  num ber of em itting atom s in 1 cm 3. I f  there  arc

fc atom s in 1 cm3 whieh produce rad iation  in the given line with the
ansition k - > i  , then, as in (20.1),

r  = nk A kihvikf4 7 i . (21.13)

Table 14

Line fix  108 fogio A Line I /JxlO8 loSioA

H : Hi 0-90 16 17 Ca 1 : 4227 1-33 14-OS
Up 1-20 15-71 Cal l :  3969 0-92 15-76
Hy 1-30 1548 3934 0-85 15-76
Ha 1-32 15-32 T i I I : 4572 2-60 13-56
He 1-30 15-15 4550 1-5S 13-95
H8 1-42 1507 4564 1-63 13-33
h 9 1-37 I 14-75 Mnl :  4034-5 1
H10 145 14-60 4033 1-96 , 13-52
H „ 1 46 1443 4031 |
h 12 147 1445 Fe l :  4384 0-91 13-04
H„ 1-52 1444 4064 1-28 13-30
Hu 1-60 14-27 4046 114 13-53
h 16 1-55 14-15 3S60 1-36 14-14
h 18 1-68 14 08 3856 1-69 13-24
h 17 1-70 13-75 F e l l :  50IS 1-32 13-55
h 1r 2-04 13-60 4924 1-34 13-53

He: 5016 1-69 13-69 4584 1-23 13-30
4922 1-32 1349 4233 1-54 13-70
47i:i 1-96 14-33 4523 1-37 12-94
5876 0-88 14-90 Sr 11: 4216 1-58 13-90
4472 1-11 14-05 4078 1-60 14-55
4026 0-75 1348 Ba 11: 4934 (2-05) (14-58)

Mg : 5184 1-64 14-10
5173 | 
5167 J 1*22 13-98
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Consequently wc have, according to (21.13) and (21.11),

4  7i A  

1 (2 7tS)'Ak.hvike (21.14)

Thus, having found /3 and A  from  observation and knowing A ki, wc can 
calculate the volume concentration of atom s in the  higher excitation 
s ta te  as a function of the  height x  in the  chromosphere.

However, th e  chief in terest is offered no t by the  behaviour of the 
q uan tity  nk(x) which characterises the  concentration of atom s in the 
H h  excited state , bu t by th a t  of the  function n(x)  which characterises 
the concentration of all atom s (or ions) of the  clem ent concerned, in 
any excitation state . Since, however, the  m ajority  of the atom s (or ions) 
of the elem ent concerned are usually in the  ground state , it is of interest 
to  ascertain  th e  behaviour of the function n x(a:), which gives the con
centration  of atom s in the  ground state.

I f  th e  ratio  nk(x)/n1(x), i. c. the  degree of excitation in th e  chromo
sphere, did not vary  with th e  height x, th e  behaviour of the function 
n k(x) would be the  same as th a t of the  function nk(x), and we should 
know the  actual height d istribution of the  atom s in question. I t  m ight 
appear a t first sight th a t the assum ption of a constant ratio  nk(x)/n1(x) 
hi the chromosphere is justified. Thus, le t us consider some transition  
k ->-i, for exam ple th e  transition  k > 1, and suppose th a t self-absorption 
is no t present in this line. N ext, le t us assume th a t atom s are excited 
from the  level i to the  level k by photospheric radiation incident on the 
chrom osphere; this rad ia tion  is, of course, a ttenuated  by the correspond
ing absorption line caused by the transition  i -*■ k. Then, because of the 
transparency of the chromosphere in the  line considered, the  density 
oik of the exciting rad iation  will be practically  constan t th roughout the 
chromosphere, and consequently the ratio  n k(x)/n1(x) will no t change 
perceptibly.

However, a num ber of difficulties arise here, which have been dis
cussed in detail in the previous chapter. F irstly , some emission lines in 
the  spectrum  of the  chromosphere are no t free from self-absorption. 
Secondly, the  existence of lines of H e 1 and H e I I  in the spectrum  of the 
chromosphere (as well as a num ber of other facts) indicates th a t  wc arc 
concerned w ith anomalous excitation conditions, which m ay vary  with 
height. In  particular, it is possible th a t in the outer chromosphere, where 
the kinetic tem perature is anom alously high (see the end of Section 21.3), 
processes of excitation by electrons p lay  an im portan t p a rt, though 
there are reasons for supposing th a t  the anomalies in the  excitation 
conditions are due only to the fairly high excitation potentials (above 
10 eV).
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At the same time, it m ay he argued (see Section 21.5) th a t, for the 
m ajority  of lines, the excitation to  the corresponding levels is caused by' 
radiation with an approxim ately constant density nik, in which case the 
ratio  nk/n1 would also be approxim ately constant.

The situation concerning helium and hydrogen lines is more uncertain, 
but here also the value of nk/n1 inside the chromosphere apparently  
cannot ehangc by more than  one order of m agnitude. A more exact 
study  of cases where ek >  10 eV requires the diseovery of the actual 
meehanism of excitation of the atom s in the chromosphere.

2. Self-absorption. The law of the height variation of the density of
m atter. The study  of the self-absorption in some lines also needs p a rti
cular a tten tion . Self-absorption d istorts the law of variation of j'(x), 
and also spuriously decreases the values of nk. We shall therefore briefly 
discuss this subject.

Let us again consider the cylinder A B C D  (Fig. 56a), directed along 
the line of sight and situated  a t a height x  above the base of the chrom o
sphere. Let Ay be the num ber of atom s in this cylinder and in the lower 
s ta te  i of the atom s which em it by m eans of the transitions k —> i. We 
can then  apply formula (20.9). We rew rite it as

log10 Rik =  ]°gio hk — logio P* =  ]°gio /  (1 — e“ VYi) dv . (21.15)

Taking for Aq a series of continuously increasing values, we can com pute 
the  integral on the right-hand side of (21.15) for these values*. As a result 
we obtain a “ curve of grow th” relating A7,- and Kik. In  the p a rt of the 
curve where is small (A”0 = N is,.n 1), the value of Rik is proportional 
to  N i f ik; in the in term ediate p a rt we can use an interpolation formula 
in whieh B ik is proportional to ^(log N (fik) ; in the last part, where 
A7,- (and Ar0) is very large, Rik is proportional to ^ ( N { f ik).

We now assume th a t a law of the form (21.14) holds:

?q =  nt° e~ p i, (21.16)

where ?q° is the value of ?qat the base of the chromosphere, and we have 
introduced the q uan tity  /  in plaee of x  in th e  exponent. Noticing from 
Fig. 56(a) tha t

/  =  i ' [ ( / e + z ) 2 +  s2] — R ^  x  +  \ s2jR  , (21.17)

we obtain for A\
CO

N i =  j  n{ ds -  i (2 7iRtf}) nfi e~pz =  e~pz , (21 .IS)
—  CO

* For the details of .such calculations sec [IBS, p. 026], Here it is assumed 
that the absorption coefficient is determined by radiation damping and the Doppler 
effect. The effects of collision damping can be neglected on account of the low 
density of the chromosphere.
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where
AV' - \  {2 7i RIP) (21.10)

is the value of AT; a t the  base of the  chromosphere. Thus, if formula 
(21.16) is valid, the law of variation of A^ (21.18) has the  same exponential 
form.

Using (21.IS) and the theoretical relation between R ik and Ar{, we 
can find the  relation between R ik and x, and the form of the graph 
of this relation is determ ined by the param eter ft. In  other words, we 
have a family of theoretical “ curves of grow th” depending on the 
param eter /?; this param eter plays the  same p a rt as Z  does in the theory 
of curves of grow th for absorption lines (sec Chapter 12).

Let us now assume th a t th e  value of Pv is constant throughout the 
chromosphere. Then, having determ ined from observation the value of 
l i t  for various heights x, we can construct an empirical curve of grow th 
(connecting log10 I ik and log10 x), whose position as regards the  axis of 
logio Rik is accurately determ ined apart from the term  log10 Pv (which is 
as yet unknown). H aving obtained the empirical curve of growth, we 
ascertain  the m em ber of the fam ily of theoretical curves of growth with 
which it m ost closely coincides. The param eter ft is thereby determ ined, 
and hence the values of N f  and Pv. This m ethod of determ ining ft, 
Ay0 and P r is very similar to the corresponding determ ination of Z,

and v0 in the  theory  of curves of growth.
The values of ft and A7)0 thus found are free from th e  effects of self- 

absorption; we can use them  to determ ine ri/Urom form ula (21.19). This 
is the  num ber of atom s in 1 cm 3 a t the level corresponding to the base 
o f the chromosphere.

The main assum ption in the above m ethod is th a t th e  excitation 
function Pv is constant throughout the chromosphere. I f  we knew the 
approxim ate nature of the dependence of P v on x, the  accuracy of the 
m ethod would be considerably increased. In  applying this m ethod, the 
change of the  tu rbu len t velocity vt w ith height in the  chromosphere 
m ust also be taken into account. Finally, it is necessary to bear in mind 
th a t  in some cases the  law (21.16) m ay be only approxim ate.

Using H^, G. G. Cilia e and D. H . Menzkl [32] have found by the 
above m ethod th a t the num ber of hydrogen atom s above 1 cin2 of the 
base of the chromosphere, in the second excitation state, is 2 X 1012.

However, using the same m ethod bnt considerably more extensive 
and  reliable data , obtained a t the eclipses of 21 Septem ber 1941, 9 Ju ly  
1945 and 25 February  1952, V. P. Vyazaxitsyn (at Pulkovo) has 
found, from the four lines H a to H a, th a t the  num ber of atom s is some 
five times g reater th an  the value ju s t given, i. e. it is ^  1013 cm-2. 
I t  is of interest th a t, according to his m easurem ents, the value of /?
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for those hydrogen lines (taking account of self-absorption) is 1-45 X 10-8 
cm-1, whereas C illie  and M enzel give the considerably smaller value 
of 0-6 x  10~8 cm-1 . Such a small value of /S as the la tte r  seems very 
improbable.

For the H  and K  lines of Ca I I ,  the  value of /3, allowing for self
absorption, is, according to V. P. V y a z a n i t s y x ,  2-1 x  10~8 cm -1, 
whereas M e n z e l  and C ijx ie  give 1-60 x  10-8 cm-1 .

The value of /? found directly from observation is not usually changed 
by a significant am ount when self-absorption is taken  into consideration. 
The change is greatest for the  strongest lines in the chromospheric 
spectrum , nam ely the H  and K  lines of Ca I I .  In  this case the value 
of /? in Table 14 is increased by a factor of approxim ately two. Most 
frequently , however, the corrections on account of self-absorption arc 
much less. Taking these facts into consideration, as well as the rem arks 
m ade above about the approxim ate constancy of the ratio  nk[nlt le t 
us consider the d a ta  in Table 14, bearing in m ind form ula (21.14). We 
compare the values of /J in th is Table w ith the values j5g which are 
obtained by using the  form ula of hydrostatic  equilibrium  (20.2G). The 
la tte r  can be rew ritten

n (x ) =  n° =  n° e“  V  . (21.20)

Taking as the tem perature of th e  chromosphere the boundary 
tem perature of the  Sun T  — 4630°, we find th a t for calcium /S? =  
=  284-3 X 10-8 cm-1, and for hydrogen j3g =  7-15 x  10~8 cm-1 . Thus 
th e  values of /? obtained from  observation (Table 14) are considerably 
lower th an  those of (5g. This is particu larly  noticeable on comparing the 
values of /5 and for calcium, where (5g ph 190/5 (when self-absorption 
is taken into account, /5 for calcium is about l-oO X 10~8).

This fact cannot be explained as the  effect of ionisation increasing 
with height. I t  can be deduced from  the  intensities of the  resonance 
lines th a t the proportion of neutral calcium atom s to  ions in the chrom o
sphere is negligibly small, and  hence an increase in the num ber of ions 
a t the expense of the num ber of neutra l atom s cannot have any m arked 
effect on the ion density . A decrease in the  num ber of Ca I I  atom s with 
height, because of ionisation, can only increase the  observed value of /?. 
The same applies to hydrogen. I t  is true  th a t there is reason to  suppose 
th a t the  anom alous d istribution of hydrogen (small /?) is a result of the 
anomalous radiation conditions, and in particu lar of th e  increase in the 
num ber of recom binations with height, owing to the increasing ionisation 
of hydrogen. However, the chemical composition of all the  solar envelopes 
and objects in them  m ust be the same, in consequence of the existence 
in them  of tu rbu len t mixing currents (sec Chapter 20). In  th a t  case, 
however, the  value of /? for hydrogen, taking account of all H  atom s



3. The electron concentration and temperature 340

(neutral and ionised) should be the same as for the o ther elements, and 
in particu lar Ca. B u t here the observed value of /? for H  is considerably 
less th an  which is 7-15 X 10~8 cm-1. Consequently, some additional 
forces, besides the ordinary elastic forces in a heated gas, m ust act in 
the chromosphere against the force of gravity. However, before consider
ing a possible in terp re ta tion  of this fact, we shall discuss some other 
d a ta  which characterise the physical s ta te  of the chromospheric gases.

3. The electron concentration. The electron tem perature. L et us first 
consider the subject of the electron concentration ne. F irstly , the value 
of ne m ay be determ ined from formula (15.1). We shall discuss a little 
la ter the value of T  to be used in applying (15.1) for the various layers 
of the chromosphere. Secondly, wc can determ ine ne from formula (20.10), 
assuming, as there is reason to do (see the next section), th a t the m ajority  
of the  free electrons in the chromosphere are due to the ionisation of 
hydrogen. Thirdly, we can also determ ine ne from formula (20.22). I t  
follows from this formula th a t the emission coefficient j r' for recom bination 
radiation, referred to 1 cm3, is

2 g '  - ( h o - X 0 , k ) l k Te

3 c 3 ( 2 7 i m e k T / 12 P  6
( 21 . 21)

H aving determ ined the value of j v' (x)  for the Balm er (or Paschcn) 
continuum  from  observation by means of formula (21.11), we can find 
ne from form ula (21.21), if we know T e. (By th is m ethod we can also 
determ ine n e for prominences, if  we know the value of s  in formula 
(20.22), which is the thickness of the prominence in  the  direction con
sidered.) I t  is best to do this for frequencies close to  the  edge of the 
band, where hv fv / 0ii, and consequently the error in the  value taken 
for T t appears only in the denom inator of the right-hand side of (21.21), 
in the q uan tity  27s3/2. H ere also it is assumed th a t the  num ber of free 
electrons in th e  chromosphere is determ ined m ainly by the  ionisation 
o f hydrogen. I f  the electrons formed by the  ionisation of m etals arc 
taken into account, the value of ne is increased.

An estim ate of th e  electron concentration is also possible by
H . Z a n s t k a ’s  m ethod, which wc have explained in  connection with pro
minences. I f  the  continuous radiation o f the chromosphere in the visible 
region of the  spectrum  is due to electron scattering, while the radiation 
ju s t beyond the lim it of the Balm er scries is due to recom binations, 
then  the ratio of the  emission coefficients found for the two processes 
from observation gives vt if 7\ is known. However, the problem of 
which heights in the chromosphere are those where the scattering of 
solar radiation in the visible p a rt of the spectrum  by electrons is the 
chief factor th a t determ ines the observed intensity  is not yet solved. 
To resolve this question, careful m easurem ents of polarisation arc needed.
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It has been found by the above methods that ne at the base of the 
chromosphere is about 2 X 1011 to 5 X 1011, and for T t 5000° the 
value of pe is about 01 to 0-3 bar. As the height x  increases, the elec
tron concentration v e decreases comparatively slowly. At a height 
.r=4000 km, the value of v e is of the order of 2 x I 0 10; at a height 
x =  10,000 km it is of the order of 2 X 109, and at a height x — 13.000km 
it is of the order of 109. These estimates are some “average"’ values. 
Aeeording to J. H. Piddingtox (see below), the values of ne in the 
years of minimum solar activity are less than the mean values given 
(for the same heights, of eourse).

Let us now turn to the next parameter, the electron temperature 7'f. 
One of the possible methods of deforming T e for the chromosphere, 
as for the prominences, is to study the energy distribution in the recombi
nation radiation of hydrogen beyond the limits of the Balmcr and 
Paschen series. The starting-point is formula (21.21), aeeording to which 
j v' =  C exp(— h v ' k T c), where C is some constant. By comparing this 
law with the observations we find T t. Measurements carried out by 
D. H. M enzel and G. G. C illie  aeeording to this method give a value 
of about 5000° for the base of the chromosphere. V. A. Kkat [72], using 
the same method, has obtained T e 0200° for heights of 7000 to
S000 km. In a recent paper [12] R. G. A thay, 1). E. Billings, d. \V. 
Evans and W. 0 . Roheuts, using the same method, give for the base 
of the chromosphere a value of 7'f which is close to 4000°.

Other data also point to a relatively low 'I\ at the base of the chromo
sphere. For instance, a high T e in the lower layers of the chromosphere 
would lead to a very great exeess of ultra-violet chromospheric radiation, 
.and this eontradiets ionosphere observations. Moreover, if there were 
a high T e at the base of the chromosphere, we should eertainly observe 
some forbidden lines in the speetrum of that region; these in faet do 
not exist. A value of 30,000° for T c at the base of the chromosphere, 
which has been found by R. 0 . Redman and confirmed by many 
authors, w ould lead to the result that the speetrum of the chromosphere 
would resemble that of a B or O-type star, and this is completely 
contrary to observation.

A second method, whieh ean give a definite idea of the variation 
of T \  within the chromosphere, is the study of the radio emission of 
the Sun. The general basis of this method will be considered in the 
next chapter. Here we shall briefly explain the residts of the obser
vations concerned.

Unfortunately, it is impossible to determine T e for the lowest layers 
of the chromosphere in the radio wavelengths hitherto used (beeause 
of the large absorption of radio waves). Fairly correct results are ob
tained for heights above 3000 to 5000 km. According to the reecnt
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work of J. H. Piddington, who takes aeeount of all existing radio 
observations [123], the kinetic temperature of the chromosphere at a 
height of 5000 km is about 6000°, i. e. the value of T e hardly changes 
over a distance of 5000 km from the base of the chromosphere. At 
greater heights, the value of T e begins to increase. At a height 
h =  10,000 km it is about 30,000°, while at a height h — 14,000 km we 
should expect the temperature to exceed 200,000°.

The variation of the temperature T s with height might be studied 
from theoretical considerations, some hypothesis being made concerning 
the heating of the chromosphere (e. g. thermal conduction from the 
corona), or concerning the means by whieh the solar chromosphere is 
supported. However, a consideration of the existing theories shows [123] 
that they involve many arbitrary assumptions and eontradiet the results 
of radio and other observations.

We have mentioned above that, in the range from h — 0 to 
li an 5000 km. the temperature T t varies very little. On the other hand, 
A tiiav, B illin g s , Evans and R oberts (see above) find that, even 
between h — 0 and h & 2400 km, there is a fairly rapid increase in T e. 
Their measurements of the intensity in the Balmcr continuum comprise 
too small a range of wavelengths (/. 3500 to 3647 A), however, and are 
therefore liable to considerable errors. Thus the very important problem 
of the gradient of the temperature T e in the lower layers of the solar 
chromosphere needs further careful study.

4. The ionisation of atoms. Let us now consider the subject of the 
ionisation of the atoms in the chromosphere. It is quite evident that, 
because of the relatively low value of ne in the chromosphere, the degree 
of ionisation in it must be higher than in the outer layers of the photo
sphere, by (5.11). In reality it is even higher than the value found by 
applying (5.11), as may be seen merely from the presence, in the speetrum 
of the chromosphere, of the line 4686 A of He II; and the observed 
anomalies are the greater, the greater the corresponding ionisation po
tential. We reeall that the same is true of the prominences.

Let us consider the problem of the ionisation of hydrogen in the 
lower layers of the chromosphere (at heights up to 2000 km). We shall 
first show that the electrons in the chromosphere are in fact formed 
by the ionisation of hydrogen. From observation, using the considerations 
given above regarding self-absorption, we can calculate the concen
tration of Ca II atoms at a height x  — 0 whieh are in the first (ground) 
state, i. e. the number of such atoms in 1 cm3. According to Menzkl 
and L illie , as well as to a reeent investigation by V. 1\ Vvazanitsvn  
(see above), it is approximately 3 X 108. .Moreover, this number can 
as usual be approximately identified with the concentration of Call,  
atoms in all states of excitation.
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On the o ther hand, a comparison of the  spectrum  of the lower layers 
of the chrom osphere w ith the spectra of ordinary stars shows th a t the 
form er is similar, roughly speaking, to  the spectra of stars of the  class gF 5, 
as regards the  relative in tensity  of lines of metals. ( I t is not possible 
to set up an exact correspondence here, since, for exam ple, the class 
of these layers as determ ined from lines of m etals is la ter than  gF  5, 
bu t as determ ined from helium lines it is earlier.) In  the  atm ospheres 
of stars of this class, the  m etals are chiefly singly ionised. Thus there 
is every reason to expect th a t, in the lower layers of the  chromosphere, 
the  m etals arc predom inantly  in the  singly ionised state. H ence it 
follows, in particular, th a t the num ber of free electrons in 1 cm 3, formed 
by the  ionisation of calcium, is equal a t the  base of the chromosphere 
to  the  value ju st m entioned, 3 X 108. Using this figure, and supposing 
th a t the  atom s of the  m etals are predom inantly  singly ionised, we can 
calculate, by m eans of Table 1, the  num ber of free electrons formed 
by the  ionisation of all m etal atom s. [The m ost convenient clem ent 
for such calculations is iron, whose second ionisation poten tial is rela
tively very high (16-5 eV). The assum ption th a t n (F e  IIl)/7 i(Fc II)  1 
is even more justified th an  for calcium, bu t there arc as y e t no reliable 
values for n ( F e l l ) . ]  The num bers thus obtained are smaller, by one 
or two orders of m agnitude, th an  the  value of ne found directly  from 
observation. Furtherm ore, the  above value nx(C a l l)  =  3 X 108 is 
exaggerated, since, in finding it, the increase of the  tu rbu len t velocity 
with height in the chromosphere was not taken  into account. Conse
quently, there m ust be some additional source of electrons. I t  is clear 
th a t this can only be hydrogen. Thus we can suppose th a t ne m  ?i(H II), 
where » (H  II)  is the num ber of protons in 1 cm 3.

S tarting  from these considerations, and from  the  constancy of the 
relative chemical com position in  all layers of the solar envelopes, we 
can calculate the degree of ionisation of hydrogen in the lower chrom o
sphere. Taking ? i(C aII) =  3 X 108, in  accordance with the  above, as 
alm ost the  to ta l num ber of calcium atom s in 1 cm 3 a t  th e  base of the  
chromosphere, wc can calculate « (H ), the to ta l num ber of hydrogen 
atom s in 1 cm 3, by Table 1. On the  other hand, we know « (H  II) & ne. 
Consequently, we can im m ediately estim ate the ratio  ?i(H II)/» (H ), 
i. c. the degree of ionisation x n of hydrogen a t  the  base of the chromo
sphere. For o ther heights (in the  lower layers of the chromosphere) 
wc can determ ine n ( C a l l )  from  formula (21.16), where /? m ust be 
calculated w ith allowance for self-absorption. The corresponding calcula
tions show th a t a t the base of the  chrom osphere the  value of xH is 
approxim ately 0-02 to 0-03, while a t  a height x  =  1500 km it is about 0-5. 
At still greater heights, the  value of x lt is close to unity . Thus, in the 
lowest layers of the chromosphere, hydrogen is m ainly neutral, ye t
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by reason of its high percentage content it provides alm ost all the 
free electrons. However, even here its ionisation is a hundred times 
g reater th an  th a t estim ated by formula (5.11) with T  =  5000° and 
ne m  2 X 1011 cm -3. As the height increases, so does th is anomaly. 
I t  is clear th a t w ith increasing height the  equality  ne fh U (H II) becomes 
more and more exact, so th a t throughout the  chromosphere the electrons 
are form ed m ainly by the ionisation of hydrogen.

-This m ethod is based on the supposition th a t  the  chemical compo
sition of the whole of the  solar envelopes is constant. For metals, the 
sim ilarity of th e  chemical composition of the photosphere and of the 
chrom osphere is directly confirmed by observation (D. H . M e n z e l ,  

V. P. V y a z a n i t s y n  and others). In  particular, the  presence in the 
chromosphere of heavy atom s such as La, Ce, Pr, etc., shows th a t 
mixing currents play a very great p a rt in the chromosphere.

Let us now consider helium. The to ta l num ber of helium atom s in 
1 cm 3 in the lower layers of the chromosphere can be found by th e  same 
m ethod, using the  known values of n (C a ll)  n(Ca) and Table 1. H ere 
it is again assumed th a t the chemical composition of the  chromosphere 
is the  same a t all heights and is identical with th a t of the  photosphere.

The concentration n (H e ll)  can be found by means of formula (20.14). 
We can consider orthohelium  as an elem ent w ith an ionisation potential 
of 4-7 eV, since th e  trip le t and singlet system s of helium do not combine. 
For such a com paratively low value of the ionisation potential (and 
therefore of the excitation potentials), the  application of the “equili
brium ” formula (20.14) ought not to  involve noticeable errors, since 
the anomalies begin only for energies of the order of 10 eV. Thus, having 
determ ined the  values of n0 k from the absolute intensities of the helium 
trip lets, we can determ ine nl =  w (H ell) in accordance with (20.14), 
taking the values given above for ne and pu tting  T  equal to about 
5000° or 6000°. Finally, we can obtain the  ratio  w (H cIII)//i(H eII), in 
the same way as for the prominences, from form ula (20.18) where 
?q/«2 == n (H eII)/? i(H eIII) . Here, of course, we m ust recall the critical 
rem arks th a t were made concerning the  applicability of formula (20.14).

On the basis of the above considerations, we ean calculate the ioni
sation of helium a t various levels in the chromosphere. The corresponding 
calculations, using the observational data , lead to results similar to 
those obtained for hydrogen:

(1) Up to heights of some thousands of kilometres, the ratio 
n (He) hi (He II) is several orders of m agnitude, i. c. a t these heights 
helium is m ainly neutral.

(2) The degree of ionisation found for each layer of the chromo
sphere is higher th an  follows from the ionisation formula (5.11), and

2 3  A s i r op l iy s i cs
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the excess is greater for the second ionisation than  for the first (tlie 
anom aly increases with %r).

(3) The increase of the ionisation w ith height takes place more 
rapidly than  would be brought about by the decrease of ne w ith height.

Thus, both for hydrogen and for helium, we have to  explain, firstly, 
the  anom alously high ionisation of the atom s of these elements and, 
secondly, the increase in this anom aly with height in the  chromosphere 
(the same anomalies m ust hold for ionised m etals whose second ionisation 
potentials are fairly large). The facts which we have enum erated cannot 
be explained by means of an anom alously high kinetic tem peratu re in 
the chromosphere which increases w ith height, since, as we have seen, 
the kinetic tem perature of the lower layers of the chromosphere is 
relatively low. Collisions can be im portan t only in the outerm ost layers 
of the  chromosphere.

According to  I. S. S h k l o v s k i i ,  these facts can be explained to a con
siderable ex ten t (as they  can for prominences) by the ionising power 
of the  ultra-violet radiation of the solar corona. The hydrogen in the  outer 
layers of the chromosphere will be ionised by the hard  m onochrom atic 
rad iation  in the coronal lines (Ne V III, X 776 A; Mg X, ). 625 A). For he
lium, both the  values of the  ratios ? i(H e)/a(H elI) and  ? i(H e II) /n (H e lII)  
a t  the base of the chromosphere and the law of their variation with 
height are explained by photo-ionisation by the “ continuous” com ponent 
of the  ultra-violet rad iation  of the corona, which is formed by the recom 
bination of free electrons with coronal protons and a  particles, and also 
by the  bright lines in the far u ltra-violet region of the spectrum  of the 
corona.

However, prelim inary calculations have shown th a t the ionisation 
by coronal radiation is apparen tly  not great enough to explain the 
high value of the ratio  w (H II)/?i(H  1) for hydrogen in the lower chrom o
sphere. This is because the  optical thickness of the lower chromosphere 
beyond the lim it of the  Lym an series (where the probability  of pho to 
ionisation of hydrogen is greatest) is very great, and the corresponding 
coronal rad iation  passes through these layers in a m uch a ttenuated  form.

L ater and more accurate calculations show th a t this difficulty m ay 
not be insuperable. In  this connection, the following possibility should 
be pointed out. Observations show th a t the chromosphere is not a 
continuous structu re . I t  consists of separate rising “ stalks” , which, in 
particular, have caused observers to compare the external appearance 
of the chromosphere (viewed “ sideways” ) to th a t of a burning prairie. 
(This sim ilarity is em phasised by the circum stance th a t these “ sta lks” 
arc not steady  features. They frequently  change their inclination 
to the normal, and in general the  fine s tructu re of the chromosphere, 
like granulation, is continually changing.) On the o ther hand, observa-
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tions carried out in coronal lines (chiefly the  line 5303 A) show th a t 
heated m a tte r is ejected from the chromosphere into the corona, and 
th is m a tte r has the tem perature of the corona, i. e. one of the order 
of a million degrees. I t  is quite possible th a t this m a tte r also tills p a rt 
of the space between the  chromospheric ‘‘s ta lk s '’ m entioned above. In  
view of its  small density, this “ coronal” m a tte r cannot appreciably 
a lte r the general spectrum  of the chromosphere. However, electrons 
having the very high mean kinetic energy which corresponds to a tem p
erature of a million degrees m ay penetra te  into the chromospheric stalks 
(at least the ir outer parts) and there cause the anom alous ionisation 
of hydrogen and helium. This hypothesis, however, requires fu rther 
developm ent.

5. The mechanism of the excitation of atoms. Let us now consider 
w hat processes determ ine the radiation of the  chromosphere in the 
individual spectral lines. The difficulty of solving this problem is re 
doubled by the fact th a t we do not know the  agency which brings about 
the  hydrogen ionisation in the lower layers of the chromosphere. This 
agency m ust have an effect on the excitation processes for o ther atom s 
also. The com plexity of the problem  is shown by the fact th a t the 
intensities of the  helium lines during some eclipses have m axim a a t 
a definite height above th e  chromosphere, decreasing above and below 
this height.

There are three conceivable sources of the chromospheric radiation: 
(1) the  scattering of photospheric radiation by the  atom s in the chromo
sphere; (2) recom bination processes w ith subsequent cascade transitions; 
(3) the excitation of atom s by collisions.

We m ay suppose th a t, a t  least in some cases, and particularly  for 
the  higher levels of hydrogen and for helium, the  chief source of the 
radiation of atom s in the  lower laj-ers of the chromosphere is recom bi
nation  processes. This is confirmed by the  fairly intense radiation of 
chromospheric hydrogen beyond the lim it of the Balm er series; this 
radiation, o f course, is due entirely to recom bination. Moreover, the 
scattering of photospheric radiation can only give considerably less 
energy, for helium, than  the am ount observed in the corresponding 
lines, while collisions in the lower and middle chromosphere, in conse
quence of the  relatively small T e (and ne), cannot be im portant.

One of the  principal means of solving this problem is th e  study  
of the d istribu tion  of the em itting atom s among quantum  states. For 
hydrogen, in particular, this is a question of the relative intensity  of 
the lines in the Balm er (and Paschen) series. H aving found from observa
tion the sequence of ratios 7 (H a) : /(H ^) : 7 (H y) : . . .  , we have to 
compare this sequence (the decrement, as i t  is called) w ith th a t given 
by various theories. The la tte r m ust he based on the solution of equations 
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of the type (20.11) to (20.13). However, there arc serious difficulties 
here also. F irstly , for m any transitions we do not know the values 
of oik and Ck/ which appear in these equations. Secondly, the first few 
members of the Balm er series (H a, H^, H y) are d istorted  by self-absorp
tion, for which no exact allowance has yet been made. (The self-absorp
tion in the H a and lines has the result th a t their m aximum in tensity  
varies very slightly w ith the height between x =  0 and x =  3000 to 
4000 km.) Besides these, there are a num ber of o ther com plicating 
circumstances, particularly  the im portan t part th a t collisions m ay play 
in excitation processes in the outer chromosphere (high T £), and so on.

A speetrophotom etrie investigation of the three eclipses of 
21 Septem ber 1941, 9 Ju ly  1945 and 25 February  1952 has enabled 
V. P .  V y a z a n i t s y x  to find the observed distribu tion  of hydrogen atom s 
among the excitation states with k >* 2. I t  was found th a t this d is tri
bution can be represented by the Boltzm ann form ula (5.54) with 

an 5500°. However, the  same observations indicate th a t for the 
higher levels there is, apparently , an additional excitation, corresponding 
to a tem perature higher than  5500°. I t  is possible th a t th is corresponds 
to recom bination processes.

As regards the  excitation of levels with fairly low values of the 
quantum  num ber, the above value of 5500° is somewhat too large for 
a mechanism of simple re-emission. We have to bear in mind th a t the 
scattering of solar radiation by chromospheric atom s occurs in this 
case in the frequencies of absorption lines, where the in tensity  of this 
radiation is reduced by the presence of the  F raunhofer absorption lines
H a. .........On the other hand, the tem perature T K of the radiation which
corresponds to the central p arts  of these lines is low, of the order of 4000°.

For this reason, the problem of the mechanism of the emission in 
the chromospheric lines H a. H^, . . .  is best resolved by a study  of the 
contours of these lines, using a high dispersion, which can very well be 
done outside eclipse.

The contours of the first few lines of the  Balm er scries in the spectrum  
of the chromosphere have a characteristic form: in th e  centre of eacli 
emission line we find a fairly wide depression, bounded on each side 
by “ peaks” . The w idth of this depression is approxim ately  equal to 
the  w idth of the dark  core of the corresponding Fraunhofer line 
H a, H^, . . . .  This im m ediately suggests th a t in the present case we 
are concerned with the scattering of the solar radiation by chromospheric 
hydrogen [74]. This conclusion has been confirmed by V. A. K k a t  and 
T. V. K k a t  [75] bv direct spectrophotom etry of the chromospheric 
lines H a and H y to H g. I t  has been shown in the la tte r paper th a t the 
contours of all these lines arc well explained by the operation of a re- 
cniission mechanism.
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The supposition th a t the radiation in the first few lines of the Balmer 
series in the spectrum  of chromospheric hydrogen is due to processes 
of scattering is a wholly natural one. However, it m ust be borne in 
mind tha t the efficiency of this process of scattering depends on the 
num ber of hydrogen atom s in the chromosphere th a t arc in the second 
excitation state. For the process to be effective, it is necessary th a t the 
num ber AL should be fairly large, i. e. the density p12 of the chrom o
spheric radiation in the Lym an a line should be fairly high. I t  is possible 
th a t recom binations m ay be very im portan t here. Their num ber may 
be insufficient to  produce the radiation in the lines H a. themselves, 
yet at the same tim e the  density  p12 of the radiation in the Lym an 
a  line m ay be high enough (on account of the very great optical thickness 
of the chromosphere in this line).

The following rem arks should be m ade concerning the above. F irstly , 
we m ust bear in mind th a t these conclusions arc valid only for the  lower 
layers of the chromosphere. In the highest layers, the radiation, even 
in the first few lines of the Balm er series, m ay be largely determ ined 
by processes of recom bination and of the collision of atom s with electrons.

Secondly, from a formal point of view we could examine the contours 
of chromospheric lines by using formula (20.3), where j j a r =  P v. I f  
now the value of P„ in this formula decreases w ith increasing heightI’ u O
in the chromosphere, and docs so fairly rapidly, it is easy to show (see 
Section 21.7) th a t the contour of an emission line will have in the  centre 
a depression similar to th a t which we observe in th e  first few chrom o
spheric lines of the Balm er series.

The existing observations show th a t, in the central p arts  of the 
Fraunhofer lines H a, H^, . . ., where the  absorption coefficient is fairly 
large, the in tensity  of the radiation dim inishes as we go from the  centre 
to the limb of the Sim 's disc. This, in accordance with formula (4.27), 
where we must replace B v by P y, shows th a t in the chromosphere P v 
docs in fact decrease as the height increases. However, in order to 
elucidate the p a rt played by this factor in interpreting the observed 
contours of the chromospheric lines H a, H^, . . ., a special investigation 
would be required.

For the metals, the relative p a rt played by recom bination radiation 
and the scattering of photospheric radiation is no t ye t completely clear. 
The la tte r factor is apparen tly  the more im portant one. Thus, if the 
excitation of atom s is effected by photospheric radiation, the ratio  of 
the equivalent w idths o f the same lines in the “ reversing layer’' and in 
the chromosphere (emission lines for the chromosphere) should not 
depend on the excitation potential of the lover levels of the lines. 
M easurements made by V. A. K r a t  [72] for lines of Fe 1 and Ti 11 (from 
m aterial obtained a t the 11)45 eclipse) have shown th a t there is in fact
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no dependence. However, a great am ount of further work is of course 
needed here.

6. The equilibrium of the chromosphere. We m ust now consider the 
equilibrium  of the chromosphere. We have seen th a t some additional 
forces, directed aw ay from the  centre of the Sun, i. e. outw ards, act 
in th e  solar chromosphere, besides the ordinary forces of the elasticity 
of a heated gas and of gravitation.

The first question which arises here is w hether the action of these 
forces extends to  the entire chromosphere (and possibly to  the outer 
layers of the photosphere) or is localised in some part of it. As 
I. S. S h k lo v sk iI  [118] has pointed out, there is reason to suppose th a t, 
in the  lowest layers of the  chromosphere, up to heights of the order 
of 1000 km, the additional forces play practically  no part.

The values of given in Table 14 are some averages with respect 
to height. A t the same tim e, as we have already said, observers very 
often have to introduce two term s in the form ula for E(x),  so th a t E ( x ) 
takes the  form (21.9). The form of the  dependence of n(x) on x  changes 
correspondingly. From  the d a ta  of a num ber of observers [lfiS, p. 620], 
the  corresponding formula for n(x)  can be w ritten  (as an average for 
m any elements)

n(x) = n ° { 0-9S2 c -6' ^ 10'*1 +  0 -0 IS c-26xl0' ,z) . (21.22)

R. W ild t gives a similar form ula for Fe and Ti, obtained from a num ber 
of eclipses. On the average (taking into account the errors of observation, 
etc.) it is found th a t the  value of the exponent ^  in the first te rm  of 
expressions like (21.22) is close to  /?ff for hydrogen with T  4600° to 
5000°. This can be in terpreted  as showing th a t the hydrogen in the 
lowest layers of the solar chromosphere is supported  by the ordinary 
forces of elasticity  of a heated gas. The m etals follow the same law, in 
consequence of the  m ixing of the  solar gases. I t  m ust be noted th a t 
the values of /? found from observation for H e and H  in the  lowest 
layers of the  chromosphere m ay differ very m arkedly from the for 
metals. In  fact, the emission of both hydrogen and helium in the chrom o
sphere is com pletely anom alous, so th a t a relatively slow decrease of 
the emission in the lines of these elements with height can be wholly 
explained by the im portance of recom binations increasing with height. 
This hypothesis is supported  by the presence of a m axim um  in the 
helium emission at a certain  height above the base of the chromosphere. 
I t  is clear th a t this m axim um  is the  result of two oppositely acting 
factors: the increase in the  emissive power of the  helium atom s with 
height and the decrease in th e  concentration of helium atom s with 
increasing height.
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If  the above considerations regarding the equilibrium  of the lowest 
layers of the chromosphere are confirmed by fu rther investigations, we 
can sta te  w ith complete certain ty  th a t the height d istribution of the 
photospheric gases also is determ ined m ainly by the ordinary elasticity 
of a heated gas and by gravity  [equation (17.1)].

All th a t has been said above refers to heights of up to 1000 km. 
Beginning from heights of the order of 1000 km, some additional forces 
come into play supporting the chrom osphere; here we m ust again 
emphasise th a t the support of the chromosphere cannot be explained 
by substitu ting  a sufficiently high tem perature T  in the law of hydro
static  equilibrium (21.20). We have seen th a t the kinetic tem perature 
of the  lower, and even of the middle, chromosphere is in fact relatively 
low.

L et us discuss the nature of these forces. E. A. M ilne suggested 
th a t the radiation pressure on the Ca II atom s was the chief force 
supporting the  chromosphere. Calculations carried out on the basis of 
form ula (20.2S) show th a t the radiation pressure on the Ca I I  atom s 
in the outer layers of the chromosphere almost exactly balances the 
force of grav ity  on these atom s. However, this theory  has proved quite 
inadequate, for a num ber of reasons, the chief of which is th a t the 
num ber of calcium atom s in the chromosphere (and everywhere in the 
solar envelopes) is less than  the  num ber of hydrogen atom s by a factor 
of 5 X 105.

Many authors relate the  forces supporting the chromosphere to tu rb u 
lent processes in it. Investigations of the  w idths of chromospheric lines, 
perform ed by m any observers (0. A. M el’nikov, V. P. Vyazanitsyn, 
A. U nsold and others), show th a t these w idths are usually g reater than  
would be expected if only the therm al m otions of atom s were present. 
From  this, the  conclusion has been draw n by W. H. McCrea th a t the 
m a tte r in the chrom osphere is in tu rbu len t m otion, its  m ean velocity 
being of the order of 10 to 20 km/sec. The complex filam entary structure 
of the ou ter layers of the chromosphere also indicates the presence of 
tu rbu len t m otions in them . There is reason to suppose th a t the tu rbu len t 
velocity increases w ith the height x. This is shown by the fact th a t 
fain t lines, in which the emission is observed up to heights x ph 1000 km, 
show tu rbu len t velocities of not more than  2 km/sec.

Let us now tu rn  to formula (21.20). The greater the qu an tity  HTf/i, 
i. e. the g reater the mean velocity of the particles, the greater will be 
the ex ten t of the atm osphere for a given counteraction of the force 
of gravity . I f  a tu rbu len t m otion, with a velocity d istribution e~̂ vlVl)' 
(for one com ponent), is added to the therm al m otion of the particles, 
then, according to  (11.20), equation (21.20) becomes

n(x) — n° + (21.23)
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In  this case the quan tity  ft in the exponential law (21.10) takes the form

P u tting  ju — 1 on account of the large hydrogen content, and also

generally speaking, is close to  the values of ft in Table 14, given by 
V. P. V y a z a n i t s y n .  (For hydrogen and helium the values of ft. as we 
have said, arc d istorted  b}' the dependence of the emissive power on 
the  height. Moreover, strong lines, such as the 11 and K lines of Ca 11, 
are d istorted  by self-absorption.)

This mechanism of support of the chromospheric gases has been 
discussed by a num ber of au thors; A. B. Severny! [127] considers 
a tu rbu len t velocity vt which varies proportionally to  the height x. 
Instead  of using equation (7.1), he s ta rts  from the  following equation 
of equilibrium :

where o vt2 are the Reynolds stresses and ge the effective acceleration 
due to  grav ity  (in the sense th a t it takes into account possible effects 
of radiation pressure). The integration of (21.25) gives the relation be t
ween the  density  n and the height x.

The chief problem  as regards this mechanism concerns the  nature 
of the  forces which m ain tain  a steady  tu rbu len t m otion in the chrom o
sphere, i. e. it is necessary to  know whence the  energy comes which 
goes to m aintain  the tu rbu len t motions. In their work on the nature of the 
forces which cause turbulence in the chromosphere, A. I. Lebedinski! 
and L. fi. Gukevicii [55], after m entioning the  inadequacy of the 
sources of tu rb u len t motion previously pu t forward, propose a new 
mechanism, in which the principal forces are those of m agnetic pressure 
(see Chapter 18). These forces arise on account of the m otion of granules 
in the general m agnetic field of the Sun. H ere it is found th a t the 
ex ten t of the chromosphere depends on the in tensity  of the  Sun’s 
general magnetic field. However, judging by existing d a ta , the m agnetic 
field varies noticeably with tim e, and this conflicts with the relative 
constancy of the height of the chromosphere.

W ithout rejecting entirely  the mechanism of tu rbu len t support of 
the chromosphere, we m ust also notice ano ther possibility. Wo have 
said th a t the chromosphere consists of separate jet-stalks, which are 
similar to small prominences in their external appearance. On the other 
hand, we have seen th a t the forces which support the prominences are, 
according to all existing data , purely electrom agnetic in character;

(21.24)

T  =  4800°, vt =  15 km/sec, we obtain  ft =  1-S X 10~8 cm -1, which,

clx l'1' +  11 0 T h l ) =  — 9, Q, (21.25)



7. The physics of flocculi 361

tu rbu len t motions play practically no p a rt in supporting prominences 
(at least of some types). This m ay be seen from the numerous sub
classes of prominences which arise in coronal space and move downwards.

If  there is in fact a physical kinship between the prominences and the 
chromospheric je ts (this is confirmed, for instance, by the chromospheric 
spicules which have recently been studied by E. Y a. B ugoslavskaya, 
\V. 0 . R oberts and others), then  the chromospheric m atter too may 
be supported by the same forces as support the prominences.

I t  seems quite evident from w hat has been said above th a t the 
study  of the fine structu re  of the chromosphere is very im portant. 
Experience a t the  Pulkovo observatory has shown th a t a great deal 
of inform ation on this subject can be obtained by studying the  chromo
sphere outside eclipse, using a narrow -band interference-polarisation 
filter.

The corresponding observations, carried out by V. A. K rat and 
I. A. P rok of’eva [76] in the H a line w ith a transm ission width of 
0-6 A, have shown th a t the  chromosphere is not homogeneous. The 
separate je ts in it form a “ chromospheric netw ork” , whose cells have 
dimensions (horizontally) of from 8000 km  to 18,000 km. The individual 
jets are about 2000 km  thick.

Similar work by I. A. P rok of’eva has shown th a t, in the  different 
chromospheric jets, the density  gradients (i. e. the  param eters /? giving 
the decrease of density  w ith increasing height) are very different; this 
makes the chromospheric je ts still more akin to prominences.

All these results show th a t the gradient found from chromospheric 
observations partly  reflects the stalistics of the height d istribution of 
the various jets, and not only the density  d istribution of m a tte r in the 
chromosphere. This faet should be noted.

I t  is also very interesting th a t the  gradients of in tensity  of chromo
spheric lines above facular plages [69] are little more than  half the ir 
values in the  undisturbed chromosphere. The chromosphere is higher 
above facular plages. This means th a t  the s tructu re of the  chromosphere 
above active regions differs from its structure above ordinary undisturbed 
p arts  of the Sun. The prominence-jets in the chromosphere above faculae 
are larger, and their mean a ltitude greater, th an  for other regions of 
the Sun.

So far, all our conclusions about the chromosphere have been based 
on observations made a t the limb of the solar disc. Let us now consider 
chromospheric phenom ena observed in projection on the solar disc.

7. The physics of flocculi. If  we ad just the sufficiently narrow 
secondary slit of a spectroheliograph on the centre of some strong line 
in the solar spectrum , we can study  on the spectroheliogram s the chromo
sphere projected on the solar disc, since the central p arts  of some very
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intense absorption lines in the solar spectrum  are formed by the chrom o
spheric layers. Such observations show th a t the darkening of the disc 
to the limb is less in the chromospheric radiation than  in the p arts  of 
the continuous spectrum  adjoining the lines in question.

However, the m ost interesting study  is th a t of the chromospheric 
radiation in active regions of the Sun’s surface. We shall consider here 
only some problem s of a theoretical character, referring the reader to 
the appropriate sources [70; 179, p. 233; 1GS, p. 70-i] for the descriptive 
side of the subject.

The H  and K lines of Ca II  and the I f ,  line arc those m ost often 
used in studying active regions in chromospheric radiation, and we shall 
now discuss these.

Speetroheliogram s taken  in the central p a its  of these lines show bright 
areas in active regions of the Sun. (Separate bright luminous points may 
be observed outside active regions also. We shall no t discuss these luminous 
points, however.) This is easily understood if we consider the contours of 
the H , K and H a lines in the active regions of the Sun, which mainly 
coincide, on the solar surface, w ith faeulae (including sunspots, of course).

The contour of the line a t points where there are faeulae is shown 
in Fig. 51 by a continuous line, while the  chrom ospheric radiation proper 
should, according to  w hat was said a t the  end o f C hapter 19, be d e te r
mined by the area ahc. The contour be (dotted) is the  hypothetical contour 
of the  H a line in the spectra of faeulae.

The in tensity  a t the point c in Fig. 51 is som ew hat indeterm inate, since 
we do not know the m agnitude of ac, i. e. the energy due to the chrom o
sphere proper. The same indeterm inacy holds for the undisturbed parts  
of the photosphere also. H ere, too, we do not know the relative im portance

of the chromosphere and of the 
outerm ost p arts  of the “ reversing 
layer” in producing the observed 
central intensities of the H a, H^, 
H y, . . . lines.

The contour of the K line, in 
a spectrum  taken  a t a po in t where 
there is a facula, has the  form 
shown in Fig. 57. (The H  line has 
the same kind of contour.) The 
bright core in the centre of the K  

line is called the K 2 line; the central depression in th is core is called the 
K 3 line. Finally, the lva contour is the contour of the  absorption K  line 
itself, belonging to  the facula proper. The lower, dashed, contour in Fig. 57 
is the K  line contour in the adjoining undisturbed p arts  of the photosphere.
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I t  follows im m ediately from Figs. 51 and 57 th a t, in the central parts 
of the H, K  and H., lines, the faculae m ust in fact be brighter than  the 
neighbouring regions of the undisturbed photosphere. Since this excess 
radiation (excess over the ordinary radiation from the undisturbed regions) 
is due to  the chromospheric layers, and the  regions where it is found 
coincide in general w ith the  faculae, the corresponding bright regions seen 
on spectroheliogram s are called chromospheric faculae. They are also often 
called flocculi or facular plages.

We m ay note the following im portan t circum stance in connection 
w ith the  in terp re ta tion  of spectroheliogram s in the H , K  and H a lines. 
Observations have shown th a t, the  eloser to the centre of the line the 
secondary slit of thcspcctrohcliograph is adjusted, the higher are the layers 
of the chrom osphere whose radiation is received. From  the  physical point 
of view, this is easily explained if we recall th a t the absorption coefficient 
in th e  line increases tow ards the centre. H ence the optical thickness of 
the chromospheric gases is greatest in the centre of the line, and no 
radiation reaches ns d irectly  from the deep layers of the chromosphere.

The m ain questions which arise in the in terpreta tion  of spectrohelio
grams in H , K  and H T are the following. W hat is the  source of the excess 
energy rad iated  by the  chromospheric gases in the  central parts  of these 
lines ? W hat are the causes of the  broadening of the lines of this additional 
chromospheric radiation ? W hat is the  origin of th e  ecntral minimum K 3 
in the  bright core K 2 ? How are the flocculi related  to the faculae lying 
beneath  them  ? Besides these questions, there are others, c. g. th a t of the 
origin of the  hydrogen vortiees round sunspots, and so on. However, we 
shall no t concern ourselves w ith these la tte r questions here.

L et us begin by considering the source of the  excess energy radiated  
by the floceuli. H ere there arc two possibilities: (1) the energy radiated  
in the floceuli arises as a result of fluorescence processes; (2) the chromo
spheric flocculi are regions which are ho tte r than  the  neighbouring parts  
of the undisturbed chromosphere.

The foundations of the theory  of the form er meehanism were developed 
by V .  A .  A m b a r t s u m y a n .  He first called a tten tion  to  the  fact th a t, 
when Q in form ula (14.29) is fairly large, there is a range of values of rj, 
close to  the  centre of the line sueh th a t, while the inequalities ?/„ >  1 
and e 1 arc satisfied, the  inequality  rjv e Q >  1 holds, so th a t r„ 
takes the form

r, n  h ' 3 ^ 0 )
e V' v  ]Vv + i 1 3 By(Tj,.) •

(21.26)

I t  follows from this expression th a t rv increases with ?/v, i. e. increases 
continually as we approach the eentre of the line. In  o ther words, we 
have an emission line in the centre of the absorption line.
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A. U n s o l d  has indicated the second possibility, which presupposes a 
tem perature inversion in the chromosphere. This hypothesis has recently 
been discussed by V. A. K r a t  [70] and others.

It is evident th a t the two mechanisms m entioned are not m utually  
exclusive. However, in the s tudy  of the physical properties of floccular 
regions, the prim ary problem is to decide which of these mechanisms is 
the principal one in each particu lar ease. The following calculations are 
due to K. R. M u s t e l ’ [103].

In  order to make the  problem more definite, we propose the question: 
which is the m ain process governing the emission in the H  and K lines 
and in the  lines of the  Balm er series in the spectra of flocculi: recom bina
tions or excit ing collisions ?

Let us first compare the emission in the  Iv and H a lines, supposing 
tha t in each case the principal mechanism governing the radiation is 
recom bination to the upper level. According to (5.48), the  ratio of the 
num bers of captures to the corresponding levels is

_  [Ar/-^ K  A’ (C alll)
_  ~  ^ H1I> ' M W K  ’

(21.27)

where A7(Ca III)  is the num ber of doubly ionised calcium atom s above 
1 cm 2 of the base of the  flocculus, and A7(H II) is the corresponding 
num ber of protons. The function is the probability  of photo
recom bination, which depends only on the kinetic tem perature of the 
electron gas:

CO

* '<kT ')  =  I  j}r f d « „  (21.28)
o

where is the effective recom bination cross-section, determ ined by 
formula (5.55). H ere we note th a t, in accordance with (5.52), the 
quan tity  ne cancels on the right-hand side of (21.27).

The expected mean value of the electron tem perature in flocculi lies 
between 5000° (the boundary tem perature of the photosphere) and 
10,000°. However, the function (f>{Te) depends only very slightly on Tf ; 
hence we shall not com mit any considerable error by taking 7'f =  7500°. 
We then find

[</>(7’J ] k 1-68 X 10 -13 , [</>(T£)]h , ~  5-0 X 10-»

In  other words, A sa 3-4 {W(Ca III)/AT(H II) } .
I f  the ionisation potentials of Ca II and H were the same, the ratio 

AT(Ca 1 1 1 ) ( H  II) in the flocculus would be approxim ately equal to the 
relative content of Ca and H. i. e. of the order of 2 X 10~6 to 5 x  10~r>. 
(The num ber of neutral calcium atom s in the chromosphere, and therefore
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in tlie flocculus, is negligible in comparison with the num ber of Ca II  
atoms.) In  reality, this potential for Ca II  is less by A x =  1-7 eV than  
for hydrogen, and consequently Ca II should be more strongly ionised 
than  hydrogen. However, it is clear th a t, in the ease considered, the 
degree of ionisation of Ca II cannot exceed th a t of hydrogen by more 
than  one, or a t the very m ost two, orders of m agnitude, on account of 
the small difference zl •/ — 1‘7 eV. In this case the ratio A will be about 
I0 “3. Consequently, if the radiation in the K  line were determ ined by 
recom bination processes, the brightness of the H a line would exceed th a t 
of the Iv line by three orders of m agn itude; this is contrary to observation, 
since the brightnesses of the two lines are of the same order of m agnitude. 
Thus the emission in the Iv2 line in flocculi must be determined by the 
collisions of Ca I I  atoms with electrons. The fact th a t we are not here 
concerned with recom binations is confirmed by other factors also. For 
exam ple, calculations show [10G] th a t, if the rad iation  in the lines H 2 and 
Iv2 in the spectra of flocculi were due to recom binations, the lines 3706 
and .‘5737 of Ca II  in these spectra would be only a little less bright than  
the Ho and K , lines, which is completely contradictory to observation.

Let us m ake an approxim ate estim ate of the tem perature conditions 
which are necessary in order to produce the observed emission in the 
Iv, (or H ,) line. In  a s ta te  of equilibrium, the num ber of exciting collisions 
^(•,1—2 m ust be equal to the num ber of quan ta  7Vo_>i leaving the same 
volume. L et the num bers X Cil_̂ » and iVo—j be referred to a column 
above 1 cm2 of the base of the flocculus. Then, by the general formula 
(8.21), we have

X c, i .2 =  -^1 (Ca II) nt ql2 e
eli I^T g

(21.29)

where iV^Ca IT) is the num ber of Ca I I  atom s in the ground state, also 
above 1 cm 2 of the base of the flocculus, qi2 is the mean effective cross- 
section for exciting collisions, which for the present we take as 10~1G cm 2, 
and finally eI2 is the excitation energy. We can determ ine the value of 
W2->1 directly  from observations. These show th a t the intensity of 
emission in the Iv, line depends only slightly on the angle 0. In other 
words, this in tensity  is alm ost constan t over the whole disc:

X 2 - * i  (21-30)

where the integration is extended over the whole of the K2 (or 1I2) line.
To determ ine ATj(Ca II) from the measured contour of the K 2 or H , 

line, we can use formula (20.3), which, however, requires some modi
fication. Form ula (20.3), if 1 \  — jvfsr is constant with depth, takes the 
form

/ ,  -  / ' , ( ! — e - T0  , (21.31)
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and is applicable in the case where the  observer receives radiation only 
from the  em itting layer which he is examining. Tf, however, behind the 
em itting, and of course absorbing, layer considered, there lies another 
medium em itting w ith in tensity  /„*, the to ta l in tensity  recorded in the 
frequency v will clearly be

l v =  I * e ~ ' r  +  ^ ( l - e - v )  , (21.32)

where the exponential in the  first term  on the  right-hand side of (21.32) 
takes into account th e  a ttenuation  of the  beam of in tensity  1 *  by its 
passage through th e  em itting layer under consideration.

If  the absorption coefficient is independent of depth, formulae 
(21.31) and (21.32) take  the form

I V =  P V( 1 — e-> ’* ,), (21.31a)

/„  =  I *  e~Xt* +  P v{ l— e~y 'r) . (21.32 a)

For the H 2 and K , lines in the  spectra of flocculi, the background 
of in tensity  I *  will evidently be produced by the central p arts  of the 
H  and K  absorption lines in the  spectra of the faculae. The corresponding 
values of 1 *  in the lines H 2 and K , can be obtained by extrapolating the 
contours of these absorption lines (H and K) to the centres of the  lines.

The absorption coefficient sv for the Iv, and H 2 lines is determ ined 
m ainly by the D oppler effect. H ere two limiting cases m ust be considered : 
(1) the emission in the K , and H 2 lines is produced predom inantly  in the 
lower layers of the  chrom osphere; (2) it is produced in the higher layers 
of the  chromosphere. In  the form er case, turbulence m ay be neglected, 
and the width A ).D is determ ined entirely by therm al motions. In  the 
la tte r  case we m ust also take account of tu rbu len t motions, whose 
velocities, as we have said above, are of the order of 15 kin/scc.

In  the former case the fitting of the theoretical form ula (21.32) to  the 
observations gives a value iV ^ C a ll)  % 1016 to 2 X 1016. In  the la tte r  
case we obtain  i\7j(Ca II) fa 2 X 1013.

As a m axim um  value of ne we can take  5 X 1011. A v a lu eo f? (e % 1012 
corresponds to fain t chromospheric flares, and nt na 3 X 1012 to strong 
ones.

N ext, T e in the flocculi cannot appreciably exceed 7500°. An increase 
in the tem peratu re of the chromosphere (in its lower and middle layers) 
to 10,000° would lead (especially near the maxim um  of solar activity , 
when the area occupied by flocculi is sometimes only one order of 
m agnitude less than  the  to ta l area of the solar disc) to an extrem ely 
large increase in the ionisation of the ionosphere, a sharp rise in the 
radio emission, and so on. Hence we shall for the present take rl \  — 7500°.
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Using the values m entioned, we find th a t for iV^Ca 11) =  2 x  1016, 
~VC ]_>2 — 2-5 X 1018, and for iY1(C aII)  =  2 X 1013 the  value is 
2-5 x  1015. On the o ther hand, for an  average flocculus w ith a central 
in tensity  of th e  K 2 and H„ lines of about 0-3. we find for iV2_>1, using 
(21.30), the value 1018. I t  follows from a comparison of these results 
th a t, firstly, the calcium flocculi lie in the lower layers of the chrom o
sphere, where the  turbulence is slight (it is easy to  show th a t the same 
conclusion would hold even if we assumed an infinitely high tem perature), 
and secondly, a tem peratu re T e =  7500° is wholly sufficient to  produce 
the necessary emission in the  K , and H 2 lines.

The first of these conclusions is in accordance with d irect m easure
m ents, which give a height of 1300 km for the position of the K 2 flocculi. 
As regards the second conclusion, the existing d a ta  indicate th a t, for 
the alkaline earth  elements, the  group to which the  Ca I I  atom s belong, 
the value of 17 for resonance lines is considerably greater than  the  ordinary 
cross-section given by the kinetic theory  of gases, which is of the  order 
of 10-16 cm 2; it m ay reach even 10~15 cm2. Recent calculations by 
J .  T. J e f f e r i e s  [G - l ]  confirm this. They give, for energies of about 4  e V .  

a cross-section of 8-7 X 10-16 cm 2 for the  K  line and 5-S X 10-16 cm 2 
for the  H  line. In  this case, the tem perature T c which is necessary to 
produce the observed emission in the  K 2 line is considerably decreased, 
to values of 5000 to 6000°. These tem peratures are, according to a num ber 
of argum ents, much closer to reality  than  one of 7500°.

I t  should be borne in mind th a t all the  estim ates ju s t given, which 
relate to  the  m echanism  by which calcium flocculi em it in th e  lines H 2 
and K 2, refer to  the total energy in these lines. I t  is clear th a t  this m ust 
be the starting-poin t, merely because of the  law of conservation of energy. 
However, if we construct the  equation of transfer for frequencies w ithin 
the H 2 or K 2 line and solve it, taking account only of collisions and 
using the above values for ne and T c, the intensity I„ so found is consider
ably less th an  the observed value. I t  can hardly be doubted th a t this is 
due to the neglect of non-coherent processes, which occur because of 
the therm al m otions of the  atom s in the chromosphere (see Chapter 14). 
S. M i y a m o t o  [01 ] has shown th a t such processes should be very im portan t 
in this problem.

Let us now consider the question of the origin of the  central lines K3 
and H 3. Their presence m ay be due to a rapid decrease in the value of 
P T outw ards in the flocculus. I t  is easy to see th a t this will in fact lead 
to the appearance of a dark  core, by direct calculations based on formula
(20.3). This conclusion is in agreem ent with the results of M. W a l d m e i e r  

already given (sec Chapter 10), who found th a t in the faculac, i. e. 
im m ediately below the flocculi, the value of 1 \  also decreases outwards, 
beginning from a m ean optical depth r  ^  0-G. Thus the  flocculi and the
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faculae arc related not only by being situated  close to each other, but 
also by the general d istribution of tem perature in them.

I t  should be noticed th a t this decrease in / J,„ and therefore in Tc, 
as we move outw ards cannot continue to an indefinite height. Even in 
the middle chromosphere, it m ust give way to an  increase in '1\ as we 
approach the corona, as in other regions of the Sun.

M i y a m o t o  [01] gives another possible explanation of the origin 
of the H 3 and K 3 lines, which involves an allowance for non-coherent 
processes (sec above). The physical natu re  of the process is as follows. 
Since the chromosphere is very opaque in the  cores of the H  and Iv lines, 
the quan ta  produced by exciting electron collisions within the D oppler 
core will emerge from the medium (as a result of non-coherent red istribu
tion of the radiation in frequenej-) in the  more transparen t wings of the 
line concerned. The central “ opaque” p a r t of the line has, according to 
M i y a m o t o ’s  calculations, a fairly low intensity , and he identifies this 
with the  H 3 and I \3 lines. The same calculations account for the great 
w idth of the H , and I \ 2 lines.

The following rem ark should be m ade in connection with this last 
result. On taking upper lim iting values which seem reasonable for 
ne and T e, and using formula (21.29), and comparing iVCii_»o with the 
value of N 2r̂ .l found from observation, we again get a large value of 
iVj(Ca II), of the order of 1015 to 101C cm-2 , and therefore a g reat width 
for the H 2 and 1\2 lines. H ence the conclusion th a t the H 2 and K , lines 
are  very wide can be draw n w hether or not the emission process is coherent.

The argum ents of M i y a m o t o  given above are very convincing. H ow 
ever, they  m eet w ith difficulties when we try  to  explain the eontours of 
the  bright H  and Iv lines in the spectra of spots. I t  is well known th a t 
above sunspots the bright ecntral reversals H 2 and K 2 arc much narrower 
and do not show the dark  H 3 and Iv3.

The explanation of these two facts on M i y a m o t o ’s  theory docs not 
seem possible. On the other hand, they  can be explained as follows [107], 
F irstly , the  narrowing of the bright central reversals (as we go from the 
adjoining flocculus to the spot itself) cannot be the result of a decrease 
in the num ber of emitting atom s above the  spot, since observation shows 
th a t the w idth of the bright H 2 and K , lines in flocculi and of the very 
faint H , and Iv2 lines in undisturbed p arts  of the Sun’s disc is about the 
same. H ence this width is determ ined, not by the num ber of em itting 
atom s, bu t by the num ber iV ^ C a ll)  of absorbitig Ca I I  atom s in the 
chromosphere (the effect of self-absorption; see formula (21.31a)). We 
can therefore conclude th a t there are fewer atom s of Ca 11 (and of other 
elements also) in the chromosphere above spots than  there are above 
neighbouring regions of the Sun’s surfaee. This is in agreem ent with
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m any direct observations of the chromosphere both outside and during 
eclipse, which indicate a considerable decrease in the height of the 
chromosphere above spots.

This decrease m ight be explained by the outflow of m atter from a spot 
in its lower chromospheric layers (the Evcrshed effect for fain t lines). 
Moreover, the  lowering of the chromosphere over a spot could also 
explain the inflow of m a tte r into a spot in the higher layers of the chromo
sphere (the Evcrshed effect for strong lines), since in this case the density 
of the chromosphere above the spot would be less than  in the adjoining 
layers of the chromosphere.

The absence of the H 3 and K 3 lines in the bright central reversals 
above spots could be explained by the fact th a t the  tem perature of the 
lower layers of the chromosphere, which is of the order of 5000°, is close 
to the tem peratu re of the  spot (4500°). This means th a t, in the  chrom o
spheric layers which form the bright central reversals in the  H  and K  
lines, the kinetic tem peratu re does not vary  greatly  w ith height, and 
m ay even increase upw ards. This has the consequence th a t the value of 
P v in these la3Ters either is constant or increases outw ards, and  so the 
H 3 and K 3 lines do not appear.

L et us now consider w hat determ ines the  emission in the  H a line in 
the  spectra of flocculi (E. R. M ustkl’ [105]). This question is much more 
com plicated th a n  the  corresponding one for th e  H 2 and K 2 lines of Ca II . 
In  fact, to com pare the  parts  played by recom binations and by exciting 
collisions, we need to know N 1 (H), the num ber of neutral hydrogen atom s 
in the ground s ta te  above 1 cm 2 of the  base of the  flocculus. (The num ber 
of collisions which excite from  the second level is very small.) The 
determ ination  of this quan tity , however, is soon seen to involve great 
difficulties. I f  the lower layers of the flocculus coincide approxim ately 
with those of the undisturbed chromosphere, calculations show th a t 
recom binations and exciting collisions a t TB an 7500° are of approxim a
tely equal im portance in producing the  emission in H a. However, we 
have seen th a t T E in the flocculi is apparently  less than  7500°. In  this 
case recom binations should play a more im portan t paid than  exciting 
collisions.

These considerations seem to account for the very different appearance 
of spectroheliogram s taken  in the lines H  and K of Ca II , as compared 
with those taken  in the lines of the Rainier series (particularly H J .  In  
view of the im portance o f this question, we shall discuss it in more detail.

Let us first consider those p arts  of the Sun’s surface in which there 
is no bright floccular radiation. F or these regions, the kinetic tem perature 
of the lower layers of the chromosphere (where m ost of the radiation 
in the central p arts  of the F raunhofer lines H  and Iv of Ca II  and H a 
originates) is of the order of 5000° to 0000°; and the recom bination

2 4  Astrophysics
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processes in l l a probal)ly predom inate over the processes of excitation 
of hydrogen atom s by electrons. On the other hand, we have seen th a t 
even a low electi on tem perature of the order of 5000° to 0000° is sufficient 
to excite the atom s of Ca II . Hence the appearance of the spectro- 
hcliograms ought to he entirely different for calcium and for hydrogen 
lines, and this is confirmed by observation. I t  is well known th a t one 
of the chief properties of calcium spectroheliogram s is their “ sp o tty ” 
appearance (even for the undisturbed regions of the Sun), with no sign 
of vortical or filam entary features. The individual bright spots and lines 
are the  most usual characteristic of calcium spectroheliogram s. On the 
other hand, the distinguishing feature of hydrogen spectroheliogram s 
(particularly those taken in H J  is tha t they  show a turbulen t and 
somewhat filam entary appearance. These features are most distinctly  
seen in the neighbourhood of sunspots, where, as is well known, spiral 
vortices are observed.

On the basis of the ideas discussed previously, the facts just enum era
ted  can be explained as follows. H ydrogen is the predom inating element 
in the solar envelopes. This enables us to suppose th a t the tu rbu len t 
(and filam entary) s tructu re of the spectroheliogram s taken in the H 2 line 
is caused by inhomogeneities in the mean density  d istribution of chrom o
spheric m a tte r over the disc. .Since, for hydrogen, the in tensity  of 
recom bination radiation is proportional to ne-. even small oscillations in 
this mean density  will have a considerable effect on the d istribu tion  of 
the in tensity  of radiation*. Hence, if the d istribution of m atter near the 
spot is vortical, the radiation field will be so too. On the other hand, the 
variations in the in tensity  in the K 2 anti H2 lines over the disc depend 
m uch less on variations in the density  of m a tte r; they  arc chiefly affected 
by changes in the electron tem peratu re T e (see formula (21.20)). Hence 
it will not be easy here to detect the vortical structure.

The fact th a t in the undisturbed regions of the Sun the recom bination 
process (w hatever the value of Te) is responsible quantitatively for the 
observed radiation can be proved by direct calculations [103]. F urther
more, it can be shown th a t the observed radiation in the central p a rt of 
the Fraunhofer line H a originates in the lower layers of the chromosphere.

Let us now turn  to those regions of the Sun’s surface where bright 
floccular radiation is observed. The m ost im portant difference here be t
ween calcium and hydrogen spectroheliogram s is th a t the area occupied 
bv calcium flocculi is much greater than  th a t occupied by hydrogen 
flocculi. This is undoubtedly due to the “easier” excitation of chromo
spheric calcium. We have seen th a t a quite small increase of the tem pera
ture  Te in the chromosphere, to 6000°, is enough to produce a eon-

* O f  c o u r s e ,  t h o  v a r i a t i o n s  in  t h e  d e g r e e  o f  i o n i s a t i o n  o f  h y d r o g e n  m u s t  b e  
o f  s o m e  i m p o r t a n c e  a l s o .
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siderable am ount of radiation in the H and lv lines. On the o ther hand, 
such a tem perature would be entirely inadequate to excite hydrogen 
or to ionise it to any noticeable extent.

The problem of the mechanism which produces the radiation of solar 
regions where bright floccular radiation is observed in H , (and, of 
course, in H  and K of Ca IT) is not yet resolved. It seems quite evident, 
however, th a t, in the regions of the Sun’s disc where bright hydrogen 
flocculi are observed, the kinetic tem perature of the chromosphere m ust 
be fairly high, or else some very efficient ionisation mechanism m ust be 
in operation. It m ust be remembered th a t both the ionisation potential 
and the excitation potential from the ground level are quite high for 
hydrogen atom s. F or this reason, we should expect th a t helium flocculi 
would resemble hydrogen ones in shape and size, and not calcium ones; 
as we have said, a relatively slight increase in Te is sufficient to form 
calcium flocculi.

These la tte r  considerations [101] regarding helium flocculi are fully 
confirmed by observation. According to the results of M. and L . d 'A z a m - 
b u j a ,  there is a very close sim ilarity in the appearance of spcctrohelio- 
grams taken  in the line X 10,S30 A of H e I  and in the H a line, the only 
difference being th a t the flocculi are bright in H a and dark  in X 10.S30 A.

However, A. A. N i k i t i n  [115] has shown th a t the appearance of this 
helium absorption line /  10,S30 A in the spectrum  of d isturbed regions 
of the Sun’s disc can be explained by supposing th a t it is form ed on 
account of an accum ulation of helium atom s in the 23S state , as a 
result of recom binations to all the trip le t levels.

The exact correspondence between hydrogen and helium flocculi 
shows, inter alia, th a t the s ta te  of excitation and ionisation in regions 
where there is bright floccular radiation m ust be fairly high — higher 
than  would correspond to a tem perature of Te =  7500°. The la tte r 
tem perature would be quite inadequate to bring about any  noticeable 
ionisation of helium.

On the o ther hand, the excitation sta te  cannot be very  high, since 
we should then notice the bright line X 5870 of H e I.

Let us now tu rn  to the last question, th a t of the origin of the increased 
kinetic tem perature in flocculi and of the anomalous ionisation of 
hydrogen and helium. I t m ight be supposed th a t these phenom ena are 
related to the anom alously strong coronal radiation above the faculae 
(and flocculi). The anom alously strong ultra-violet radiation of the 
corona ionises the chromospheric hydrogen, and this in tu rn  leads to 
a raising of the kinetic tem perature of the electrons. However, we m ust 
bear in mind th a t the faculae lying beneath the flocculi are physically 
connected with them, and the above “ u ltra-v io let” theory cannot be 
regarded as corresponding to reality  in the case of the faculae, since 

04*
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the optical thickness of the la tte r  is very large in the ultra-violet region 
of the  spectrum . Furtherm ore, this mechanism cannot easily explain the 
fact th a t the regions of the corona where the in tensity  of m onochrom atic 
coronal radiation is enhanced usually occupy positions on the Sun of 
quite large vertical and la teral ex ten t. Hence we should expect th a t the 
area occupied by (e. g.) helium and hydrogen flocculi would be even 
greater th an  th a t occupied by calcium flocculi. This is completely 
contradictory to observation. The regions which arc bright in H a and 
correspondingly dark  in X 10,830 A of He I  often take the form of narrow 
curved strips or separate points; in some cases, the bright radiation in 
H a follows the arm s of vortices, and so on.

C ontrary to the above hypothesis, it m ay be assumed th a t the 
anom alous conditions in flocculi, the anomalous tem perature gradient 
in faculae (where there is neither radiative nor convective equilibrium), 
and the anom alous ionisation of Ca II  and of other elements in faculae, 
are all the result of the existence of very ho t coronal m a tte r in these 
regions, which is found alongside the low -tem perature m aterial of the 
chromosphere. The effect of the coronal m a tte r on this la tte r  m aterial 
should appear most strongly for high excitation and ionisation energies, 
and this is in fact the case. Such a coexistence of two different “ phases” 
of m a tte r is observed, for instance, in prominences (see Chapter 20). This 
hypothesis is in accordance with the fact th a t the m onochrom atic 
radiation of the corona is especially strong directly  above facular regions.

8. Chromospheric flares. To conclude the present chapter, we shall 
briefly discuss the subject of chromospheric flares. A chromospheric 
flare is a sudden increase in the brightness of an individual region of 
the solar surface, which is most frequently observed in the H a line, bu t 
appears also in some other lines of the solar spectrum , for exam ple, in 
the lines of H e I, Ca II , Fe I, Fe II , Si II, Ti II , Sr II , Sc II , the  D, 
and D 2 lines of N a I, etc. The D3 line of H e I is sometimes observed 
in absorption also. Very rarely, an intensification of the continuous 
spectrum  also is observed in the region of a flare.

Flares m ost frequently  appear in the  region occupied by bright 
flocculi, and, as a rule, near sunspots. Sometimes, though very rarely, 
they  appear in a region where no o ther feature was previously seen. The 
area occupied by a flare varies in different cases, sometimes reaching 
0-005 of the surface of the Sun’s disc.

Flares, if observed a t the limb of the disc, are similar in appearance 
to low bu t very bright prominences. The m a tte r in these “ prominences” 
m ay lie cither inside or outside the chromosphere. In  some cases the 
flares are situa ted  even deeper, in the photosphere (F. E l i .e r m a n ).  These 
flares appear in the form of emission in the wings only of the H a line. The
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bright emission in  the central p arts  of the line, where the absorption 
coefficient is large, is in this case stopped by the higher-lying atom s of 
the “ reversing layer” .

The observed area of a chromospheric flare lying a t some distance 
from the centre of the disc is composed of two parts. The first p a rt is 
the projection of the “ lateral surface” of the flare, while the o ther is the 
projection of the “ to p ” of the  flare. An analysis of m easured areas of 
flares observed a t various distances from the centre of the disc [ISO] 
gives a law of the form e~%h, w ith or1 =  20.300 km, for the d istribu 
tion of the  altitudes of flares.

The cinem atography of flares a t the Sun’s limb shows th a t they  
have a very g reat varie ty  of forms. Some characteristic instances have 
been described by H . W. D o d s o n  and R. R . M c M a t i i  [37], and also by 
A. B. S e v e r n y !  [131].

The brightness of a flare in usually increases rapidly and then 
decreases more slowly. An investigation of the developm ent of chromo
spheric flares by A. B. S e v e r n y !  and E. F .  S h a p o s h n i k o v a  [135], 
using cinem atography in H„, shows th a t flares, including small ones, 
appear on the average a t the ra te  of one every 7 hours during the lifetime 
of a spot group, even during years of m edium  activ ity  (1951 to 1953). More 
th an  30%  of all flares are seen to be in m otion (in a “sideways” or 
horizontal direction), in the same m anner as sunspot prominences (with 
velocities of up to 300 km /scc); the rem ainder show a more or less 
sim ultaneous expansion of the ir area in all directions. As a rule, the 
brightness of a flare increases together w ith its area, and the more rapid 
the expansion, the greater the m axim um  brightness reached. The 
“ lifetim e” of a flare (the half-width of the brightness curve) is the greater, 
the greater the area of the flare.

A num ber of investigators have also established th a t the brightness 
of a flare and the  width of the  H a line vary  in a correlated manner.

The contour of the H j line in the spectrum  of a flare is shown in 
Fig. 51. This figure represents a flare of m oderate brightness. In  the 
case of intense flares, the  brightness of the central peak m ay exceed th a t 
of the adjoining continuous spectrum  by a  factor of 1-5, or sometimes 2.

The study  of the spectra of flares has shown th a t the bright centre 
in the H , and other lines is not, as a rule, displaced relative to the 
normal position of the lines concerned. In  o ther words, the luminous 
m a tte r  in a flare has no appreciable velocity in the line of sight. I t  is 
possible th a t in some cases a motion of the m atter above the photosphere 
takes place in the earliest period of the existence of the  flare, but the 
brevity  of this period causes great observational difficulties*.

* O n e  s u c h  e a s e  is  d e s c r i b e d  b v  D o d s o n  a n d  M c M a t i i  [ 3 7 ] .
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A prominence (or several prominences) is usually ejected from the 
region occupied by a fairly bright flare, and this prominence belongs 
to the surge class. The m a tter, having been ejected, moves upw ards 
with high velocity to a certain height, and then  returns downwards 
along the same trajectory . In  projection on the disc, this m a tte r is 
visible in H a light as a dark spot on the brighter background of the disc. 
The ejection of m a tte r is, however, sometimes not followed by its return .

The appearance of a chromospheric flare on the Sun is accompanied 
by bursts of radio emission from the  region of the flare. A stud}- of this 
radio emission a t decim etre and m etre wavelengths has revealed a 
num ber of interesting features [JIG]. Moreover, motions of the radio 
source from the flare out into the corona have been discovered. I t  is 
no t yet certain w hether this m otion is related to the surge prominence.

B right chromospheric flares arc usually accom panied by a sharp 
deterioration in the  reception of short radio waves. Moreover, if the 
flare is in the central p a rt of the Sun’s disc (not more than  45° from 
th e  centre of the  disc), and if it is sufficiently bright, then a pertu rba tion  
of the E a r th ’s magnetic field and interference with radio communication 
are observed about 24 hours afte r the appearance of the flare.

Finally, it should be 
m entioned th a t chrom o
spheric flares are some
times accompanied by 
an increase in the in ten 
sity  of cosmic rays.

A fter these short 
in troductory  rem arks, 
let us consider some pro
blems of the physics of 
chromospheric flares.Wc 
first discuss the  lines of 
the  Balm er series in the 
spectra of flares. Obser
vations show th a t, in the 
spectra of fairly intense 
flares, practically all the 
lines of the Balm er series 
exhibit bright centres. 
This is m ost m arkedly 

apparen t in the H a line. For very intense flares, this reversal in Tl3 extends 
over a large wavelength range, so th a t the to ta l w idth of the “ wings” of 
the reversal m ay reach IfiA . Fig. 58(a) shows the emission contour of 
the H a line for the large chromospheric flare of 5 A ugust 1941), obtained
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b y  A. B. S e v e r n y !  and E .  It. M u s t e l '  from spectra taken by them 
at the Crimean Astrophysical O bservatory. This contour (the red wing) 
was obtained by subtracting the intensity of radiation in the H a line 
in the spectrum  of the undisturbed parts  of the solar surface from 
the in tensity  observed in the flare. (This contour gives only the “ ex tra” 
radiation due to  the flare. In a theoretical analysis, we have to  s ta rt 
from the contour actually observed and apply formula (21.32).) We see 
th a t the wings of the H* line in emission extend to 0 or 7 A from the 
centre of the line. The H^, H y, . . . lines in the spectra of flares are 
considerably narrower. Fig. 58(b) shows the contours of the II£ and Jrl2 
emission lines in the spectrum  of the same flare. The half-width of H c 
is here only about 2 or 3 A. The le tter (H) marks the radiation in the H 
line due to the surge prominence ejected from the flare.

Two main questions arise regarding these results: firstly, what 
brings about so great a broadening of the H., emission line in flares, 
and secondly, why the H^, H y, . . . emission lines arc narrower than 
the H a line. E. R. M u s t e l '  and A. B. S e v e r n y !  [ I l l ]  have shown th a t 
the wings of the H., emission line arc due to ordinary processes of 
radiation dam ping, whereas the broadening of the H„, H a. H c, . . . lines 
is caused by the Doppler and S tark  effects. This hypothesis explains 
the contours of all these lines in the  spectrum  of the flare (apart from 
the centres of the H y, H a and 1I£ lines, where the hypothesis th a t P v 
is constan t with depth involves considerable errors). I t  was necessary 
here to  take account of self-absorption in the  central parts of the lines; 
it is particularly  strong for the H a line.

The theoretical contours were calculated from formula (21.31a).* 
In  the ease of dam ping and the D oppler effect (for H J ,  the coefficient s,, 
is determ ined by formula (11.39), in which the quan tity  Avn enters 
as a param eter.

On the other hand, for the H y, H a and H c lines the value of s,, 
is determ ined by the sim ultaneous action of the Doppler and S tark 
effects.f Thus, wc have to account for all the emission contours of 
H 3, Hy,, H y, H a, H £, . . . by choosing three param eters: AT,, ve and AvD, 
where A 2 is the num ber of hydrogen atom s in the second excitation 
s ta te  above 1 cm2 of the base of the  flare. For the flare of 5 August 1949 
it was found th a t for the brightest p arts  AT2 =  1-3 X  1010, ne 3 X  1012, 
and A v,} corresponded to a tem perature T  zz 11,000°.

The above-m entioned conclusion th a t the broad wings of the H a line 
in the spectra of chromospheric flares arc caused by radiation damping, 
and th a t the optical thickness of flares in the central parts  of this line

* It would be more correct to start from formula (21.32a), but no great error 
arises in the numerical results through not doing so.

1 Kor a table of values of sv for the lines Ha to H ,̂ see S. Veiiwkv [171].
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m ust be very large, has been confirmed by recent work by L. G o l d r e r g , 
H . W. D o d s o n  and E. A. M u l l e r  [14]. Furtherm ore, these authors find 
th a t the increase, derived from observation, in the w idth of the emission 
line H a w ith distance from the  centre of the Sun’s disc indicates tha t, 
when the flare is a t the limb, the  optical pa th  in it is large (i. e. the 
num ber of atom s in the line of sight is large). This means th a t  the height 
of a flare is usually less th an  its linear dimensions in the “horizontal” 
directions.

Knowing the  absolute in tensity  of radiation in the H a, H^, . . . lines, 
we can also determ ine N 3, iV4, . . .  i. e. the  num ber of em itting atom s 
in the respective quantum  states. L et us consider, as an exam ple, the 
H a line.

According to (20.1), th e  in tegrated  in tensity  in the H a line is d e te r
mined by

/ 23 =  N 3 A 32 hv23j4 7i , (21.33)

where self-absorption is supposed absent. I f  the  emission (and absorption) 
processes are determ ined by rad iation  dam ping and the D oppler effect, 
the law which gives the frequency distribu tion  of the  em itted  energy 1^  
is given by form ula (11.39). According to w hat we have said concerning 
this formula, the  required law for the ease a 1 has the form

where

4>(v) =
1

i n A v n
■ -(Jr/Jrp)*
e + *ik Av  

y  n (v—
1)
r0)

oo
f  <f>(v) dv =  1 . 
'o

(21.34)

(21.35)

Thus the  value of /„  for any frequency v is, for transitions 3 -*■ 2,

/ ,  =
^3 ^32 hv13 
4 n 3 2̂ A r  „

— ( J r  J r / ; ) '
e , «23 A VD

^  y *  (»— ■v0r- (21.36)

For the extrem e wings, the  first te rm  is negligible. In  this ease, /„  has 
the form

3 ^ 30 j3
4 .I2

u 23

(»’ — ’ ’o ) 2
(21.37)

Conscquenthr, having found l v in the wings from observation, we can 
determ ine N 3 also. For the  flare of 5 A ugust 1949, the value so found 
was Ar3 ss 3 X 1011, which is two or three orders of m agnitude greater 
th an  for the ordinary chromosphere.
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A comparison of the energy radiated  in the H a line in the flare and 
in the  chromosphere shows th a t the increase in this energy in the  flare 
is a direct consequence of the increase in ne, which by (21.21) brings 
about an  increase in the num ber of recom bination processes. Thus, in 
a flare wc arc concerned simply with an increased ionisation of hydrogen.

Since the value of Ar2 is very large in bright flares, these radiate 
a very great am ount of energy in the  Lym an a  line. I t  is possible th a t 
this energy is sufficient to  bring about the  observed changes in the 
s ta te  of th e  E a r th ’s ionosphere. However, there are difficulties to be 
m et here, since, according to the m ost recent results, the solar radiation 
in the  Lym an a  line, in its pa th  to  the D layer, is strongly absorbed 
by the  higher layers of the E a r th ’s atmosphere.

The great w idth and intensity  of the Lym an a  line m ight explain 
the ejection of hydrogen atom s from flares (with velocities of up to 
1000 or 3000 km/sec) under the action of radiation pressure. The existence 
of such currents of hydrogen atom s above flares follows, for instance, 
from the observed asym m etry in the emission contour of the  H a line 
in flares (M. A. E l l i s o n  [10]). Moreover, the  existence of these currents 
should be expected on account of the occurrence of geomagnetic 
disturbances of a corpuscular nature , observed approxim ately 24 hours 
after the  appearance of a bright cliromospheric flare on the Sun. However, 
the idea of radiation pressure m eets w ith serious difficulties, since the 
hydrogen atom s, in the ir m otion aw ay from the Sun, should be ionised 
by the Sun’s coronal radiation, which would considerably reduce the 
radiation pressure.

Wc have here discussed the emission line spectrum  of hydrogen in 
flares. I t  is found th a t the contours of the H  and K  emission lines of 
ionised calcium in flare spectra can also be in terpreted  as the result 
of D oppler broadening and radiation dam ping [131]. For the flare of 
13 Ju n e  1950, the following param eters were obtained from a comparison 
o f theory  and observation: ATj(Ca II)  =  7-2 X 10lfi cm"'2; for the H  line, 
N„ =  0-64 x  1014 cm-2 ; for the Iv line, N z =  1-25 X 1014 cm-2, where 
AL gives the num ber of atom s in the  second excited sta te  of Ca IT. For 
the same flare it was found th a t the tu rbu len t velocity vt apparently  
could not exceed 7 to  10 km/sec.

The energy rad ia ted  by a flare in the u ltra-violet region of the 
spectrum  m ay ionise atom s in the reversing layer. This has been directly 
confirmed by the  results of E. R. M u s t e l ’ and A. B. S e v e r n v l [110].

We m ay make some rem arks concerning the origin of the continuous 
spectrum  observed in some of the brightest chromospheric flares. 
I. M. G o r d o n  [49] thinks th a t here wc arc concerned with the radiation 
of relativistic electrons in magnetic fields, the presence of which near 
chromospheric flares he postulates. However, there arc more natural
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ways in which this phenom enon could be explained [ 10S |. F irstly, this 
continuous emission may be due to recombination.s. Calculation shows 
th a t, for very bright chromospheric flares, this mechanism may he 
sufficiently effective. Secondly, and more probably, the continuous 
radiation might be formed when the lower parts  of the flare are in the 
photosphere. We have seen tha t chromospheric flares are situated  at 
very different levels. It is therefore quite natura l to suppose tha t some 
very bright flares occupy a fairly wide range of altitudes, including the 
photospheric layers. In  this case an increase in the tem perature of the 
photosphere by 150° or 200° would be sufficient to give the observed 
in tensity  of continuous radiation. This increase may be caused by the 
transfer of therm al energy from the flare to the neighbouring parts  of 
the photosphere.

The question of the  origin of flares is still unresolved. However, 
two possibilities may be m entioned: (1) a flare is a kind of electric 
discharge in the chromosphere, which results in an increase both in 
the electron tem perature and in the ionisation of hydrogen; (2) a flare 
is a sudden transfer of coronal m a tte r from the lower layers into the 
chromosphere and an increased ionisation of the chromosphere in the 
neighbourhood of the flare (the same is true of flocculi). I t  is as yet 
difficult to  say which of these two hypotheses corresponds more closely 
to reality. F u rth er investigations are necessary before we can do so.

Chapter 22. The corona and the radio emission
of the Sun

1. General description and spectra. The outerm ost and most extensive 
part- of the Sun’s atm osphere, the corona, could for a long time be 
observed only during a to ta l eclipse. This was due to the fact th a t the 
surface brightness of the corona is about a million times less than  th a t 
of the photosphere. In  photographs, the corona has a complex structure. 
I t was shown by A. P. G a n s k i i  th a t the shape of the corona depends 
on the phase in the cycle of solar activ ity : a t maxim um , the corona 
surrounds the Sun’s disc nearly uniformly, while a t  m inimum it is 
m arkedly flattened at the poles. The to tal brightness of the corona, 
according to V. B. N i k o n o v  and E. K. N i k o n o v a  [11(5], also varies 
with the phase. The corona is characterised by a ray structu re : there 
are polar rays, which are similar in form to the lines of force near a 
m agnetised sphere, intense straight rays above faculae, based on chromo
spheric spicules, and rays above spots, which diverge at their base 
towards the sides of the spot and approach again a t g reater heights. 
Prominences are usually surrounded by a system of cupola-like envelopes.
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above which rise holme!-shaped rays. These in tu rn  divide into jels, 
between which then* is more rarefied m atter. The structure of the 
corona has been investigated in detail by Soviet scientists [25, 171],

The colour of the corona is in general close to th a t of the Sun, although 
G. A. T i k i i o v  has discovered th a t the outer parts  of the corona (other 
than  the rays) are slightly" reddened in comparison with the photosphere.

The spectrum  of the inner parts  of the corona is a continuous one, 
on.w hich bright lines are superposed; 24 coronal lines are a t present 
know'll. The distribution of energy7 in the continuous spectrum  of the 
corona is very similar to th a t in the continuous spectrum  of the Sun. 
Among the bright lines, the green line ?. =  5303 A, and in some regions 
the red line ). — 6374 A, are particularly  noticeable. These lines are 
so bright th a t B .  L y o t  in 1930 succeeded, by selecting them , in observing 
the  inner parts  of the corona outside eclipse. During the observations, 
careful steps were taken to diminish the scattered light of the Sun in 
the  instrum ent, the coronagraph itself being located on a m ountain 
top to minimise the trouble due to light scattered in the atmosphere.

Observations outside eclipse have shown th a t the green and red 
lines are strong in individual regions of the corona, which are called 
green regions and red regions, and are concentrated round the active 
regions of the Sun, their connection w ith spots and other objects on 
the surface of the Sun being well defined. A t fairly high la titudes 
(<f> >  60°) the green line is seldom observed, and a t the poles the red 
line vanishes also.

In  the outer parts of the corona (at distances of 0-2 to 0-3 Rq  from 
the Sun’s surface) the emission lines become fain t in comparison with 
the  continuous spectrum , and absorption lines appear, which have ap 
proximately7 the same w idth as in the Sun’s spectrum , but are much 
less deep. I t  has been found empirically th a t the spectrum  of the corona 
can be regarded as a supeqm sition of two spectra: a Fraunhofer compo
nent, in which the absorption lines have the same depth as in the Sun’s 
spectrum , and a non-Fraunhofer component, in which there arc no 
absorption lines a t all.

The energy distribution in the non-Fraunhofer com ponent of the 
spectrum  is close to  tha t in the continuous spectrum  of the Sun, but 
exhibits some dim inution in intensity7 in the violet region of the spectrum . 
'The radiation of the corona is partly7 polarised. At the present time it 
is regarded as established with certain ty  th a t the non-Fraunhofer rad ia
tion o f the corona is due to the scattering of the light of the photosphere 
by free electrons. It is known th a t a free electron scatters in a given 
direction a fraction d.?e of the radiation incident on it:

d-v, 2m*c4 (1 +  COS'  d<W ' ( 22 . 1)
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The to ta l effective cross-seelion, or scattering coefficient, is

'jp* \ 2 
m c2 / ’ ( 22 . 2 )

so th a t se is independent of th e  wavelength. The scattered light is 
completely polarised if the angle by which the  quantum  deviates from 
its original direction (the scattering .angle) 0 =  90°, and is unpolarised 
if 0 =  0° or 180°. For other values of 0, th e  scattered  light is partly  
polarised. As we move away from the  surface of the Sun, 0 approaches 
90°, and the  polarisation of the  non-Fraunhofer com ponent increases.

The corona is composed of ionised gases, which are as a whole neutral, 
since no considerable volume charge can exist, on account of the high 
conductivity of the Sun’s atm osphere. The negative charges of the 
electrons exactly balance the  positive charges of the ions, which are 
chiefly protons, since th e  atm osphere of the Sun consists m ainly of 
hydrogen. We shall discuss below the chemical composition of the corona.

The absence of absorption lines in the spectrum  of the inner corona 
is explained by the  obliteration due to  the large D oppler broadening 
when light is scattered  by fast-m oving electrons.

Each election scatters radiation non-selectively if it is stationary  
relative to  the source (the Sun) and to the observer. I f  the electron 
is in motion, th e  frequency of th e  scattered  light will differ from th a t 
of the  incident radiation by a quan tity  determ ined by the velocity 
of th e  electron relative to the Sun and to  the  observer. The velocity 
corresponding to the boundary tem peratu re of the  Sun, i. e. 5000°, is 
sufficient to  obliterate faint lines, bu t G. A. S i i a I n  [142] has shown 
th a t in the inner corona no traces are observed even of the very strong H  
and K  lines of C a l i .  I t  is easily calculated th a t  an electron velocity 
dispersion corresponding to  a kinetic tem perature of over 500,000° is 
necessary to  produce this am ount of obliteration.

The Fraunhofer com ponent of the radiation of the corona is due 
to the scattering of the Sun’s radiation by small solid dust particles, which 
move in in terp lanetary  space (H. C. v a n  d e  H u l s t ,  C. W. A l l e n ) .  The 
scattering of the Sun’s radiation by these particles causes the zodiacal 
light. In  the im m ediate neighbourhood of the Sun, these particles would 
vaporise and they cannot exist there. N evertheless, an increase in the 
brightness of the Fraunhofer com ponent tow ards the Sun is observed 
(in the inner corona, the Fraunhofer com ponent is not observed, despite 
its greater brightness, since the brightness of the electron com ponent 
increases there to a still g reater extent), and this is explained by the 
particular nature of the scattering. The indicatrix of scattering has a 
sharp maximum in the direction of the light incident on the dust particle, 
and hence we see light scattered  by particles lying between the Sun
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and the E arth . In  order to  “see” particles lying a t a large angular 
distance from the Sun, we should have to detect light scattered  through 
a large angle, and the effective cross-section for this kind of scattering 
is very small.

Such a theory gives a good explanation of the observed properties 
of the F raunhofer com ponent of the radiation of the corona, namely, 
the brightness’ being independent of the position angle, the slow 
decrease in brightness with distance, the slight reddening compared with 
the colour of the Sun. and the absence of polarisation, and it is generally 
accepted a t the present time. Thus only the non-Fraunhofer component 
is em itted by the corona itself, and in w hat follows we shall discuss only 
this component.

2. The electron concentration. I t  is natural to ask how the concen
tra tio n  of the electrons which give the observed brightness of the conti
nuous spectrum  of the corona can be determ ined. U nfortunately, there 
are few observations of the corona which are suitable for photom etric 
reduction. S. B a u m b a c h  has studied photom etric d a ta  from ten  eclipses, 
and has obtained the brightness d istribu tion  in the  corona (including 
the  F raunhofer component), averaged over all the observations and 
over position angles, as a function of q, the  distance from the centre 
of th e  disc in term s of the Sun’s radius. This d istribution is represented 
by the empirical formula

1(q) =
00532 

„5/2 +
1-425 

t?7 +
2-565 (22.3)

The unit of I  (n) is a m illionth p a r t of the brightness of the  centre 
of the Sun’s disc. Since the energy distribution in the continuous spectra 
of the Sun and of the corona is very similar, the relation (22.3) holds 
for all frequencies in the visible region of the spectrum . The brightness 
of the corona depends very noticeably on the phase in the solar activity  
cycle and on the position angle, and hence (22.3) gives only an approxi
m ate m ean value of I  (q).

The surface brightness (intensity) I { q) and the  emission coefficient* 
j(r) are related  by the integral equation

OO

I ( q) =  /  > (22-4)

if the corona is assumed to  be spherically symmetrical and scattering 
is isotropic (i. e. we neglect the dependence of ds*4 on 0). Solving the

* j{r) is referred, not to 1 cm3 as usual, but to a column oriented along tho y 
axis, of length IIg  and cross-section 1 cm2.
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integral equation (22.4) in the .same m anner as (21.6), bu t taking into 
account the g reater ex ten t of the corona, we find for j ( r ) the expression

4
. 00304 , 1-452 . 4-157

=  r7,2 +  r 8 +  .18 • (22.5)

On the o ther hand, j{r)  can be w ritten in the form

){>’) =  *e Rq  M r)
/ q  (lco 

4 71
( 22 . 6)

The factor E q  (the radius of the Sun in centim etres) appears on the 
right-hand side because we have used the Sun’s radius as the un it of 
length of d y  in (22.4). The integration m ust be over <f> from 0 to 2 n, 
and over the second spherical co-ordinate yi from 0 to rp0, where ip0 is 
half the angle subtended by the Sun a t a point P  d is tan t r from its 
centre. The expression (4.34), which takes account of the darkening to 
the limb of the Sun’s disc:

/©  =  V O ”  w + « c ° s 0 ) ,  (22.7)

is taken  for the in tensity  of the incident radiation / g .  A fter a scries of 
calculations, B a u m r a c i i  found the following formula for ve{r):

Mr) =
0-0304

i
1-45 4 16

T  .1 T  _ i i

If $ne' ) I o I 
U ( D  3m2c* 3 ' ©  \ ( i _ M) ( i - | / [1- ; , | ) + k u  [ i - r  ( i - 1, ) iogf ] / ( ; + ;

(22.S)

which, pu tting  u =  0-S (for the photographic region of the spectrum ), 
he replaced by the simpler interpolation formula

M r )  =  108
0-036 1-55 2-99

r 3 /2  * r 6 1 r l8 (22.9)

We see th a t the density  in the corona decreases very slowly with distance.
B a u m h a c h ’s  data  have been subjected to a series of corrections. 

H .  C. v a n  D E  " H u l s t  has excluded the F raunhofer com ponent, which 
does not belong to  the corona, from the total brightness of the corona, 
and has calculated ve(r) with the new value of 1 (o). In  the outer corona, 
the difference between his results and the previous ones is quite con
siderable.

A. F. B o g o r o d s k i i  and X. A. Iv i i i n k u l o v a  [23] have carried out 
a calculation of »,(?), taking into account the fact th a t dse depends on 6. 
The calculation presents great m athem atical difficulties, and we shall 
not explain it in detail.
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An elem ent of the corona of volume 1 cm 3 at the point P (Fig. 59), 
which receives radiation 7q dto from an elem ent d»S' of the photosphere, 
scatters into un it solid angle in the direction of the observer an am ount 
of energy

2 ^ C4 n e  ir) (1 +  cos2 0) ^  . (22.10)

The to ta l am ount of energy scattered by unit volume of the corona 
into un it solid angle in the direction of the observer is obtained by 
in teg ra tion :

i(r) =  ne(r) ltQ [  I q  (1 + c o s 30) J "  , (22.11)

where the integration is over the solid angle subtended by the Sun a t
the  given point in the corona. 
This equation is similar to (22.6). 
Using (22.4), and solving com
plicated integral equat ions, these 
authors have found the values 
of ne (r) given in the second co
lum n of Table 15. These results 
differ from those of v a n  d e  

H u l s t ,  ne being up to 30 % 
greater. However, these values 
also arc a very rough approxi
m ation, since in reality  the 
density of the corona varies with 
time and w ith position angle.

Table 15

1 Corona with Minimum corona
r * spherically symmetric 

density distribution corona equatorial polar

100 519 x 106 403 X 106 227 X 10s 174 x 10°
103 31G 178 127
1-06 235 132 87-2
1-1 15G 1G0 900 53-2
1-2 74 70-8 39 S 16-3
1-3 41-4 37-6 21-2 5-98
l-r. 18-3 14-8 8-3 1-41
1-7 8-8 7-11 4-0 0-542
20 3-3G 2-81 1-58 0-19G
26 0-73 0-GG5 0-374 0-040
3 0 0-313 0-176 0-017
4-0 0090 0-050 0004



Chapter 22. The corona and the radio emission of the Sun3 S 4

V a n  d e  H u l s t .  using the  work of V. B. N i k o n o v  on the variation 
of the to tal brightness of the eorona, has a ttem p ted  to avoid such 
approxim ations. H e considers separately the eorona a t m axim um  and 
minimum , taking the ratio  of their to tal brightnesses as 1-84. H e assumes 
the m axim um  eorona to  be spherically sym m etrical, and the minimum 
corona to consist of an equatorial p a rt, occupying 0-7 of the limb, and 
polar parts.

A fter a critical discussion of B a u m i i a c h ’s  original data , and using 
the ratio  of the brightnesses of the  equatorial and polar parts  of the 
eorona obtained a t the 1 9 2 3  eclipse, v a n '  d e  H u l s t  derived from these 
d a ta  the  brightness of the  m axim um  eorona and of the equatorial p a rt 
of the m inim um  eorona. The F raunhofer com ponent of the radiation 
was excluded, and  from m easurem ents of photographs of the 1 9 0 0  

eclipse he obtained the law of decrease of the density with n for the 
polar region.

From  all these results v a n  d e  H u l s t  ealeulated ne (r) for the m axi
m um  eorona and for the equatorial and polar p arts  of the minimum 
corona. The dependence of se on 0 was taken  into account in the calcu
lations. The results are given in the th ird , fourth  and fifth columns of 
Table 15.

The system atic difference between the results of A. F . B o g o h o d s k i I  

and N .  A. K j i i n k u l o v a  and those of v a n '  d e  H u l s t  is apparently  
explained by the  fact th a t v a n '  d e  H u l s t , being unaware of the la test 
observations by the N i k o n o v s , which gave a very low value for the 
to ta l brightness of the m inim um  eorona in 1945, took too small a value 
for the ratio of the brightnesses of the  m axim um  and minimum eorona. 
Moreover, v a n  d e  H u l s t  did not use the observations of 1940, when the 
brightness of the eorona was much greater th an  the mean brightness of 
the minimum eorona which he took. Besides ne, v a n  d e  H u l s t  calculated 
the  degree of polarisation of the eorona a t m axim um  and minimum, as 
a  function of n. A comparison with observation shows an agreem ent in 
the form of the function; quan tita tive  discrepancies are apparently  
explained by the reasons m entioned above.

The anomalous ex ten t of the  eorona was for long unexplained. I f  th e  
corona were in hydrostatic  equilibrium  at the boundary tem perature of 
the Sun, its ex ten t would be some hundreds of kilom etres. In  1947 
H . A l f v e n , assuming th a t the eorona is in fact in hydrostatic equilibrium  
(as was la te r confirmed by a num ber of investigations), calculated the 
tem perature T k from the  observed densitj^ distribution, assuming the 
eorona to  consist of ionised hydrogen. H e obtained for rl 'k a value of 
about 1,000,000°, the tem perature falling slowly with distance in the 
ou te r eorona. H is considerations are brief!}' as follows.
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The condition of hydrostatic  equilibrium, w ithout taking account 
of radiation pressure, can be w ritten  in the form

dpjdr =  — g g .  (22.12)

Since the corona, on the  above hypothesis, consists only of hydrogen 
atom s, and these completely ionised, the to ta l num ber of particles in 
1 cm3 is 2 ne. H ence

p =  2 7te k T  , o =  ne rns  . (22.13)

From  these form ulae it is not difficult to determ ine the tem perature from 
the observed density  of the  corona. The result is not significantly changed 
when the  presence of o ther elements (helium, etc.) in the corona is taken 
into account.

3. The identification of coronal lines. For a long tim e the emission 
lines of th e  inner corona were ascribed to  a hypothetical clement called 
coroniuin. However, as M endeleev’s Table was filled up, a ttem pts 
were repeatedly m ade to identify these lines w ith lines of elements 
already known. In  1939 \V. G k otr ian  found th a t the  wave num bers 
of forbidden transitions between sub-levels of the ground states of Fe X 
and Fc X I were close to the wave num bers of two coronal lines. Later, 
B. E dlex carried out a large am ount of work on the identification of 
o ther coronal lines. H e obtained the spectra of highly ionised elements, 
lying in the far u ltra-violet region, in a spark discharge in a vacuum  
spectrograph. H aving determ ined the wavelengths of the perm itted  lines 
and constructed from them  a term  diagram , he determ ined from this 
the wavelengths of the forbidden transitions between close levels. By 
this means two more lines were identified with transitions of Ca X II  
and Ca X III. E di.kx did not succeed in obtaining experim entally the 
lines of more highly ionised elements, and resorted to  a theoretical 
ex trapolation of the splitting of m ultiplets in various isoelcctronic scries 
(i. e. series of ions with increasing atom ic num ber and degree of ionisa
tion, having the same num bers of electrons). By this means the term  
differences of highly ionised atom s were determ ined and compared with 
the observed wavelengths.

In  this way 19 lines out of 24 were identified with lines of highly 
ionised ions (the line 5094-4 was incorrectly identified, as has been 
shown by I. S. Shki.ovskiT; in the table it is listed as unidentified). 
A complete list of coronal lines and their identifications is given in 
Table 10.

Astrophysics



;iS() Chapter 22. The corona and the radio emission of the Sun

Table 16

Intensity
X Guo-

TIIIAX SlEAIX L y o t

Identification A  sec-1 E r ,k y.r

3328 1-0 Ca XII 2«2 2p' 48S 3-72 589
3388-1 16 Fe X I11 3,s2 3p2 l£>2—3P2 87 5-96 325
3454 1 2 3
3G01-0 2-1 Xi XVI 3s2 3 p  2P ,—2Pa 193 3-44 455
3642 9 Xi XIII 3s2 3 p *  3l \ IS 5-82 350
3800-8
3986-9 , ° '7 4-7 Fe XI 3s2 3p4 ‘D2—3P1 9-5 4-6S 261
4086-3 1-0 1-0 Ca XIII 2s2 2p i 3V1—3l \ 319 3-03 655
4231-4 1 20 3-5 Xi XII 3s2 3p5 21 \ — 2P, 237 2-93 318
4311

2 2

4359 A XIV 2s2 2p  2P3—2P l 108 2-84 682
4567 11

2 2

5116-0 4-3 2-2 Xi XIII 3s2 3p4 3P!—3P2 157 2-42 350
5302-9 100 100 100 Fe XIV 3s2 3p 2r 3—21\ 60 2-34 355
5446
5536 A X 2s2 2p6 2P jl—2P, 106 2-24 421
5694-4 1-2
6374-5 8-1 40-9 18 Fe X 3s2 3p6 2P l—2P, 69 1-94 233
6701-8

i
5-4 7-7 2-0 Xi XV 3s2 3p2 3P ,—3I>0 57 1-85 422

7059-6 2-2 Fe XV 3 s 3 p 3P2- 3P3 31-7 390
7891-9 13 Fe XI 3s2 3 p4 3I \—3P2 44 1-57 261
8024-2 0-5 Xi XV 3«2 3p2 3P2—3Pj 22 3-39 422

10,746-8 55 Fe XIII 3s2 3 p -  3Pj—3Po 14 1 15 325
10,798-0 35 Fe XIII 3s2 3p2 3P2—sPj 9-7 2-30 325

The second, th ird  and fourth columns of the table give the results 
of m easurem ents of the relative intensities of the  lines during eclipse 
(G kotiuax , G. A. S iia in  [M2]) and outside eclipse (B. L yot). The sixth 
column gives the transition  probabilities, the  seventh gives the excitation 
potential of the initial level (the line a t  70o9-G A is formed by transitions 
between sub-levels of the second state), and the eighth gives the ionisa
tion potential relative to the preceding ionisation state.

The following circum stance m ay serve as confirm ation of the correct
ness of E d l e x ’s identification. L yot divided the observed lines into 
groups such th a t lines in the same group exhibit a similar distribution 
along the limb of the Sun a t a given m om ent. Independently , G. A. S icaix
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[H I ]  divided the lines into groups according to their sim ultaneous 
strengthening or weakening in in tensity  during various eclipses. Despite 
the fact th a t the principle of the division into groups was completely 
different, the composition of the groups was approxim ately the  same. 
This means th a t the intensities of the lines depend on the physical 
conditions and not on the chemical composition, so th a t the lines of 
a single group, under the same physical conditions, behave in the same 
way. A comparison of these groups with Table IG shows th a t the ions 
of each group have nearly equal ionisation potentials, on which the degree 
of ionisation of the atom s and the behaviour of the lines depend.

W hy can forbidden lines be observed in the corona ? Their appearance 
requires, firstly, a low density of m atter (in order th a t the tim e interval 
between two successive collisions of the second kind for one ion should 
be greater than  the lifetime of an ion in the corresponding inetastable 
state) and, secondly, a low density  of radiation which transfers the atom s 
upwards from the m etastable level. The first condition is fulfilled in 
the corona, since the probabilities of forbidden transitions are relatively 
large. The second condition is fulfilled because the excitations of an ion 
from  a m etastablc level to higher non-m etastablc states require a large 
am ount of energy, of the order of tens of electron-volts, and the intensity  
of solar radiation is small in the far ultra-violet region.

W herein lies the  cause of such a high degree of ionisation ?

4. The ionisation of atoms in the corona. Tt m ay be regarded as now 
firmly established th a t the extrem ely high ionisation of the atom s in 
the corona is explained by the high kinetic tem perature, which reaches 
a million degrees. The absence of absorption lines in the spectrum  of 
the inner corona, and the small density  gradient, also indicate a high 
tem perature in the corona.

The emission lines in the corona have a half-w idth of about 0-f) A. 
Since the lines are forbidden (/II =  0), their natu ra l w idth dik is extrem ely 
small and need not be taken into account. The random  (apparently  
turbulen t) velocities of motion of the m a tte r in the corona do not exceed 
f> to  10 kin/sec and again cannot explain the observed half-w idths of 
the lines. Hence these can be accounted for only by therm al motions, 
and they correspond to  a tem perature of over 1,000,000°.

Finally, observations of the radio emission of the  Sun, which we 
shall discuss a t the end of this chapter, also indicate a high kinetic 
tem perature of the corona.

The vast difference bet ween the tem perature of solar radiation in the 
corona and its kinetic tem perature explains the m arked deviation of 
the corona from the s ta te  of therm odynam ic equilibrium  and the unusual 
ph ysical processes in it. The distribution of the atoms among the ionisa
tion and excitation states has to be obtained not from therm odynam ic
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formulae, bu t from  the condition for a steady  sta te  as regards the 
corresponding elem entary processes (the num bers of any two converse 
processes arc equal).

For hydrogen, which has only one ionisation sta te , the condition 
for a steady  sta te  has the form

^ p i  +  Z c i  —  •Zpr +  ^ c r  > (22.14)

where the values of the first th ree term s are given by equations (S.9), 
(8.18) and (8.2G). The num ber of triple collisions (Zcr) is small because 
of the low density  of the corona, and can be neglected. A comparison 
of the two term s on the left-hand side [their ratio  is given by (8.23)] 
shows th a t, under the conditions in the corona, Zci $■> Zp( if ywT exceeds 
7 or 8 eV.

Thus, in the  corona the ionisation by collisions is balanced by the 
recombinations with emission of a quantum; these processes are not 
converse ones, and consequently the  ionisation formula here cannot 
be Saha’s formula. In  particular, the concentration of free electrons ne 
does not appear in this formula, since both the  num ber of ionisations 
by electron collisions and the num ber of recom binations are proportional 
to ne. Moreover, the ionisation formula will be different for different atoms, 
since the natu re  and m agnitude of the  effective cross-sections qr%k (v) for 
ionisation by collisions depend on the  particu lar structu re  of the  atom . 
The ionisation of hydrogen and of m etals in the corona has been considered 
by I. S. S iik lo v s k ii.

Let us consider the ionisation of hydrogen. The cross-section for 
ionisation of a hydrogen atom  in the ground s ta te  by a fast electron 
(whose energy considerably exceeds the  ionisation potential) is known 
from quan tum  mechanics, and is

%iv) =
2 Tie* 

mt v- Xo 02S5 logc
2 mt v2 
0.04 xo (22.15)

Substitu ting  q0{v) in (8.IS), integrating by parts  and replacing 
I m,t vk2 by ;r0, we obtain

A- i n.
2 1

z 7i mt
kl' 0*285

Xo

“ "XO ( k T g  /  y
e loge 100 +  E x I *

(22.1G)

where the exponential integral E 1{xJhTe) is defined by (G.35); we do 
not take into account the ionisation from excited levels, since the excita
tion of hydrogen is small under the  conditions in the corona. The value 
of Z pr is determ ined by equation (S.2G), where by (5.55) and (5.24), is

{R , _  ?o,Jt1,2 h2 32 ji*r»K ,
(Pv)k u  ̂C3 m 2 v2 ch? t'3 kb y (22.17)
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H ere gQ k — 2 k'1, v is the frequency em itted  in the recom bination, which 
is rela ted  to th e  velocity v of the electron by (o.S), u1 =  1 for ionised 
hydrogen, and R — v1 (the frequency of the Lym an series limit) is given 
by the expression (5.25).

Substitu ting  all these values in (8.20), neglecting stim ulated  recom 
binations (c3n,,/S 7i h v3 1) and using the equation ^0 n =  x0/n 2,we obtain

£pr =  «« K T e

where

K

, c o

V \ (
71 = 1 ,L J

v  —  0
C O

£  c xJn‘kre
n  —  1

21 8 . I 2  e2 .

| 3 n me c3

e - ’» e  '-72 v HI. v-
d /o 4- ;2/2 kTc) a \w2 kTe ‘ 2 k

2 /c T J ,  (22.18)

„ =  3-2 x  10-G . (22.19)A3

For the  liigher term s of the series, stim ulated  recom binations cannot 
be neglected, bu t the value of the  sum is largely determ ined by the 
first term .

Substitu ting  (22.16) and (22.IS) in (22.14), and using (5.25) and the 
equation %0 =  h R, we find the ionisation form ula for hydrogen

Wl
n0

3 , .3.0-285 c3 A5 kTc c“ **/*T« logp 100 +  Et (z0/A-T£)
C O

X  ez' " ’ k T e  n~3 A’i ( y j n -  k T f )
or. me1

n — 1

( 22 . 20)

As we have already said, the  ionisation is independent of ne. For 
Tc =  625,000°, n j n 0 10r>; for Tc =■ 1,060,000°, n j n 0 ^  3 x  10°. If  
the ionisation were determ ined by Saha’s formula w ith T  — Tc, 
would be alm ost 10f’ tim es greater, and for T  — 5000° uJ iIq =  0-07.

F or an atom  w ith m any electrons, such as iron, the  conditions of 
ionisation equilibrium  take the form of a system  of equations, each of 
which expresses the  equality  of the num bers of elem entary processes 
which lead to  th e  appearance and disappearance of atom s in a given 
s ta te  of ionisation. In  these equations, as in (22.14), triple collisions can 
be neglected, as can photo-ionisation (for all ionisation states, besides 
the first) and ionisation from excited levels by collisions.

The effective cross-sections for ionisation by electron collisions appear 
in the equations. The problem is com plicated bv the fact th a t, for highly 
ionised atom s, the ionisation energy is greater th an  the mean therm al 
energy of an electron, so th a t the ionisation is effected m ainly by “ slow”
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electrons, and the exact values of the effective cross-section are unknown 
in this ease. We shall use the formula (derived from classical considera
tions)

(/ iv\ — 71 ,A 1 /•>•> OM
irK ' ~  .■ me v2 ■ me vl- +  y_r ’ {--------’

where v is the velocity of the colliding electron and tq th a t of the electron 
detached from the atom . In  our ease ' me e ,2 /r-  This form ula gives
about the same value for qr(v) as does the  approxim ate quantum - 
meehanieal formula, and roughly agrees with the experim ental results 
for helium.

For the num ber of recom binations, we take the expression

= »e n r- .! K  T ~ :1/'- X ez 'hKlH'kT‘ a - 3 E 1 (Z2 h IthE- k T c) , (22.22)

which is a generalisation of (22.IS) to the ease of a hvdrogen-like ion 
with nuclear charge Ze.  In reality, the ions we are considering are not 
hydrogen-like. In  this ease the  q uan tity  Zjv can be regarded as some 
effective charge acting on the outer electron. In  general, the .application 
of (22.22) to a non-hydrogen-like ion m ay lead to considerable errors. 
However, the m ajority  of the recom binations take place to excited levels. 
These are, in practice, hydrogen-like. A numerical solution of the system 
of equations of the steady  sta te  for Fe and Ni shows th a t to each value 
of T e there  corresponds a definite ionisation sta te  which is most often 
found.

A t T t =  600,000°, iron is chiefly in the sta te  Fe X, and at 
T e =  1,200,000° in the s ta te  Fe XIV*. Thus the “ red” and “ green” 
coronal regions correspond to the tem peratures m entioned. The fact th a t 
observation sometimes shows an intensification of both the red and the 
green lines a t the same point in the corona is explained by the fact th a t 
the line of sight passes successively through green and reel regions. 
O bservation shows th a t the regions of radiation from Xi X II I  and 
Ni XV largely coincide w ith those of radiation from Fe X II I  and 
Fe X IV  respectively. This is explained by the fact th a t the num bers 
of the  respective ions in the  given ionisation sta te  reach a maxim um  a t 
the same tem peratures.

5. The chemical composition of the corona. The corona is transparent 
to its own monochrom atic radiation, because the absorption coefficient 
for the forbidden lines is small, and the to tal optical thickness of the 
corona in these lines is m any orders of m agnitude less than  unity. Thus, 
from the intensities of the emission lines we can form an estim ate of the

* A. Werner has shown that a new value of the recombination coefficient 
for I'e XIV gives Te 2,000,000° for the green regions.
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total num ber of atom s which emit in a given line. Calculations relating 
to the chemical composition of the corona Mere first performed by 
I. S. S h k l o v sk iT.

Let I A (g) be the energy em itted by 1 cm2 of the projected corona in unit 
solid angle, integrated over the whole line. Observation usually gives 
the equivalent widths of the emission lines, referred to the neighbouring 
continuous spectrum  of the same part of the  corona, A a {q), i. e. the 
interval of the adjoining continuous spectrum  which contains the same 
am ount of energy as does the line. Knowing the intensity  distribution 
I (g) in the continuous spectrum , determ ined by (-2.3) (here it is unneces
sary to exclude the Fraunhofer component of the radiation, since A). 
refers to the whole continuous spectrum ), we find I k(g) =  A).(g) I{g). 
An integral equation similar to (22.4) enables us to calculate the emission 
coefficient jk(r), which in tu rn  determ ines the num ber of atom s nk (r) 
in the initial s ta te :

4 71 j}\r)  =  nk(r) {Aki +  g,,.k Bki) hvik . (22.23)

The values of nk(r) have been calculated from all the existing speetro- 
photom etrie observations of the m onochrom atic radiation of the corona. 
As a result it is found th a t, for r =  1.2 , nk (r) has values from some 
ten ths to some tens of atom s per cm 3 for various ions.

N ext, let us pass from the num ber of excited atom s to the to tal 
num ber of atoms in the ionisation sta te  considered. To do this, we 
m ust examine various mechanisms of excitation. F irst of all, we m ust 
take account of excitation by electron collision. The num ber Zce of such 
excitations is determ ined by a formula like (8.18), where q,tk(v) denotes 
the effective cross-section for excitation. The calculation of such cross- 
sections for small relative velocities is an extrem ely difficult problem. 
We shall use the formula for the excitation of sub-levels of the same 
configuration of 0  111, calculated by 1). H . M en ze l and M. H. H eub 
on the assum ption of Russell-Saunders coupling*. Since excitation of 
sub-levels of the ground sta te  also takes place in the corona, we can 
assume, as a first approxim ation, th a t the chief property  of 0111 (the 
large value of qT<k(v), which is of the  order of ten times the value found 
from the kinetic theory of gases) holds for the coronal ions also. A com
parison of theory and observation allows us to te s t this assum ption. The 
population of an excited level depends both on excitations by collisions 
and on recom binations followed by cascade transitions to the level in 
question. I t is easy to see th a t Z(.(, >  Zri, since (qFik)e >  (q,)i, and hence 
recom binations to excited levels, which are fewer in num ber than  Zri, 
need not be considered; they  are rare in comparison with direct excitations.

* .M. ,J. Seaton lies recently obtained new values for the excitation cross- 
sections, and these are somewhat less than M k n z k c ’s  values.
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In  the corona (unlike nebulae) excitations taking place owing to the 
absorption of radiation from the photosphere cannot be neglected. Direct 
calculation (the quantities B ik being known) shows th a t, for the lines 
X — 5303 and X =  G374 A, photo-excitations will predom inate for r 
greater than  2-2 7?q and 1-6 B q  respectively, where ne is already con
siderably less than  in the inner corona, bu t the flux of radiation is not so 
strongly diminished. In  this case, the emission coefficient over the whole 
line jx{r) in the inner corona will be proportional to vf nr l , and in the 
outer corona to nr l . If  the ionisation (determ ined by 7'e) and the relative 
content of iron do not vary  with height, then  nr Y is proportional to the 
num ber of hydrogen atom s in 1 em 3 and is consequently proportional 
to ne. This m eans th a t in the inner corona jk{r) ~  n 2, and in the outer 
corona —' ve 1 (>')• Observations (by C. \Y. A lle n )  in fact show
th a t, from r — 2-2 / i' q  (approxim ately the  value obtained from calcula
tion) outw ards, j(r) for 7. — 5303 A is proportional to  j(r) for “ w hite” 
light. This confirms the correctness of the value taken  for {qrtk)e.

Knowing the excitation mechanism, we can calculate the d istribution 
of the atom s among the excitation states, and so find nr from nr k. H aving 
d a ta  for the  lines of atom s in several ionisation states, and having 
calculated, from the theory of ionisation, the  num bers of atom s in the 
“ invisible” ionisation sta tes (for the red and green regions separately), 
we can determ ine the  chemical composition. The concentration of H  is 
given by ve{r).

I t  has been found th a t  the relative conten t of Fe and H is constant 
th roughout the corona, and is close to  the  content of these elements in 
the  reversing layer. This result is very im portan t; it shows tha t the 
elements in the corona arc mixed and th a t there is not diffusion equilib
rium, in which the heavier atom s would fall to  the  lower layers. This 
mixing is apparently  caused by slow turbulen t m otions in the corona. 
I t  is natu ra l to suppose tha t the elements are mixed in the interm ediate 
layers of the solar atm osphere (the chromosphere and the prominences) 
also.

6. The ultra-violet radiation of the corona and the chromosphere 
[149]. The radiation of the corona docs not term inate a t the limits 
of the visible spectrum , but extends on both sides of it. This is prim arily 
radiation beyond the  principal series lim its of H , He. H e II  and other 
elements, in consequence of recom binations. I t  is given by formula (S.3S).

R adiation will also be produced by free-free transitions. I ts  intensity  
depends only on the  density and on the velocities of the  particles, and 
is determ ined for hydrogen by the formula

, , k K  „ —hr'kTt / 0 .4 a  d r  =  h, ??, o j  g e d r  . (22.24)
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[The expression (22.24), for the  particular case of therm odynam ic 
equilibrium, can be obtained from (5.65) and (3.10).] The second source 
of emission (free-free transitions) for hydrogen under the conditions in 
the corona, i. e. a t  a very high kinetic tem peratu re, is about three times 
as efficient as the first. On account of the high degree of ionisation, the 
corona is transparen t even to radiation beyond the Lym an series limit. 
I ts  radiation therefore emerges unim peded.

Thus the in tensity  of the continuous radiation of the eorona is
oo no

proportional to  P  =  J nx ne dy  =  f  ne2 dy  (see Fig. 59). A t the limb,
o 6

where the line of sight is a tangent to the surface, P  is g reatest and the 
brightness is a m axim um . The structu re of the corona (the presence of 
je ts  and rays, the  non-uniform density along the limb) increases P  for 
a given mean electron density, and consequently increases the brightness. 
A t the  distance of the E arth , the to tal flux / / j  of ultra-violet radiation 
from hydrogen in the range from to  v =  oo is 4 X  10-2 erg/cm 2 sec. 
Similar calculations have shown th a t the am ount of radiation due to 
helium is 1-4 tim es as great as th a t due to hydrogen. The part played by 
radiation due to the remaining elements is negligible.

A part from the  continuous spectrum , the corona also has a line 
spectrum  in the ultra-violet region. This arises from perm itted  transitions 
between excited levels and the  ground level of Fe and Ni ions in electron 
collisions. Each excitation by an electron collision leads to the emission 
of a q u an tu m ; the num ber of these is determ ined by a formula like (8. IS), 
so th a t for the m onochrom atic radiation also is proportional to 
nr nf r*-> n,~. The cross-section for excitation by fast electrons (the therm al 
energy of an electron is about 120 eV) is

i tJr,k)e
2 7T. ex 

m l'2 fr,Jt fo,k l«ge (22.25)

where /o i is the oscillator strength  for the transition  (close to 1 for 
resonance lines).

We shall give the results for a num ber of elem ents which are fairly 
common in the Sun. For instance. Xe V III (neon reaches this s ta te  in 
“ red ” regions) and Mg X  (“green” regions) have resonance doublet 
transitions 776 to 76S and 625 to 610 A respectively. Since either the red 
or th e  green line is observed in the greater part of the corona, we can 
calculate the to tal emission of energy in the two pairs of ultra-violet 
lines by integrating the quan tity  4 71 jx =  h v ZC(, over the whole volume 
of the corona. Thus we suppose th a t either the Xe V III line or the Mg X 
line is em itted  a t every point of the corona.
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H aving given the relative conten t of Mg and Xe, we find for the to tal 
quan tity  of m onochrom atic radiation formed in the entire corona the 
value E — G X 102T erg/sec. Jf half the radiation returns to the  Sun, 
the ilux of hard  m onochrom atic radiation a t the distance 7?x of the 
E arth  is

The value of IJ._, is large enough to explain the observed ionisation 
of the upper layers of the E arth 's  atm osphere, although it is possible 
th a t the numerical value of II2 in (22.20) is too large. We have already 
m entioned the ionisation of the chromosphere and prominences by the 
radiation of the corona.

The upper layers of the chromosphere, where hydrogen is almost 
com pletely ionised, m ust also emit ultra-violet radiation which is due 
to recom binations to the ground level. Free-free transitions do not 
play an im portan t p a rt at the low kinetic tem perature of the chromo
sphere.

If the ionisation of the chromosphere is effected only by the radiation 
of the corona, the chromosphere plays, as it were, the p a rt of a reflector, 
which reflects p a rt of the downward radiation; the flux from it is thus 
less than  from the corona. I f  the tem perature of the various regions of 
the upper chromosphere (above 7000 to 8000 km) exceeds 20,000°, and 
thus determ ines the ionisation, the radiation from these regions will also 
be sufficient to ionise the E a r th ’s atmosphere.

The energy of the ultra-violet radiation, and of the  g reater p a rt of the 
visible m onochrom atic radiation of the corona, is derived from the 
therm al energy of the electron gas. In  nebulae this loss is m ade up from 
the radiation of the central star. In  the corona, this possibility is excluded, 
because of the low tem perature of the photosphere, and another source 
m ust be sought. I. S. S h k lo v s k ii  has advanced the hypothesis th a t the 
source of heat is formed by currents which arise under the action of 
electric fields (for instance, an induction field). The heat q evolved by 
these is determ ined by formula (18.37). This energy m ust balance, on 
the one hand, the flux of energy of radiation 4 7 t j x = xlJ(T e) and, on 
th e  o ther hand, the flux of energy due to  heat conduction in the lower 
layers of the atm osphere and in the outer layers of the corona.

The am ount of heat evolved is

where y  is the therm al conductivity of the electron gas, and  ,/ / (T e) is 
some function of Te. From formula (22.27) it m ay be calculated th a t, 
to m aintain the tem perature of the corona a t its observed value, a field 
of in tensity  E 10~8 volts/cm  is required, the two term s on the right-

112 =  i F /4  7i i?!2 osi 1 erg/cm 2 sec. (22.2(5)

(22.27)
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hand side being then of the same order of m agnitude. This small value 
of the  held intensity  needed to supply the heat is explained by the small 
heat loss of the corona, which is due to the small value of ne and the 
small tem perature gradient. G. A. LeTkin has shown th a t the field E 
m ay be due to the ro tation of the corona in the interstellar magnetic 
field H aa 10"5.

In  the chromosphere ne is a thousand times greater, and hence even 
stronger liclds have a relatively slight heating effect. The question 
arises why the tem perature of the corona is approxim ately constant 
although the fields m ay vary bv a factor of a hundred or even a 
thousand. Furtherm ore, it is not clear why T c decreases tow ards the 
edges of the corona, although ne, and consequently the heat loss, is 
less there. As has been shown by S. B. P i k e l ’n e r  [121], this is explained 
by the surface effect of cooling of the corona by the outflow from it 
(dissipation) of the fastest particles, which have velocities greater than  
the parabolic. The outflow of particles takes place m ainly from the layer 
1-75 <  r <  2-75; outflow from deeper layers is prevented by the re
sistance of the medium, and in the higher layers there are few collisions 
which “ crea te” fast particles. The dissipation is proportional to the 
fraction of particles which are fast, i. e. to exp [— vi dm j / 2  A’T £], where

is the velocity necessary to overcome resistance and gravitation (the 
parabolic velocity). As T e increases, this fraction rapidly increases. 
The dissipation is, as it were, a tem peratu re control. I f  a t some point 
in the corona the tem perature is raised above 1,500,000°, the  therm al 
conductivity  transm its the part y(d'1T E/dr'1) of the  energy to the higher 
layers, and so this p a rt of the energy is lost into space by dissipation. 
V. A. K r a t  [71] first carried out a calculation of the  dissipation of 
particles from the corona, taking into account its high kinetic tem perature.

Thus it is not accidental th a t the  therm al velocities of protons in 
the corona are com parable with the  parabolic velocity (as is easily 
shown by calculation). This circum stance also explains the great ex ten t 
of the  corona, which is due to the closeness of the therm al and parabolic 
velocities of the protons. In  other stars, the same heating mechanisms 
m ust undoubtedly exist, since the Sun is an  “ ord inary” star. The upper 
lim it to  the tem perature of the corona is determ ined by the ratio of the 
therm al and parabolic velocities (i. e., by the mass and radius of the star). 
For example, in the corona of a s ta r  of class gK  5, T e 100,000°; in 
a s ta r  of class cB 3, T E 2-7 X 106. The density distribution in the 
corona of a s ta r  will be similar to th a t in the solar corona if we take 
the radius of the s ta r as the unit in measuring the ex ten t of the corona; 
thus a giant s ta r  m ust have a very extended corona. The ultra-violet 
radiation of such a corona m ay cause the observed anomalous excitation 
of atom s with high excitation potentials, such as hydrogen atoms.
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7. The radio emission of (lie Sun. Until recently, all observations of 
the rad iation  of celestial objects were m ade in frequencies in the neigh
bourhood of the visible region of the spectrum , from ?. =  2900 A to 
the com paratively far infra-red. This range is lim ited on the short-w ave 
side by the absorption in the ozone layer of the E a r th ’s atm osphere, 
and on the long-wave side by the w ater-vapour absorption bands. 
Moreover, the  sensitivity of radiation receivers is very small for 
?. >  30,000 A. However, there is another transparen t “ window” for 
w avelengths of from 1 cm to 12 m, the ultra-short radio waves.

The invention of sufficiently sensitive and directional radar appara tus 
has m ade it possible to detect the radiation of the G alaxy and of the 
Sun in this wavelength range. The in tensity  of the rad ia tion  can be 
m easured in term s of an arb itra ry  quan tity , the radio tem perature T r, 
which is the tem perature of a black body of the same angular dimensions 
which em its the same flux in the given frequency. The radio tem perature 
of the Sun a t w avelengths from 1 to  10 cm increases from 10,000° to 
20,000° as the wavelength increases, and is alm ost constan t w ith time. 
A t w avelengths of about 50 cm, the radio tem peratu re  of the  Sun is 
m easured in hundreds of thousands o f degrees. At a w avelength of 1 m, 
the radio tem peratu re varies m arkedly with tim e, particu larly  in the 
years of m axim um  solar activity , occasionally reaching values of 1013 
degrees. A t these wavelengths T r never falls below 10° degrees, and in 
years of m inim um  activ ity  rem ains alm ost constant a t about this value. 
I t  is convenient to divide the rad iation  a t  m etre wavelengths into a 
quiescent or therm al and a sporadic com ponent (which varies with time).

The therm al rad ia tion  has been investigated by I. S. S h k lo v s k ii,  
and independently by V. L. G i n z b u r g  and by D. F. M a r t y x .  The 
absorption coefficient of radio waves in an ionised gas is determ ined 
by free-free transitions [see formula (5.65)] w ith T  - : T t . For the 
q uan tity  e~kv!kT in formula (5.65) is practically equal to the ratio  of 
the num bers of atom s in the upper and lower quantum  states. The 
attenuation  of a beam of rays in a given direction is determ ined by the 
difference between the energy actually absorbed (the coefficient Bik) 
and the energy em itted  by the  atom s in the same direction, under the 
action of the quan ta  incident on them  (the coefficient B ki). H ence the 
decrease in the num ber of quanta when they  traverse an elem ent d/i is 
given by the expression (which does no t take into account the emission 
of the gas itself)

ni Q v B ik dh —  nk nv B ki dh =  n{ or B lk nk Vi
ni vk

d h .

Using form ula (5.9) for the subtrahend, we obtain e~fly‘kT. In  the case 
considered, where the emission is accompanied by free-free transitions 
of the electron, the relative num ber of electrons with a given energy
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is determ ined by Maxwell’s form ula with T  =  Tc, and the ratio  of the 
num bers o f electrons with the given energy difference is e— The 
fact th a t we originally spoke of atom s in different quantum  states, and 
la ter of the  electron energy, should no t cause any m isunderstanding, 
since the em itting system  in the  case considered is an ion and an electron, 
and the  energy of such a system  is equal to  th a t of the  electron.

Since h v [ k T s <  1, we can rew rite the  absorption coefficient, 
assum ing the corona to consist of hydrogen, in the form [see (5.65)]

where

n
4  j t  e 9 1 

3 j /3  c e <t/” 2̂ ==w{v,Te) n e2 ( m k 'T f12 v2 rv  » £/ e

yj(v,Ts) =  1-65 x  10-7 10,000 \  3/2 1 
T ) v2 -

(22.28)

I t  is easily ealcidated th a t the optical thickness rk of the  chromosphere 
is greater than  103 even for ). =  1 cm. The corona has rk =  1-6 for 
/. =  150 cm. H ence the  radiation which reaches us w ith 1 >  1 m  comes 
m ainly from the corona.

The in tensity  of the  em ergent rad iation  is determ ined by formula 
(3.32). As a first approxim ation, it m ay be assumed th a t T e in the 
corona is constant and equal to T k, while T e in the  upper chromosphere, 
a t  the  level where T y &  1, is equal to  some Tc. Then form ula (3.32) can 
be rew ritten in the form

I AO, 0) =  B V{TC) +  B v(T k) ( 1 - e ^ )  , (22.29)

where rk is m easured along the ray  pa th . For centim etre wavelengths, 
r t  1, the second ten n  is small com pared with the first, the  disc is 
uniformly bright, and 7’r =  Tr. For wavelengths in the m etre range, the 
first term  is zero, and the brightness of the disc diminishes slowly tow ards 
the limb, the  diam eter of the disc being greater th an  th a t of the Sun. 
For decim etre w avelengths, the two term s are com parable near the 
centre of th e  disc, while a t  the limb Tk 1 and  the radiation resem 
bles th a t of a black bod\r with T  -- T k. The Sun thus appears as a 
bright ring.

The increase of the radio tem perature with wavelength is, of course, 
explained by the continually increasing p a rt played by the emission 
of the corona.

llad io  waves have two properties which arc unlike those of ordinary 
radiation. The first is th a t their refraction coefficient in an ionised gas

n
r 2 n f  

a  m e v-
(22.30)
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is less than  unity  (the group velocity u of the waves is cn), while for 
m etre wavelengths in the  corona n may become zero, so th a t we have 
to tal reflection. R adiation can emerge only from layers K ing above the 
level where n =  0. The path  of a ray which docs not pass norm ally to the 
surface is curved so th a t it is convex tow ards the Sun. For spherically 
sym m etric layers, the  ccpiation of the pa th  is the usual equation of 
refraction

rn sin i =  constant , (22.31)

where i is the angle between the ray and the radius through the point. 
For this reason, rk m ust be m easured not along a straigh t line, bu t 
along the path  of the  ray, and therefore equations (22.29) and (22.31) 
m ust be solved sim ultaneously. For centim etre wavelengths, the refrac
tion in the corona is insignificant.

Calculations of the brightness d istribution of the radio emission over 
the disc and of the radio tem peratures of the Sun for various wavelengths 
have been carried out independently by several investigators.

A sim ultaneous m easurem ent of T r for several wavelengths allows 
us to  obtain  a system  of equations (22.29) w ith the unknowns Tc and 
T k (rk is calculated theoretically) and so to  determ ine these la tte r  from 
observation. Observations of T r a t centim etre wavelengths are one of 
the most reliable m ethods of determ ining the  tem perature of the nipper 
layers of the  chromosphere.

The second peculiarity of radio waves is the possibility of their 
polarisation as a result of the occurrence of double refraction in a 
plasma, in the presence of a m agnetic field. The oscillations which take 
place in planes parallel and perpendicular to  the field have different 
values of n, and consequently different velocities of propagation and 
different absorptions. U nder these conditions, elliptic polarisation can 
occur.

As wc have already said, the sporadic radiation is often observed a t 
m etre wavelengths, particularly  in years of m axim um  activity. R ecent 
observations have made possible a division of the sporadic radiation 
into a com ponent which varies com paratively slowly, comes from the 
regions above spots, and has a fairly definite radial direction, and 
hursts — sharp, rapidly varying oscillations in intensity.

The sporadic radiation above spots is often clliptically polarised, 
because of the m agnetic fields of the spots.

The bursts are divided into short (lasting about 1 sec), weak (exceed
ing the in tensity  of the therm al radiation by a factor of three or four) 
bursts and lony (lasting several m inutes), infrequent, powerful bursts, 
during which T r for the Sun reaches values of 109, and sometimes of 
even 1013, degrees. Since this radiation is not in equilibrium , the signi
ficance of these values is purely formal.
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The large bursts are explained by 1. S. S h k lo v s k ii  as due to the 
natura l oscillations of the plasm a, occurring under the action of a flux 
of rapidly moving particles. I t is well known tha t oscillations of electrons 
with a frequency

v =  1 (c2 vef x  me) (22.32)

m ay arise in the plasm a; this frequency depends only on ne. These 
oscillations m ust cause electrom agnetic oscillations of the same frequency. 
Calculations show th a t the waves corresponding to the  electron concen
tra tio n  in the corona have a length of several m etres; the higher layers 
em it longer waves. Large bursts frequently  occur some m inutes after 
chromospheric flares. In  such eases the bursts first appear a t the shorter 
wavelengths, and then at progressively longer wavelengths. The pheno
menon gives the  impression th a t the agency responsible for the oscilla
tions gradually penetrates into higher and higher layers of the  corona. 
A magnetic storm  is frequently  observed some days after a burst. From 
the delay tim e of bursts in different wavelengths, we can calculate the 
velocity of propagation of the  current, knowing the distribution of ne (r) ; 
the result is 500 to 1000 km/scc. This confirms the  hypothesis th a t the 
bursts are caused by a flux of geoactivc corpuscles related, in particular, to 
chromospheric flares. The concentration of particles necessary to excite 
oscillations of the observed m agnitude is found to be 102 to 103 per cm 3, 
which is even less than  the value obtained from ionosphere data.

V .  L .  G i n z b u r g  explains the sporadic emission above spots as being 
due to the emission by relativistic electrons in the  magnetic field of 
the spot. The presence of relativistic electrons is indicated by the  fact 
th a t the Sun em its cosmic rays a t the tim e of large chromospheric flares 
and strong radio emission.



PART IV. 
PLANETARY NEBULAE

I n this p a rt we shall begin our consideration of objects with bright lines 
in their spectra. Among these arc the  p lanetary  nebulae, the novae, stars 
of the W olf-Rayct, P  Cygni, and Be types, and so on. As will be seen 
below, in all these eases we are concerned w ith the ejection of m a tte r 
from hot stars. This process leads to the form ation of very extended 
and rarefied envelopes. I t  is in these envelopes th a t the  bright lines arise 
as a result of the transform ation of the high-frequency radiation of the 
s ta r into radiation of lower frequencies and, in particular, into radiation 
in the  visible p a rt of the spectrum .

The fact th a t the rad iation  of the envelopes in the visible p a rt of 
the spectrum  is produced a t the expense of radiation in the ultra-violet 
region of the s ta r’s spectrum  indicates a m arked deviation of the sta te  
of the  envelopes from therm odynam ic equilibrium.

This distinguishes the envelopes of stars w ith bright spectral lines 
from the atm ospheres of ordinary stars, where the assum ption th a t 
therm odynam ic equilibrium  exists is adequate as a first approxim ation 
to reality. In  studying the objects m entioned above, we shall no t be 
able to use B oltzm ann’s and Saha’s form ulae to calculate the num bers 
of atom s in the  various states, or P lanck’s formula to calculate the 
in tensity  of rad iation  in different frequencies. These quantities m ust be 
determ ined in each individual ease by considering the elem entary 
processes which take  place in the actual envelopes. We shall usually 
m ake the assum ption th a t the envelopes arc in a steady stale, i. e. th a t 
the  d istribution of atom s among the states and the rad iation  field in 
the  envelope do not vary  in the course of time. H ere, of course, we need 
to know the probabilities of the various elem entary processes, i. e. the 
probabilities of photo-ionisation, recom bination, collision, etc., which are 
calculated in theoretical physics.

In  consequence of the extrem ely low density  of m a tte r and radiation 
in p lanetary  nebulae, the physical processes which take place in them  
are relatively simple.

400



Chapter 23. The mechanism of the radiation 
of the nebulae. The temperatures of their nuclei

1. Observational data. A planetary nebula is a luminous gaseous mass 
of fairly regular shape Avith a star lying in its centre, called the nucleus 
of the nebula. In  a telescope, planetary  nebulae m ost often appear as 
round or oval discs, very similar to those of the planets (whence the 
name). A considerable num ber of nebulae are observed as rings surround
ing the  nucleus. Some nebulae have a very complex structure (for 
instance, two intersecting rings).

The angular diam eters of p lanetary  nebulae rarely exceed one m inute 
of are. Many (very small or very  distan t) p lanetary  nebulae show no 
discs a t all in the telescope, and it can be established only from the form 
of the spectrum  th a t the object in question is a p lanetary  nebula. In  
recent years more than  a hundred such “ stellar nebulae” have been 
discovered, and the to tal num ber of all p lanetary  nebulae a t present 
known am ounts to  about 350.

The p lanetary  nebulae are so d istan t th a t for none of them  has it 
been possible to  make a reliable determ ination of the  parallax by the 
trigonom etrical m ethod. The m ean distances of the nebulae we observe, 
found from the radial velocities by m eans of the theory of galactic 
ro tation, are of the order of some thousands of parsecs. Correspondingly, 
the mean linear diam eters of the nebulae are found to be of the order of 
some tens of thousands of astronom ical units, and their m ean absolute 
m agnitudes are abou t 0m.

As a rule, the p lanetary  nebulae are much brighter th an  their central 
stars. The differences in stellar m agnitude between the  nebulae and 
their nuclei are alm ost always negative and sometimes reach ■— 7m. 
A value of about +  3m is obtained for the m ean absolute photographic 
m agnitude of the nucleus. The nuclei of the nebulae are very hot stars. 
Their spectra belong to the classes O and W olf-Rayet. However, it m ust 
be rem arked th a t  in lum inosity the nuclei of the nebulae arc much 
inferior to average stars o f these classes, whose absolute m agnitudes 
are about — 3m.

The spectra of p lanetary  nebulae consist of bright lines of various 
atom s and ions. F irst of all, we m ust m ention the presence of very 
intense lines of the Balm er scries of hydrogen. Besides these lines, the 
Baliner continuum  is observed in emission, owing to captures of free 
electrons by protons. As well as lines of neutral helium, there are present, 
in the spectra of m any nebulae, lines of ionised helium also (for example 
4GS6 A); this indicates a very high degree of ionisation and excitation 
in these nebulae.

2 5  A s t r o p h y s ic s
401
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However, the brightest lines in the spectra of p lanetary  nebulae are 
what are called the principal nebular lines Xj and X 2, with wavelengths 
of 5007 and 4050 A respectively. A nother pair of very intense lines, 
3720 and 3720 A, is observed in the ultra-violet region of the spectrum . 
These two doublets are also found in the spectra of diffuse nebulae and 
novae, but they  are dom inant in the  spectra of p lanetary  nebulae. Since 
these lines, as well as a num ber of others found in the spectra of nebulae, 
could not be reproduced in the laboratory, they  were formerly ascribed 
to  an elem ent “ nebulium ” not known on the E arth . However, in I92S
I .  S. B o w e n  succeeded in showing th a t the  “ nebulium ” lines are in 
reality  forbidden lines of elements known to us. Their presence in the 
spectra of nebulae reveals the peculiar physical conditions which exist 
there, and which have not been a tta ined  in  terrestrial laboratories.

According to  B o w e n ’s  in terpretations, the green doublet in the 
spectra of nebulae (the X t and X 2 lines) is caused by forbidden transitions 
of doubly ionised oxygen atoms, while the  ultra-violet doublet is due 
to  forbidden transitions of singly ionised oxygen atom s. The o ther lines 
of “nebulium ” are likewise forbidden lines of oxygen, nitrogen, and some 
o ther elem ents in various stages o f ionisation. The correctness of this 
identification is confirmed not only by the exact agreem ent of the 
frequencies of the observed lines w ith those found theoretically from 
the disposition of the energy levels in the atom s, bu t also by num erous 
other facts. As an example, we m ay m ention th a t, according to B o w e n ,  

the Nj and N , lines have a common upper level, and the ratio  of their 
intensities should always be equal to 3. Such a ratio  of the intensities 
of these lines is in fact observed in the spectra of nebulae.

The shape of the spectral lines in p lanetary  nebulae is of great interest. 
I f  the slit of the spectrograph is placed along a diam eter of the nebula, 
the spectral lines are found to be narrow  a t the edges and wider in the 
centre. In  some eases the lines are split into two com ponents in the 
centre. This form of the spectral lines is explained by the expansion of 
p lanetary  nebulae. The violet com ponent of a spectral line is then  formed 
by the p a rt of the nebula which is approaching us, and the  red component 
by the part receding from us. I t  is evident th a t the g reatest separation 
of the com ponents (or the greatest w idth of the line, in the case where 
the com ponents coalesce) corresponds to twice the velocity of expansion 
of the nebula. These velocities, determ ined for a num ber of nebulae, 
have been found to  be of the order of 10 to  20 km/see. The fact th a t 
p lanetary  nebulae are expanding leads to the hypothesis th a t they were 
a t some tim e ejected from their nuclei.

2. The origin of the radiation of the nebulae. Passing now to the 
in terpreta tion  of the observational data , we shall first o f all answer 
the question of the origin of the radiation of p lanetary  nebulae. I t  is
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natu ra l to suppose th a t the radiation of the nebulae is due to their 
central stars. However, in th is case it is no t a simple reflection of light, 
since the  spectra of the  nebulae are not a t all similar to those of the stars. 
N or can there be resonance scattering in the  nebulae, since the energy 
rad ia ted  by the  nebulae in the separate lines considerably exceeds the 
energy in the corresponding p arts  of the  continuous spectra of the 
nuclei. I t  is therefore necessary to assume th a t the nebulae radiate in 
the visible region of the spectrum  a t the expense of energy em itted  by 
the nuclei in o ther regions of the  spectrum . Since the  tem peratures of 
the  nuclei are very  high (over 30,000°), and consequently they  have 
very great intensities in the  ultra-violet region, the hypothesis suggests 
itself th a t the nebulae absorb the  ultra-violet radiation of th e  nuclei 
and re-em it it in lower frequencies. We shall now show th a t th is assum p
tion is entirely correct.

L et us first consider the properties of the  radiation which passes from 
the nucleus to  a given point in the  nebula. L et the  nucleus rad ia te like 
a black body of tem perature rl \ .  We denote by the  density of radiation 
in therm odynam ic equilibrium  a t tem peratu re T*. This density is 
determ ined by P lanck’s formula

8 7i h r3 1
C3 eh v / k T .  _  j (23.1)

I t  is evident th a t the density  of radiation a t  th e  surface of the s ta r is 
I nv*, and it decreases w ith increasing distance from  th e  star, according 
to the law

=  W o *  , (23.2)

where the q uan tity  IF, which wc have already introduced in C hapter S, 
is the dilution coefficient; it is equal to  th e  ratio  of th e  solid angle 
subtended a t  the  point concerned by the  central s ta r to 4 tz. I f  the  
radius of the s ta r is r*, the  dilution coefficient a t a distance r from its 
centre is, by (8.3),

W = < ri -  V { 1 -  K / r ) 2}] • (-3.3)

W hen r j r  <: 1 , we have instead of (23.3)

IF =  ■* (r*/r)2 . (23.4)

In  planetary  nebulae, the ratio r +/r  is o f the  order of 10-7. Consequently, 
the density of radiation in a p lanetary  nebula is reduced by a factor of 
approxim ately 1014 com pared with the density  of radiation a t the surface 
of the star.

‘2(5*
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I t  is very im portan t th a t, despite sueli a great decrease in the density  
of stellar radiation in the nebula, the relative energy distribu tion  in its 
spectrum  remains unchanged. In  order to emphasise th a t the decrease 
in the density of radiation does not affect its spectral composition, vve 
shall calculate the tem perature corresponding to a  given density of 
radiation in the nebula. Denoting this tem perature by 7\,  we have the 
in tegrated  density of radiation o =  a T j4, where a is S tefan’s constant. 
On the  other hand, from (23.2) we obtain  o =  IV a T*4. These relations 
give T  j =  IV* T*, and this leads to values of T  l of the order of ten degrees. 
Thus, if the radiation in the nebula rem ained equilibrium  radiation, i. e. 
for a given in tegrated  density  of radiation tbe energy distribu tion  in 
the spectrum  were given not by formula (23.2) but by Planck’s formula 
w ith a tem perature T v  the  m axim um  of this d istribu tion  would be 
moved into the far infra-red region of the spectrum .

The above-m entioned constancy of the spectral composition of the 
radiation which passes from the nuclei to the nebulae m akes it possible 
to ascertain the  direction in which the processes of transform ation of 
radiation take place in nebulae. I t  is known from therm odynam ics th a t, 
in such cases, the interaction of radiation with m a tte r leads to a redistri
bution of the energy in frequency, tow ards the  establishm ent of a more 
probable distribution. Consequently, the nebulae m ust so transform  the 
radiation from their nuclei th a t the long-wave part of the  spectrum  is 
strengthened and the short-w ave p a rt weakened.

The process of transform ation of radiation in nebulae can be character
ised by m eans of R osseland’s Theorem, which we shall now explain. Let 
us consider an  atom  which m ay be in any of three steady  states 1, 2, 
and 3, with corresponding energies <  e., <  e3. As a result of the 
absorption of light quanta, there are possible both simple transitions, 
am ounting to  resonance scattering, of the kind 1 -> 2 -> 1 , and more 
complex processes of a cyclic nature. The most im portan t of these are 
the two converse processes of the kind

1 -> 2 -> 3 -> 1 , 1 -> 3 -> 2 -> 1 .

The former of these results in the  emission of one high-frequency quantum  
h r 13 as a consequence o f the  absorption of two quanta of lower frequencies 
r 12 and v23, and the la tte r  to the partition  of one absorbed quantum  of 
frequency v13 into two quan ta  of frequencies r12 and r 23.

R osseland’s Theorem asserts th a t, when there is dilution of radiation, 
i. e. when th e  density  of radiation in various frequencies is given by 
form ula (23.2), cyclic transitions of tbe kind 1 —> 3 —> 2 —> I take place 
more often th an  those of the kind 1 —> 2 -> 3 —> 1 , i. e. quan ta  of high 
frequency are transform ed into quan ta of low frequency more often th an  
the converse.
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The num ber of transitions from the first s ta te  to the second in unit 
volume per un it tim e is n l B v> nVi, where iq  is the num ber of atom s in 
the  first s ta te  per unit volume. B v, is the E instein absorption coefficient, 
and ou  Is the  density  of radiation of the  frequency corresponding to 
th e  transition  from the  first s ta te  to  the second. Of this num ber of atoms, 
a part passes spontaneously or l)}- a stim ulated  transition  back to  the 
first sta te , and part, having absorbed radiation, passes to the th ird  
state. The ratio of the num ber of transitions from the second sta te  to 
the th ird  s ta te  to the to tal num ber of transitions from the second sta te  is

^ 2 3  “I”  -^21 j?12 B 23 J?2s) •

From the  th ird  s ta te , transitions are possible to both tire first and 
second states. We are interested only in transitions from the th ird  sta te  
to the  first. The proportion of such transitions is

( ^ 3 1  +  -®31 ? 1 3 ) / ( ^ 3 1  +  -®31 f?13 +  ^ 3 2  +  B y ,  Q.,-3 ) .

Thus we find th a t in unit tim e the following num ber of atom s pass 
along the path  1 -> 2 —> 3 —> 1 :

-^ 1 —v2—>3-
T> - B23 Q23

L^12?l2^ 2i +  i?n (?i2 +
d  3i +  B 3

R. ^ 3 2  £?23

(23.5)

We can similarly find the num ber of atom s which pass per un it tim e 
along the pa th  1 —> 3 —> 2 -»  1 . This num ber is

►i — n 1 i?13P13 , ,*32 -f
d 32 B3 d 21 +  B2i (?i2* 3 2 ____

B 32 Q2 3  +  d 3 1  +  Ji3l Ol3 A  21 +  4 2̂1 (?i2  +  B 23 Q2 3

(23.6)

For the ratio of the num ber of processes of the kind 1 —> 2 -> 3 1
to th a t of processes of the kind 1 —> 3 2 -> 1 , we obtain from (23.5)
and (23.6)

l-*-2->3— > 1    B i2 Qi2 B t3 Q, 3  ( A 31 +  R 3I p n ) /i}<J
■5 ^ 1 3  P l 3  f d s 2  +  B 32 Q.l 3 ) ( d 21 +  l i . t \ p 12)

To simplify this expression, we introduce E instein ’s relations

A ki =-- B ik 0i aik, B ki -  I; B ik , (23.S)
Jk 'Jk

where
olk =  8 rt h vik3/c3 , (23.9)

and g g k are the corresponding statistical weights. Next, we can write

Qik =  W  a ik Qik > (23.10)
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where

Oik -  eh,ik!kT, _  j
1

(23.11)

Using these relations we find instead of (23.7)

1—>2—>3—>] ' B n  Pm ^  -r >> P13/ 
(?ia(l +  ^  1P12) (1 4' O' O23)

012 P m  (I +  O' pn ) (23.12)

W hen IF =  1, i. e. in the  photosphere of th e  star, this ra tio  is exactly 
equal to  unity , as we should expect. As IF decreases, so does the ratio. 
Since TF in the  nebulae is of the order of 10—14, and the factor o12 o23/q13 
has a value of the Older of unity , in this case

Consequently, in  the nebulae we can com pletely neglect the num ber of 
transitions of the kind 1 —> 2 3 1 com pared w ith th a t of transitions
of the kind 1 —> 3 2 —> 1 . E xactly  the  same kind of picture can be
obtained for atom s w ith a larger num ber of levels, in which more complex 
cyclic processes are possible.

Thus, according to  R osseland’s Theorem, the  rad iation  of the  nebulae 
can be explained as the  result of the  transform ation of the ultra-violet 
quanta from the nuclei into quan ta  of lower frequency (and, in particular, 
into quan ta in the  visible region of th e  spectrum ). Since th e  nuclei of 
the nebulae are very ho t stars, it is not surprising th a t th e  p a rt of the  
energy, in the u ltra-violet region of the spectrum  of the nucleus, which 
is transform ed into visible radiation by the nebula exceeds the  energy 
em itted  by the nucleus in the visible region of the spectrum . We can 
thus explain the  fact th a t the nebulae have greater visual luminosities 
th an  their nuclei.

3. The determination of the tem peratures of the nuclei from hydrogen 
lines. In  the last section we have considered a nebula consisting of 
im aginary atom s w ith three levels. There we assumed th a t the nebula 
is under the influence only of the radiation of the  central star, and did 
no t take into account the  diffuse radiation of the nebula itself. L et us 
now consider th e  radiation of an  actual nebula consisting of hydrogen 
atoms.

F irst of all, we notice th a t, owing to the small density of radiation in 
the nebula, the  overwhelming m ajority  of the atom s are in the ground 
state . I f  the mass of the nebula is sufficiently great, i t  will therefore be 
opaque in the frequencies which are absorbed by the ground sta te  of 
the hydrogen atom  (the Lym an series) and a t the same tim e completely

^  IF . (23.13)
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transparen t in the frequencies of the lines of subordinate series (Balmer, 
Pasehen, etc.). Consequently, the nebula will absorb the radiation of 
the nucleus in the frequencies of the Lym an series and em it, instead of 
these, the frequencies of the subordinate series (in particular, the observed 
B ahner series), which pass unim peded through the  nebula.

However, the assum ption whereby the energy em itted by the nebula 
in the Balm er frequencies is obtained from the radiation of the nucleus 
in the various Lym an lines makes it necessary to  assume th a t the tem 
peratures of the nuclei are very high, over 100,000°. We know, however, 
th a t these tem peratures, a t least for some nuclei, m ust be about 30,000°. 
H ence it m ust be supposed th a t there are so m any hydrogen atom s in 
the nebula th a t they  absorb not only quan ta in the Lym an lines of the 
s ta r ’s spectrum , but also quan ta  in the continuous spectrum  beyond the 
lim it of the Lym an series. W hen these quan ta  are absorbed, pho to
ionisation of the hydrogen atom s takes place, and later, after recom bina
tion, there occur “ cascade” transitions of the electrons from one level to 
another, and quan ta  are em itted  in the lines of the Bahner, Pasehen, and 
other series.

Thus we assume th a t the optical thickness of the  nebula beyond the 
lim it of the Lym an scries is g reater than  unity , or a t any ra te  no t small 
com pared w ith unity . The ratio  of the absorption coefficient in the first 
few lines of the Lym an series to th a t ju s t beyond the series lim it is of 
the order of 101 or 105. Hence the optical thickness in these lines m ust 
be, on the above assum ption, also of the order of 104 or 10,r' or more,
i. e. it is very large.

H aving ascertained the conditions which exist in a nebula, let us 
investigate more closely what happens to  the ultra-violet quanta absorbed 
by the  nebula; by “ ultra-violet q u an ta” or “Lc q u an ta” we understand 
quan ta with frequencies greater th an  th a t of the lim it of the Lym an series.

L et an  Lc quantum  em itted by the s ta r be absorbed by the nebula, 
causing in it the ionisation of some hydrogen atom . A fter a time, the 
free electron will be reunited with some proton. H ere there are two 
possibilities: (1) the electron falls directly into the first level, (2) the 
electron falls into one of the upper levels. In the first case an Le quantum  
is em itted, and the whole process begins again. In  the second case the 
electron performs some chain of transitions, the last of which is a transi
tion to the first level. The dilution of the radiation is so great, and the 
density  of m a tte r in the  nebula is so small, th a t this chain of transitions 
is not in terrupted  in the vast m ajority  of cases.

Let ns assume th a t the electron is captured directly into the second 
level. A quantum  in the Balm er continuum  is thereby em itted, and this 
escapes from the nebula. The electron then passes from the second level 
to the first, em itting a quantum  of the first line (a) of the Lym an series.
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On the above assum ption concerning the very great optical thickness of 
the nebula in the lines of the Lym an series, this Lym an x  quantum , 
after passing a short distance in the nebula, will be absorbed by some 
other atom  in its norm al state. This atom  will then be in the second sta te  
and, in consequence of the absence of external disturbances, will pass 
spontaneously to its norm al sta te  again, em itting a Lym an x quantum . 
Thus the Lym an a  quantum  will undergo only processes of scattering, 
and this will continue until i t  reaches the boundary of the nebula and 
escapes. Consequently, in this case, i.e. for recom bination to the second 
level, there escape from the nebula one quantum  in the Balm er continuum  
and one quantum  in the Lym an a line.

L et us now suppose th a t the electron is captured into the th ird  level. 
A quantum  beyond the lim it of the Paschen series is thereby em itted, 
which escapes from  the nebula. The electron then  has two possibilities: 
either to pass directly to the first level, with emission of a Lym an 
quantum , or to m ake a transition  first to the  second level and then to 
the first, w ith successive emission of and Lym an a  quanta. However, 
the Lym an /? quantum  which arises when the former possibility is realised 
will necessarily be absorbed in the nebula, in consequence of the la tte r’s 
great optical thickness in the Lym an lines, and thus an atom  in the 
th ird  s ta te  will again be formed. H ence the second of the two possibilities 
will sooner or la ter be realised. The H a quantum  thus produced will leave 
the  nebula w ithout hindrance, and the  Lym an a  quantum , as was 
explained above, will do so after num erous scatterings. Consequently, 
when an electron is captured in to  the th ird  level, three quan ta  should 
escape from the nebula: one in the Paschcn continuum , one in the 
H a line, and one in the Lym an a  line.

Similar considerations m ay be given for recom binations to the higher 
levels. I t  is easily seen th a t, in every case, the chain of transitions of 
the electron from level to level ends w ith the form ation of a Lym an a 
quantum , which m ust be preceded b}7 a transition  of the electron to the 
second level w ith emission of a Balm er quantum . Thus we reach the 
following im portan t conclusion: from every Le quantum  absorbed and 
transform ed by the  nebula, there  are necessarily formed one Lym an a 
quantum  and one Balm er quantum .

I f  the nebula transform s all the  Lc quan ta  em itted  by the star, it 
follows th a t the num ber of these quan ta  m ust be equal to the num ber 
of Balm er quan ta  em itted  by the nebulae. I t  is evident th a t this will 
hold in the case where the optical thickness of the nebula beyond the 
lim it of the Lym an series is considerably g reater than  unity . In  general, 
it can be asserted th a t the num ber of Balm er quan ta  em itted  b jr the nebula 
does not exceed the num ber of Lc quan ta  em itted by the central star, i.e.

A7n <  N Iv* - (23.14)
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On this theorem  is based the m ethod, proposed by H. Z a x s t k a  [181], 
of determ ining the colour tem peratures of the  nuclei of p lanetary  nebulae. 
Since the num ber of Balm er quanta em itted  by the nebula gives a lower 
lim it to  the  num ber of Lc quanta em itted  by the nucleus, if we compare 
the num ber of quan ta  em itted  by the nebula in the Balmer lines with 
the num ber of quan ta  em itted  by the  star in the  visible p a rt of the 
spectrum , we are in fact comparing some lower limit to the in tensity  
of the nucleus spectrum  beyond the Lym an series lim it with the in tensity  
of the nucleus spectrum  in the visible region. This m akes it possible to  
define a lower lim it to the tem perature.

I f  the  nucleus emits according to P lanck’s Law, and its radius is 
r* and its tem perature T%, the  to tal num ber of Lc quan ta  em itted by 
it in un it tim e is

4 7i rJ- r 2 d r
_i ’ (23.15)

where r0 is the frequency of the Lym an series limit.
On the o ther hand, let E t denote the to tal am ount of energy em itted 

per second by the whole nebula in the ith  Balm er line, and le t (dE^/dv)^ be 
the  to tal am ount of energy em itted  by the  nucleus in un it tim e and 
unit frequency in terval a t the same point in the  spectrum . The dim ension
less ratios

Ai = v ^ d E J d v ) .
(23.16)

can be determ ined directly  from observation. B u t

dE±
d v

— 4 7i r*2
2 7i h v?  ^

C2 eAr; / A - 7 \ _  ] (23.17)

H ence the to tal num ber of Balm er quan ta em itted  by the nebula is

E ; 8E. 2.1 v  Vi Ai= 2  » ;  =  i  2  A, C'Z’)' =  4 . , r,« 7  2  (J, ; , , . (23.1$)

From the inequality (23.14) we obtain, by (23.15) and (23.18),

(23.19)’»3 Aiy  * * <-— ffivpkr. _  , ^
v2 d r

cM *r. _  j

We write

h vjk '1\ =  x ,  h v0//i T * =  Xq , h v j /> T* =  x{ . (23.20)
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Then we have instead of (23.19)

OO

J x- dx 
ez — 1

(23.21)

The sum m ation on the left-hand side of this inequality is extended not 
only over all the  lines of the Balm er scries, bu t also over the Balm cr 
continuum .

The inequality (23.21) is solved by trial. Taking various T^  and 
calculating x0 and xit we find th a t for some value of 5P* we have an 
equality. A lower lim it to the tem perature of the  nucleus is thus d e te r
mined. Tables which facilitate the solution of th is problem  are given in 
the work of Z a n s t k a , and graphs in the work of B. A. V o k o n t s o v - 

V e i / y a m i n o v  [173],
The m ethod given for determ ining the tem peratures of the nuclei 

of p lanetary  nebulae has been applied in practice by Z a n s t k a  and by 
some other authors. As an exam ple, we give the results o f Z a n s t k a , 
obtained from his own m easurem ents of the  quantities A ;.

I t  m ust be noticed th a t the  m ethod is very insensitive to  small errors 
in the  determ ination of the  A it since we are essentially comparing two 
p arts  o f the nucleus spectrum  which are very d istan t from  each other.

The radiation of the p lanetary  nebulae in the lines of o ther atom s 
(but not. as we shall see below, in all lines) occurs in the same w ay as 
in the hydrogen lines, as a result of photo-ionisation under the  action 
of the ultra-violet radiation of the star and subsequent recom binations. 
In  particular, the nebulae rad ia te thus in the  lines of helium and of 
ionised helium. From  the  in tensity  of these lines we can determ ine the 
tem peratures of the nuclei, ju s t as from the in tensity  of the  hydrogen 
lines. Such determ inations again lead to very high values of the  tem pera
tu res of the nuclei. H ere it has been found th a t the tem peratures of the 
same star, as found from lines of different atom s, differ fairly considerably. 
For example, for the  nucleus of the nebula XGC 7009 Z a n s t k a  obtained 
rl \  — 70,000° from ionised helium and T* =  55,000° from hydrogen. 
In  m any eases the discrepancy is even more marked.

To explain this discrepancy, several reasons m ay be adduced. We 
shall give only two of them , the m ost im portan t ones.

N ebula NGC 6543 =  39,000°

NGC 6572 T* =  40,000°

NGC 7009 T* =  55,000°
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( 1 )  Z a n s t k a ’s  m ethod does not give the actual tem perature of the 
star, bu t only a lower lim it to it. I f  the nebula absorbs only a small 
p a r t of the energy from the star beyond the principal series lim it of the 
atom  concerned, this lower lim it to the tem perature m ay lie considerably 
below the actual tem perature. This is apparently  so, in some cases, for 
the tem peratures found from  the hydrogen lines, since, in consequence 
of the strong ionisation of hydrogen in the nebulae, the absorption of 
the L,. rad ia tion  of the nucleus m ay be incomplete.

(2) I t  m ay be th a t the energy d istribution in the spectrum  of the 
nucleus does not obey P lanck’s Law, bu t deviates considerably from it. 
In  this case the concept of the colour tem perature has no unambiguous 
significance.

4. The determination of the tem peratures of the nuclei from “ nelmlium” 
lines. We have said above th a t the m ajority  of lines in the spectra of 
the p lanetary  nebulae arise as a result of photo-ionisation and subsequent 
recom bination. However, it is easy to show th a t some lines, including 
the principal nebular lines X t and X 2, cannot arise in this way.

L et us assume, in fact, th a t the radiation of the nebula in the XT 
and X2 lines occurs a t the expense of the energy from the s ta r beyond 
the lim it of the principal series of doubly ionised oxygen. In  this case 
the num ber of quanta em itted  by the s ta r beyond the lim it of this series 
should be not less than  the  num ber of quanta em itted  by the nebula 
in the Xj and X 2 lines. B u t the lim it of the principal series of the 0  I I I  
atom  is in the very  far ultra-violet region of the spectrum  (the ionisation 
poten tial of O I I I  is approxim ately four tim es the ionisation potential 
of hydrogen). I t  follows from th is th a t, if our assum ption were correct, 
the tem perature of the s ta r would be extrem ely high — in some eases, 
upw ards of a million degrees.

To this wc m ay add  the following consideration. Since the ionisation 
potentials of 0  H I and H e I I  are alm ost the same (54-5 and 54-2 eV 
respectively), these atom s absorb the energy from the s ta r in the same 
region of the spectrum . H ence, if the nebula rad ia ted  in the Xj and X 2 
lines only a t the expense of this energ3r, the Xj and X 2 lines would not 
exceed in in tensity  the  lines of He II (since there are a t least as m any 
helium atom s as oxygen atoms). In  reality, there are a num ber of 
nebulae in whose spectra the lines of H e IT are alm ost uimotieeable, 
whereas the Xj and X 2 lines are very intense.

These facts show th a t there m ust exist in the nebulae some mechanism 
o f  excitation of the atoms, o ther than  recom binations, and I .  S. B o w k s ' 

lias indicated such a mechanism. H e pointed out th a t the excitation 
potentials of the levels from which the “ nebulium ” lines are em itted 
are very small (for example, only 2T> eV for the Xj and X 2 lines). Con
sequently, a considerable fraction of the free electrons in the nebula



412 Chapter 23. J’h» mechanism of the radiation of the nebulae

must have energies sufficient to excite these levels by collision. For 
this reason, Bowen supposed that the nebulae radiate in the “nebuliuin” 
lines at the expense of the kinetic energy of free electrons.

I t  is clear th a t the  energy of the free electrons is obtained ultim ately 
from tbe ultra-violet radiation of the star. This radiation no t only 
detaches the electrons from the atom s, bu t endows them  w ith some 
kinetic energy. A p a rt of th is energy of the electron is expended on 
exciting the “ nebulium ” lines, before it is captured by an ion.

The ideas just given on the radiation of nebulae in the “0 0 1 )111111111“ 
lines enabled Zanstra to give another method of determining the tem
peratures of the nuclei.

We shall suppose th a t  the  free electrons are formed m ainly by the 
ionisation of hydrogen atoms. I f  the ionisation takes place by the a b 
sorption of a quantum  of frequency r, the detached electron will acquire 
a kinetic energy of

1 m v- — h v — h v0 ,

where r0 is the  ionisation frequency of hydrogen. The to tal num ber o f  
quanta em itted  by the s ta r in the  frequency interval from v to  v +  d r  
in 1 second is

4 n  r*2 2  71 V ‘ dv
J d kr , 1 '

Hence the to ta l am ount of kinetic energy acquired by free electrons in 
1 second, if all the Lc quanta em itted  by the s ta r are absorbed, is

OO
4 l r ! [  (” - vo)*2 d71 * C2 J  et>vlkT,_ l a v  •

(23.22)

On the o ther hand, the energy em itted  by the  nebula in the “nebulium ” 
lines can be represented in the form

. o 2  T i l l  x~
4 K r*- r2 L

v *
iipbulium e

.... j A i , (23.23)

w here the A t are the quantities determ ined from observation by form ula 
(23.1G), and the sum m ation is taken  over all the “ nebulium ” lines which 
are excited as a result of collisions with electrons.

Since the energy expended on the excitation of the “ nebulium ” 
lines cannot exceed the kinetic energy acquired by the electrons, we 
find by comparing (23.22) and (23.23)

v
nebulium

Cf hvi! k T . _ ]
>2

f hv'kT. _  j d v . (23.24)
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or, using the notation (23.20),
CO

I  A d * .
ncbulium e. * — 1 J e -  1

j*
(23.25)

In the inequality  (23.25), the unknown is the tem perature rl \  which 
appears in both z 0 and xt. On solving this inequality, we find some 
lower lim it to the tem perature of the star.

The results of this determ ination of lower lim its of tem perature for 
the nuclei of three nebulae are

NGC 6543 T* =  37,000°
NGC6572 T* =  38,000°
N G C7009 =  50,000°

We see th a t the results obtained by this m ethod agree fairly well with 
those obtained from hydrogen lines. I t  m ay be th a t this elosc agreement 
o f the results obtained by the two m ethods is due to the faet th a t they 
not only are lower limits, bu t are actually close to the tem peratures 
sought.

I t  should be m entioned th a t the finding of the quantities A* from 
observation presents considerable difficulties. A modification of the 
above m ethod is therefore of great praetieal im portance; it is based 
on the faet th a t the Nx and N 2 lines aeeount for most of the visual 
lum inosity of the nebula. Moreover, as we have seen, these lines character
ise to some ex ten t the intensity  of the radiation from the s ta r beyond the 
lim it of the Lym an series. Hence we ean estim ate the tem perature of 
the s ta r from the ratio of the visual lum inosity of the nebula to the 
visual (or photographic) lum inosity of the star, i.e. from the difference 
in„.— mn. I t  is evident th a t, the greater this difference, the higher the 
tem perature.

In  this w a y  Z a x s t k a  has determ ined the tem peratures of the ecntral 
stars of a fairly large num ber of nebulae. He has found th a t, in some 
eases, the tem perature of the ecntral s ta r reaches 100,000° or more. 
The high tem peratures obtained by this m ethod are usually confirmed 
by other indications, and in particu lar by the intensities of the lines 
of He II.

Chapter 24. The physical state of matter 
in the nebulae

1. The conditions necessary for the appearance of forbidden lines.
Let us now tu rn  to a more detailed diseussion of the fundam ental fact 
th a t very intense forbidden lines are observed in the spectra of planetary  
nebulae.
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Besides the principal nebular lines Xx and X 2, which belong to the 0  I I I  
atom , forbidden lines of the atom s 0 1 ,  O i l ,  X IT, S I I  and others are 
also visible in the spectra of nebulae. A list of the brightest of these 
lines is given in Table 17.

Table 17

Wavelength Transition Atom Excitation
potential

3726 4S“/ , ~ 2D“/, O II 3-31

3729 4Sv 2D"/; 0  II 3-31

4363 ■ D i - ' S , 0  III 5-33

4959 3I \  — Bio O III 2-50

5007 3P2 — ‘D, 0  III 2-50

65S3 3P2- ‘D2 X II 1-89

As an example, we give in Fig. 60 the energy level diagram  of the 
0  I I I  atom . Together w ith o ther transitions, the  figure shows the 
forbidden transitions corresponding to  the lines X x, X , and 4363 A.

The presence of forbidden lines in the spectra of nebulae is not, in 
itself, surprising. The transition  probabilities for forbidden lines are 
obtained as zero only by an approxim ate calculation. In  fact they  arc 
different from zero, although com paratively small. W hereas the  Einstein 
spontaneous transition  probabilities arc of the  order of 108 per second 
for perm itted  lines in the visible p a r t of the spectrum , for forbidden lines 
they arc less by factors of a million or a thousand million. For exam ple, 
for the Xj and X 2 lines th e  spontaneous transition  probabilities are
0-018 and 0-006 per second respectively.

However, the  forbidden lines arc not observed in ordinary stellar 
spectra. We m ust therefore ascertain  w hat is the difference between the 
conditions in the nebulae and those in stellar atm ospheres which leads 
to  the appearance of forbidden lines in the spectra of the  nebulae.

F irst of all, we m ust notice th a t those forbidden lines which s ta rt 
from upper levels from which perm itted  transitions to lower levels are 
also possible cannot reach a high relative intensity, since from the 
upper s ta te  concerned perm itted  transitions will occur millions of times 
more often than  forbidden ones. H ence the forbidden lines can become 
com paratively intense only when the upper state is metaslable, i. e. no 
transitions from it to  lower energy levels arc possible, ap art from the  
forbidden ones.
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However, whereas the atom  remains in ordinary excited states for 
a tim e of the order of 10-8 second, an atom can remain for several seconds 
or more in  a metastable state. Thus, for example, the m ean lifetime of 
an  0  I I I  atom  in the 1D 2 state , from which the and N , lines arc 
em itted, is 42 seconds. Consequently, in order th a t the forbidden lines 
should be able to be em itted  from the m etastable states, it is necessary

o

E
> 100,000

200.000

F i g . 6 0

th a t the atom  should not undergo external perturbations during a very 
long in terval of time. In  particular, the atom  m ust no t experience 
frequent encounters with free electrons, since these can transfer it from 
the m etastablc sta te  upw ards by a collision of the first kind or dow n
wards, w ithout the emission of the forbidden line, by a collision of the 
second kind. Similarly, the atom  m ust not be subjected to  strong action 
of radiation, since it can pass upw ards from the m etastable sta te  by 
absorbing a light quantum . Thus the long lifetime of an atom  in the 
m etastable s ta te  requires some restrictions to be placed on the density 
of m a tte r and of rad iation ; if these are not fulfilled, the forbidden line
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cannot appear. In  o ther words, for the appearance of forbidden lines 
in the  spectrum  of any object, it is necessary th a t the density of m atter 
and  of radiation in it should be sufficiently small.

The absence of forbidden lines in stellar spectra indicates th a t this 
condition is no t fulfilled in the  atm ospheres of stars. This m eans th a t an 
atom  which has entered the m etastable s ta te  is rapidly removed from it 
by the action of light quan ta  or of free electrons, which exist in large 
num bers in the atm ospheres of stars, and so the forbidden line is no t 
em itted . Conversely, the presence of num erous very intense forbidden 
lines in the spectra of the p lanetary  nebulae points to an extrem ely low 
density  of radiation and of m a tte r  in these objects. In  the following 
section the conditions necessary for the appearance of forbidden lines 
will be considered quantitatively .

2. The accumulation of atoms in metastable states. Since the con
ditions in nebulae are such th a t atom s which have entered a m etastable 
s ta te  are able to rem ain in it for a fairly long tim e (until they  make a 
spontaneous downward transition), a very large num ber of atom s m ust 
accum ulate in m etastable states. For this reason alone are bright forbidden 
lines em itted, since the in tensity  of a line is proportional to the num ber 
of atom s in the initial s ta te , and to the probability  of the corresponding 
spontaneous transition , and the probabilities of spontaneous transitions 
from m etastable sta tes are extrem ely small.

The theoretical problem of the accum ulation of atom s in m etastable 
s ta tes  was first solved by V .  A .  A m b a r t s u m y a n  [ 3 ] ,  and we shall 
give here the results obtained by him.

Let us consider, for simplicity, an atom  having th ree  energy levels. 
We assume a t first th a t the excitation of the atom  is caused by radiation 
only. In  the steady sta te , the num ber of atom s in each of the levels 
should be constant. H ence we have

n , B 12 ol2 +  n , B 13 nl3 =  n2 A 21 +  n3 yl31 . 1
< (24.1)

n l  -^13 213  "t" n 2 -®23 Q23 =  ?!3 -^31 “1“ ?,3 -^ 32 • '

H ere we have neglected stim ulated  transitions, since we arc assuming 
th a t the radiation is strongly diluted (1F<^1). From  the equations
(24.1), we obtain by elim inating n3

712 _  p 12 4* (1 p )  7 i ] 3 O]3 / . ) ^

71, A 2, “f" ?Jh 23 P23 y

where p — A 31/(A3l +  A 32). We use the relations between th e  Einstein 
transition  coefficients, and the notations (23.10) for the quantities Qik. 
W e find for the ratio  n2jn x, instead of (24.2),

n 2 __ jp  A2j ( 9 i t 9 \ )  Q12 +  (1 p )  A3) (f7a/t71) G13 
wi A2j +  7,A32 (9 J 92) Ib?23 (24.3)
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We shall now suppose th a t the second sta te  is m etastable, i. e. A 2l A 31
and H32. Then the first term  in the num erator of formula (24.3) can he 
neglected in comparison with the  second. However, either of the two 
term s in the denom inator m ay be the greater, depending on the circum 
stances. Hence we shall analyse two possible eases.

I. \V A 21/A 32. In  this ease we can omit the second term  in the 
denom inator, and we have

(24-4)«1 si 2i (Ji

II. \V A 2ljA 32. In  this ease, on the o ther hand, we can omit the 
first term  in the denom inator, and we therefore have

n 2 _ 92 0 l 3  ^  92  —-- “ - _-- - - ()\c>
n i 9 i  2̂3 £7i " “

(24.5)

Let us also consider, for comparison, the case where the second level 
is not m etastable, i.e. the transition  2 -»■ 1 is perm itted . D enoting by 
A 21° the coefficient A 2l for the perm itted  transition, we can write 
H 21° H31, H32, and we find from formula (24.3)

V  =  W i \  01* +  IF (l - P )  i l  013 • (24-6)

I t  is evident th a t the two term s on the right-hand side of this formula 
can be considered to be of the same order of m agnitude.

On comparing form ulae (24.4) and (24.6), we see th a t, in the m e ta 
stable s ta te  in the first of the cases considered above, the ratio  n2/n 1 
exceeds its value for an  ordinary excited s ta te  by the same factor as 
the probability  of the perm itted  transition  exceeds th a t of the forbidden 
transition  (n2/n2° ss; A 2 l ° / A 2 l ) .  Consequently, in this ease the intensities 
of the forbidden lines a tta in  the same order of m agnitude as those of 
the perm itted  lines (since n 2 A 21 n 2° /1 21°).

In  the second ease considered, however, the ratio  tu/n^ is approx
im ately determ ined by B oltzm ann’s formula, and, as is shown by a com
parison of formulae (24.5) and (24.6), it is in order of m agnitude 1/1T 
times the value of this ratio for an ordinary excited level. Consequently, 
a very m arked accum ulation of atom s in the m etastable s ta te  occurs 
in this ease also. However, the num ber of transitions from the m etastable 
sta te  does not equal in order of m agnitude the num ber of transitions 
from the ordinary state. In  fact, we have

A * ,  m  n, o10 A n l  «»° n.,° A n ] °  .9l “ M
A t̂ropli v m c s
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This means th a t, in ease I I ,  the in tensity  of the  forbidden line is small 
in comparison with th a t of the perm itted  line.

The physical significance of cases I  and I I  is as follows. The first 
term  in the denom inator of formula (24.3) corresponds to forbidden 
transitions 2 1, and the second to  transitions upw ards from the
m etastable s ta te  (2 -> 3). In  the firstcase the transitions 2 —> 1 predom inate, 
and the forbidden line is seen a t full strength . In  the second case, in 
consequence of the com paratively high density of radiation, the transi
tions 2 —> 3 predom inate, and the forbidden line is faint.

Since in the p lanetary  nebulae ]V is of the order of 10-13, almost 
all m ctastable sta tes satisfy the conditions of the first ease. I t  m ay be 
th a t the  only exception is the 23S s ta te  of helium, which has an extrem ely 
long lifetime. On the o ther hand, in envelopes of small radius (i.c. those 
of W olf-Rayet, Be, etc., type stars), alm ost all th e  m etastable sta tes 
belong to  case II .

The above shows the sta te  of affairs concerning the accum ulation 
of atom s in m ctastable sta tes when the  excitation is by the  aetion of 
radiation. However, as was found above, the  brightest of the forbidden 
lines in the spectra of nebulae are excited not by radiation, bu t by 
collisions with free electrons. We shall therefore consider also the problem 
of the population o f the  m ctastable sta tes for this second mcehanism 
of excitation.

L et us take an atom  w ith two energy levels. L et bl2 be the  num ber 
of transitions from  the normal to the  m ctastable s ta te  in collisions of 
the first kind, n2 o21 the num ber of transitions from the  m ctastable 
to the norm al s ta te  in collisions of the  second kind, and n2 A 2l the 
num ber of spontaneous transitions from the m ctastable to the normal 
s ta te  (all per un it volume and un it time). The condition for a steady 
s ta te  gives

The coefficients b12 and n21 arc proportional to the density  of free electrons, 
and depend on their velocity distribution. We shall suppose th a t  the 
velocities of the free electrons are d istributed according to Maxwell's 
Law*. In  th is case the following relation exists between the coefficients

* It can be shown that, in the time between ionisation and recombination, 
each electron undergoes a very large number of collisions with other electrons, 
lienee this assumption is not suspect.

n i 1̂2 =  ni(azi + ^21 ) • (24.7)

b12 and a2l:

(24.S)
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where Te is the tem perature of the electron gas*. H ence we obtain  from 
equation  (24.7)

, a“  e~hvJkTe . (24.9)”i A21 +  a2l gq K '

I f  a21 ^  A 21, form ula (24.9) becomes B oltzm ann’s formula. However, 
this inequality  m eans th a t stim ulated transitions predom inate over 
spontaneous ones. In  th is case, therefore, the forbidden line will be 
fain t or no t visible a t all. I f  the converse inequality  holds, the  m ajority  
of atom s which arc transferred  from the norm al to the  m etastable sta te  
in a collision o f the  first kind will re tu rn  spontaneously, em itting a quan
tum  in th e  forbidden line. Hence, if these collisions are sufficiently 
numerous, the  forbidden line will be very  strong.

We shall see below th a t the  density  of m a tte r in p lanetary  nebulae 
is extrem ely small (ne f ^ l0 4). The inequality  c21 A 2l therefore holds 
for these nebulae, i.e. collisions of th e  second kind occur rarely and 
cannot "quench” the forbidden line. Collisions of the first kind, on 
the o ther hand, occur sufficiently frequently  to  transfer a fairly large 
num ber of atom s from the  norm al to th e  m etastable state. This difference 
between the num bers of the two kinds of collisions is due to the  fact th a t 
an atom  spends m uch less tim e in an  excited s ta te  (even if m etastable) 
than  in the  norm al state.

F rom  w hat has been said in the  present section, we can draw the 
following conclusion. In  order th a t th e  forbidden lines should be com
parable in  in tensity  w ith the  perm itted  lines, it is necessary th a t two 
conditions should be fulfilled:

(1) W  H21/H 21° ,

(2) ^21 ^  ^21 •

These determ ine the upper lim its th a t m ay be reached by the density 
of radiation and of m a tter. I t  is evident th a t both  these conditions m ust 
be fulfilled, w hatever is the mechanism of excitation of the atoms.

3. The determination of the temperatures of the nebulae. The fact 
th a t the m etastablc sta tes of the 0  I I I  ion are excited by electron colli
sions enabled V. A .  A m b a r t s u m y a n  to  propose a very simple m ethod 
o f determ ining the  electron tem peratures of the  nebulae. H e pointed 
out th a t the 0  I I I  ion has no t only the m etastablc level XD2, from 
which the and X2 lines s ta rt, bu t also th e  higher m etastablc level

the  line 43G3 A is em itted  in the  transition  from  this level to  the

* To derive this relation, we may consider the state of thermodynamic equili
brium. In this case we must have rq bl2 =  n2 a2l and n2fnl =  {g2lgt) e—A,,i*lkT. For
mula (24.8) follows from these two relations; it is valid, of course, in all cases 
where there is a Maxwellian velocity distribution of electrons, and not only in 
thermodynamic equilibrium.
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xD2 level (see Fig. 00). The excitation potentials of these levels are 2-5 
and 5-3 eV respectively. I t  is evident th a t, the higher the electron 
tem perature of the  nebula, the greater will be the ratio  of the num ber 
of atom s in the 'Sq sta te  to th a t in the 'D., s ta te , and consequently, the 
brighter will be the line 4303 A in comparison with the  Nj and X 2 lines. 
Thus we can estim ate the electron tem perature of the nebula from 
observations of the relative intensities of the lines 4303 A and Xj +  X 2.

To derive the  required formula, we denote the  num ber of 0  111 atom s 
in the normal and two m etastable sta tes by nv  >i2 and n3 respectively. 
Since, in the ease of the nebulae, we can neglect transitions from the 
excited states under the action of collisions, in comparison with the 
spontaneous transitions, we obtain as the  conditions for a steady sla te

1̂2 "A ^3 -̂ 32 =  ^2 -̂ 21 ’ | /r)< 1AX

nl 1̂3 =  ™3 ("'All A  -^32) ’

I t  is found th a t for the  0  I I I  ion the transition  3 -> 1 is “ forbidden” 
m uch more strongly than  the transition  3 > 2, i. e. A 31 A 3 2 . H ence
we have from equations (24.10)

n2A2J _  j 1 bi2 
7h A32 bi3

This gives for the  required in tensity  ratio  of the  lines X t +  X 2 and 
4363 A

E2l _  r,2 A , bl2 
E32 v23 y bl3 (24.11)

Using now the relation (24.8) between the probabilities of collisions of 
the  first and second kinds, we obtain instead of (24.11)

En =  v12 L  , g2 a21
E 3t V33 \  a 3l

(24.12)

In  passing from formula (24.11) to  formula (24.12) we have explicitly 
introduced the dependence of E.n /E32 on the electron tem perature, since 
th e  coefficients «2] and r<31 arc almost independent of 7’e (because collisions 
of the second kind, unlike those of the first kind, can be effected by an 
election with a 113' velocity). We can suppose th a t «>\lan  ^  have
also g.Jg3 -- 5. H ence we find approxim ately, instead of (24.12),

A’x. + x , / ^ 36.3 =  4-f, . (24.13)

This formula serves to determ ine T e from the ratio ESi + yJE 1363 found 
from observation.
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In the spectra of planetary  nebulae, the ratio of intensities of the 
lines +  N2 and 4U(ill A varies w ithin fairly wide limits. However, 
since '1\ enters formula (24.13) in an exponent, the values of Te found 
from this formula for different nebulae differ little among themselves. 
According to the determ ination by ID. H . M e n z e l  and his co-workers 
[81], the electron tem peratures of the great m ajority of the planetary  
nebulae lie between 6000° and 10,000°.

A nother m ethod of determ ining the electron tem peratures of the 
nebulae is obtained from a consideration of the energy balance of the 
free electrons [152]. In  photo-ionisation, the electrons acquire some 
kinetic energy. We know th a t they  expend a considerable part of this 
energy on the excitation of atom s by collision. The other p a rt is trans
formed into radiation in the continuous spectrum  by recom binations 
and hyperbolic transitions. Since the nebulae are in a steady state , the 
kinetic energy of the electron gas should rem ain constant, i.e. the energy 
acquired by the electrons should equal the energy they lose. This con
dition determ ines the tem perature of the electron gas. As an upper limit 
(taking into account collisions of the electrons w ith O I I I  and hydrogen 
atoms), tem peratures of the order of 0000° to 14,000° are obtained for 
a num ber of nebulae.

Thus the electron tem peratures of the nebulae are much lower than 
the tem peratures of the central stars. The cooling of the electron gas 
is chiefly due to collisions w ith atom s which have levels w ith low excita
tion potentials (particularly O I I I  ions). I t  is these atom s which control 
the electron tem peratures of the nebulae, operating as an unusual 
“ th e rm o sta t” .

4. The intensities of the Ualmer lines. Form ula (24.6), which determ ines 
the num ber of atom s in excited (not m etastable) sta tes in the nebulae, 
is only approxim ate, since we have assumed, in deriving it, th a t an atom  
has only three energy levels. However, the conditions in the nebulae 
are so simple th a t no difficulty is encountered in calculating the popula
tions of the excited levels for actual atoms. The chief reason for the 
easiness of such a calculation is the complete transparency of the nebulae 
to radiation in the lines of subordinate series. Because of this, the popula
tion of the excited levels is determ ined entirely by recom binations (or 
by collisions in the case of low energy levels), and bv the subsequent 
cascade transitions of the electrons from level to level.

The transparency of the nebulae to radiation in < he lines of subordinate 
series also m akes it easy to determ ine the am ount of energy em itted 
by the nebula in these lines. A comparison of the calculated line 
intensities with observation forms a good te st of the correctness of 
the theory.
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Let us calculate the population of the excited levels of a hydrogen 
atom . This enables us, in particular, to determ ine the relative intensities 
of the Baliner lines (the so-eallcd Bnlmer decrement).

We know th a t  the hydrogen spectrum  of the  nebulae is due to 
recom binations. H ence we m ust first of all obtain  an expression for the 
num ber of recom binations. I t  is evident th a t this num ber is proportional 
to the  concentrations of ions and of free electrons, i.c. to the quantities 
n+ and ve, and depends on the tem perature Te of the free electrons. 
Consequently, the  num ber of captures into the  ith  level is equal to 
ne n+ Cit{Te). The coefficient Cif(Te) is calculated from  (20.10). In  
doing so, we negleet the term  c3 qv/8 n  h v3 (i. e. the stim ulated  em ission); 
we take the  value of (/3v)k from (5.55) and the expression for k'r from
(5.24). For hydrogen, Z =  1, and  the  factor g’ can be taken  as unity . 
The final result is

Cif(T e) 2* _e_10_  [ m \ 3/2 1 xilkT« P ( Xi'
(6n)3'3 m2c3/i3 \ k T J  t3 e \ k T e (24.14)

where %i is the ionisation potential from the ith  sta te , and the  o ther 
symbols have their usual meanings.

The calculation of the population of the excited levels is based on 
the conditions for a steady  sta te , which are th a t the  num ber of atom s 
entering any given s ta te  m ust be exactly equal to the  num ber of atom s 
leaving it.

L et us write down the steady s ta te  conditions for the  ith  level of 
hydrogen. The num ber of atom s entering th e  ith  s ta te  is the sum  of 
th ree term s: (1) the num ber of captures directly into the  ith  level, 
nen + Cit(Te), (2) the num ber of spontaneous transitions from  higher

C O

discrete states, £  nk a nd (3) the num ber of transitions from  the
t= i + i

first to the ith  s ta te  by the absorption of quan ta  in the  Lym an lines, 
nk B u a i; (we recall th a t the  nebulae are opaque to radiation in the 
lines of a principal scries). Consequently, the to tal num ber of transitions 
to the ith  s ta te  per un it tim e and volume is

ne n+ Cjf(Te) +  ^  nk A ki +  n1 B u q u  .
Jt=» + i

On the o ther hand, the  num ber of atom s leaving the ith  s ta te  is

i—i
n i X .  A ik  ,

r-=.i
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since only spontaneous transitions downwards are possible from the ith  
state. E quating  the last two expressions, we obtain

i — l oo
ni 2- =  ne n+ Cif[Te) +  nk A ki +  nx B u

k = 1 k = i +1
(t =  2,3,4, . . . ) •  (24.15)

We have seen, however, th a t all quanta in lines of the Lym an series 
th a t are em itted  by the  nebula are absorbed in i t  again. Consequently, 
the  num ber of transitions i -> 1 is alm ost exactly equal to the num ber 
of transitions 1 -> i , i.e.

« i  A i \  =  « i  B u  Q u  ■ 

Hence we find, instead of (24.15),

(24.16)

ni 2  A ik — ne n+ Ci)(T,) +  1lk (? — 3,4, . . .) . (24.17)
k = 2 Jt =t + 1

Thus we have arrived a t a system  of linear algebraic equations for 
the numbers zk =  nkjne n.+. The solution of this system determ ines the 
population of th e  energy levels of hjxlrogcn (starting from the third).

I f  the num bers zk are known, it is easy to find the relative intensities 
of the emission lines. The energy em itted  by the nebula in the line which 
corresponds to the transition  k -> i is

E ki =  A kihv ik I  nk d V ,  (24.18)

where the integration is extended over the whole volume of the nebula. 
B u t v k =  zk ne n + and, if we suppose th a t the electron tem perature is 
constant in the nebula, the num bers zk can be taken outside the  integral 
sign. We thus obtain

E k i = z k A k ihvik I  ne n+ d  V . (24.19)

For a given T e, the formula thus found gives the line intensities apart 
from a constant factor. In  particular, for i =  2 it determ ines the Balmer 
decrem ent.

The system  of equations (24.17) has been approxim ately solved by
G. G. ClLLlK, who used the first twelve equations (i =  3,4, . . .,14) and 
rejected the rem ainder. The num bers 10’° zk which he obtained for 
various values of T e are given in Tabic IS.
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Table IS

e 5000° 10,000° 20,000

3 0-41
i

0-23
1

013
4 0-50 0-33 017
5 0-89 0-4S 0-24
6 1-29 0-08 0-34
7 1-78 0-92 0-45

More accurate solutions of the system  (24.17) have been obtained by 
I). H . M e n z e l  and J . G. B a k e r  [15]. In  their tables the quantities 

are given, which are defined by a relation similar to (20.14):
;t3 p. Xil k T e

ni =  bi ne n+ (2 n m /.Tj 3 /2 e

i.e. they show by w hat factor the value of ?q/j?e n+ in the nebulae differs 
from its value in a s ta te  of therm odynam ic equilibrium a t tem perature 
Te. I t  has been found th a t the values of the bt are fairly close to unity, 
and  1 as i  —> oo, as we should expect. For the  lower levels, the
results of M e n z e l  and B a k e r  do not differ greatly from those of C i l l i e .

The Balm er decrem ent, calculated by means of the numbers zk taken 
from  Table 18, is given in Table 19. From  this it is seen th a t the Balmer 
decrem ent depends very little on the electron tem perature, and m ay be 
regarded as practically constant.

Table 19

T* 5000° 10,000° 20,000° observed

Ha 2-70 2-78 2-88 2-77

Hs 1-00 1-00 100 1-00

Hv 0-51 ' 0-50 0-48 0-50
0-30 0-29 0-27 0-20

He 019 0-18 0-17 0-18

A comparison of theory and observation a t  first showed some discre
pancy between them. The observed Balm er decrem ent was steeper than  
the calculated values, and also varied m arkedly from one nebula to 
another. However, th is discrepancy was la ter explained by the selective 
absorption of light in the Galaxy. This brings about a reddening of 
d is tan t objects, owing to which the observed intensity  ratio  of the 
lines H J H ,  appears greater than  it really is. G. A. S i i a i x  [I3(i] first 
pointed out the possibility of such an explanation; he had found a eorre-
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lation between the Balmer decrem ent and the galactic la titude of the 
nebula. L ater a correlation was found between the Balmer decrem ent 
and the distance of the nebula.

A fter the absorption of light in the Galaxy had been taken into 
account, the Balm er decrem ent was found to be in good agreem ent with’ C* O
the calculated values. This is seen, for example, from Table 19, in the 
last column of which is given the observed Balmer decrem ent, taking 
account of the absorption of light , averaged over 17 nebulae.

I t  m ust be rem arked also th a t the ratio, obtained from observation, 
of the  num ber of quanta in the Balm er continuum  to th a t in the H^ line 
deviates from the obvious theoretical value

n t  n +  C'2/ ( 7 1e)/?!4 A i 2

in the same sense as the ratio of the line intensities, i.e. the observed 
ratio is less than  the theoretical. H ere, of course, the selective absorption 
of light in space again plays some part. However, the observational d a ta  
are as yet not very reliable. In  particular, the problem is complicated 
bj” the presence, a t least in some planetary  nebulae, of a continuous 
spectrum , of unknown origin, throughout the visible region*.

5. Ionisation in the nebulae. H aving found the degree of excitation 
in the nebulae, let us now determ ine the degree of ionisation. To do so, 
we m ust use the condition of equilibrium between ionisation and re
combination. In  the present section we shall suppose th a t the ionisation 
takes place only under the action of the radiation from the central star. 
We shall la te r take into account the presence of the diffuse radiation 
of the nebula itself.

L et us find the num ber of ionisations occurring per un it volume and 
unit time. We m ay suppose th a t the ionisation in the nebulae takes 
place onlj- from the ground state. Hence, denoting by the num ber 
of atom s in the ground sta te  in unit volume, and by ku  the  absorption 
coefficient referred to one atom , we obtain for the required num ber of 
ionisations

O O

h d r  ,

* A. Ya. Kiiteii, and L. Spitzer and .T. L. Greknstetn [1(12], have recently 
pat forward a new mechanism to explain the origin of the continuous spectrum 
of planetary nebulae, namely the emission of two photons by hydrogen atoms 
in passing from the 2 s to the 1 s state. Calculation shows that, of all the electrons 
captured into the second and higher levels, about 32% should make the transition 
2 s - -  I s  (if collisions are not important). The above authors have calculated the 
frequency distribution of the two-photon emission, and find that, in the visible 
region of the sjieetnim, the intensity varies relatively little. The intensity of the 
two-photon emission is comparable in order of magnitude with that due to recom
binations and free-free transitions.
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where r0 is the ionisation frequency and ov the density of radiation in 
the nebula, equal to IKp,,*.

Recom binations take place to all levels. H ence the to tal num ber of 
recom binations is

OO
ne n+ Y C i / iT , ) .

i

Since the num ber of ionisations m ust equal the num ber of recom bina
tions, we have

O O

n, W f  ku  ° f v d r  -  ne n+ Y  C ^ T . )  . (24.20)

This is essentially the ionisation formula for the nebulae. However, it 
can be considerably simplified by using the  relation which exists between 
the coefficients kiv and C{i{Te). The detailed derivation has been given 
in C hapter 5; here we shall recall the m ain ideas.

To derive th e  relation m entioned, we consider the sta te  of therm o
dynam ic equilibrium. In  this case, as is well known, we have detailed 
balancing. In  particular, the num ber of ionisations which take place from 
the  tth  level by the absorption of quanta w ith frequencies from v to 
v +  d r  m ust equal the num ber of captures, into th a t level, of electrons 
with velocities from r  to  r  +  dr, where

hv =  -o m v- +  y_i •

We denote by ne f (v) d r  the num ber of free electrons with velocities 
between r  and r  +  d r  in 1 cm3, and by ne n+ (li (v) v / ( r) d r  the num ber 
of captures of such electrons by ions, into the tth  level, in 1 cm 3 in 
1 second. From  the above, we have

ne n+ v f(v) d r  =  4 m tij kir(l — e~hd kT) I r dr/hv  , (24.21)

where the factor 1 — e~hylkT takes account of negative absorption.
In  therm odynam ic equilibrium, however, the function / ( v) is d e te r

mined by Maxwell’s formula, the in tensity  of radiation 7V by P lanck’s 
formula, and the distribution of atom s among the states by B oltzm ann’s 
and Saha’s formulae. Using these formulae and (24.21), we obtain

< 2 4 - 2 2 >

where gi is the statistical weight of the ith  s ta te  of the atom  concerned, 
and g+ th a t of the ground s ta te  of the ionised atom.
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Form ula (24.22) gives the required relation between the coefficients 
and kiv. A lthough it has been derived on the assum ption of therm o

dynam ic equilibrium, it is, of course, always valid.
I t  is evident th a t the coefficient Ci(Te) is [see (20.10)]

OO

CdT.)  =  /  f o ( v ) v f ( v ) dv .  (24.211)
o

H ere f(v) is given by the Maxwellian law of the velocity d istribution 
of free electrons,

)(v) = 4 7t m3 
(2 7i m k T f 1'

—m v ’ [ 2 k T e  
e V (24.24)

We m ust now substitu te  the value found for Ci(Te) in the relation 
(24.20). Before doing this, however, we rew rite it in the form

OO

x W j  kiv ° ^ vv dv =  ne n+ C^Tg) , (24.25)
r*

where x  is the proportion o f captures into the first level. Substituting 
(24.23) in  (24.25), we find

x  IF / vs dv 
ehvlkT.  _  l

g. m h3=  1 n. n+
9+ 2(2ti m k T ) i,z

—  > n v ' l 2 k T ,

klv v2 e v dy . (24.26)

The two integrals which appear in this relation are easily calculated if 
klv ~  1/v2. In  actual fact, for hydrogen-like atom s k lv ^  1 / v3 (for other 
atom s th e  dependence of kiv on v is im perfectly known). However, we 
shall nevertheless suppose th a t the .absorption coefficient is inversely 
proportional to  the square of the  frequency, since the error thereby 
com m itted is very slight. As a result we obtain

n + _  9 + 
9 i

n, A = IF
- h v , / k T .  —1

logo (1---e ) (24.27)

Form ula (24.27) can be som ew hat simplified by noticing th a t the 
factors g+lgv  2 x  and ) (TeJ l \ )  do not differ greatly from unity , and 
m oreover hv0 >̂ k T *. Hence the  ionisation formula for the nebulae 
takes the following approxim ate form :

, 7l+ = IF(2 m k l \ f 2
h3

— hv,)kT ,
e (24.28)
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We see th a t formula (24.28) differs from the ordinary ionisation formula 
by the presence of the factor Ik on the right-hand side. This factor is 
very small for the nebulae (IF 10-13). This however, docs not mean 
th a t the degree of ionisation, i.c. the q uan tity  «+/?q, is also small. In 
fact, the degree of ionisation in the nebulae m ay be very considerable, 
since the smallness of the dilution factor IF is balanced by th a t of the 
concentration ne of free electrons.

S trictly  speaking, the approxim ate formula (24.28) is valid only 
when the optical thickness of the nebula beyond the limit of the principal 
series of the atom  concerned is less than  unity. Otherwise it is necessary 
to take account of the absorption of the radiation of the star, and also 
of the presence of the diffuse radiation of the nebula, which originates 
from recom binations to the first level. However, we shall show below 
th a t the diffuse radiation in the nebulae plays a very small part. I t  is 
therefore sufficient to take  into account only the attenuation  of the 
radiation which comes directly from the  star. I t  is evident th a t this can 
be done by introducing the factor e~z on the right-hand side of formula
(24.28), where r  is the optical distance from the nucleus beyond the 
principal series limit, which corresponds to some mean absorption 
coefficient. Thus we obtain, instead of formula (24.28).

T|, (2n - W W . ■
" h3 (24.29)

Let us assume th a t, for t <  1, the degree of ionisation is very high,
i.e. n+fiij |> 1. W hen r  becomes of the order of unit}", the degree of 
ionisation rapidly decreases. In  tu rn , owing to the increase in the num ber 
of neutral atoms, this leads to a rapid increase in r. Consequently, the 
transition from values of r  <  1 to values of t  |> 1, and therefore the 
transition  from n+/nl >  1 to  n+/nx 1, takes place in a com paratively 
short geometrical distance. Thus the nebula can be approxim ately 
divided into two regions with respect to the atom s or ions of a given 
k in d : the inner, in which the degree of ionisation is determ ined by 
formula (24.2S), and the outer, in which it is zero. The first region 
radiates in the lines of the atom  concerned, while the second region does 
not. The boundary between these regions is where the optical distance 
from the nucleus, beyond the principal series limit, is of the order of 
unity.

I t  is clear th a t, in the case considered, different atom s will em it, 
generally speaking, in different volumes, i.e. there should be a “s tra ti
fication” of the radiation in the nebulae. This is indeed the ease: the 
images of the  nebulae obtained by m eans of a slitless spectrograph are 
of different sizes in different lines. This indicates th a t, a t least for some 
atoms, the optical thickness of the nebula, beyond the principal series
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lim it, exceeds unity . H ydrogen is perhaps an exception, since the dim en
sions of the images of the nebulae in the Balm er lines are usually the 
greatest, and consequently we have no certain ty  th a t beyond the regions 
of the nebulae which rad ia te in these lines there extend other regions 
which do not radiate in them .

Observation also reveals the following interesting fact. The higher the 
ionisation potential of the atom , the smaller the dimensions of the 
images of the nebulae in the lines of th a t atom . Thus, for instance, the 
dimensions of the images in the lines of ionised helium are considerably 
less than  in those of neutral helium. This is easily explained. As an 
example, let us consider a helium nebula. I f  the tem perature of the 
central s ta r is fairly high, then, in the regions of the nebula which are 
closest to the star, there m ust be m ainly singly and doubly ionised helium 
atoms, and so the radiation will be in the lines of He II. This region 
term inates where the optical distance from the nucleus, beyond the princi
pal series lim it of ionised helium, becomes of the  order of unity. Beyond 
the boundaries of this region, the radiation from the s ta r which is capable 
of doubly ionising helium does not penetrate, and only singly ionised 
and neutral atom s will be found there. This second region m ust radiate 
only in the lines of H e I. I t  term inates, in tu rn , where the optical distance 
from the nucleus, beyond the principal series limit of neutral helium, 
becomes of the order of unity. The radiation from  the s ta r which is 
capable of ionising He I atom s will reach no further, and this outerm ost 
p a rt of the  nebula will not rad ia te a t all.

The considerations given above are applicable not only to helium, 
but to  other elements also. However, in actual nebulae, which consist 
of m any elements, the picture is somewhat more complex, since the parts 
of the  s ta r ’s spectrum  which are absorbed by various atom s and ions 
m ay overlap.

6. The masses of the nebulae. The results given above enable us to 
apply simple methods to estim ate the masses and densities of gaseous 
nebulae. Turning to  this question, let us assume th a t the m ost widely 
d istribu ted  clement in the nebulae, as in stellar atmospheres, is hydrogen. 
In o ther words, we shall find the masses and concentrations of hydrogen 
in the nebulae.

The simplest, though a fairly crude, method of estim ating the mass 
of a p lanetary  nebula is based on the supposition th a t its optical thickness, 
beyond the limit of the Lym an series, is of the order of unity. The fact 
th a t this optical thickness cannot be very small compared with unity  
follows from the fact th a t otherwise the tem peratures of the stars, as 
found by Z a n s t i i a ’s method, would have to be greatly increased. On the 
other hand, in the previous section we have expressed doubts th a t the
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optical thickness concerned can considerably exceed unity. Thus we are 
justified in assuming th a t

tq =  n l k r — I . (24.30)

I t  is possible, of course, th a t our doubts were unfounded. I f  this is 
so, the equation (24.30) will refer only to the luminous p a rt of the nebula. 
By using it we shall therefore obtain some lower lim it to the required mass.

In  the relation ( 2 4 . 3 0 ) ,  k is the absorption coefficient beyond the 
limit of the Lym an series, referred to  one atom. I t  is equal to 0 - 5  X  1 0 “ 17. 

I f  we take for the radius of the nebula a value r — 1 3 , 0 0 0  astronom ical 
units = 2  x  1017 cm, we obtain  for the num ber of neutral hydrogen 
atom s in 1 cm3 =  1.

In  order to find the num ber of ionised hydrogen atoms, we use formula
(24.2S). For hydrogen this can be re-w ritten  in the form

ne n+fih =  2-44 x  1015 W T ^ 2 e~157’200lT- . (24.31)

For an average nebula we take IF =  10“14, rI \  =  40,000°. We shall also 
assume ne =  n+. W ith the value nx =  1 ju s t found, formula (24.31) gives 
for the num ber of hydrogen ions in 1 em3 n+ =  2000.

We see th a t in the  p lanetary  nebulae hydrogen is predom inantly in 
the ionised state. Hence the mass of the nebula can be estim ated from 
the formula

M =  3 7i r3 n+ rnu , (24.32)

where m n is the mass of a hydrogen atom . This formula gives

M =  1032 g =  0-05 Mq  .

A nother, more exact, m ethod of determ ining the masses of the 
nebulae is based on the use of formula (24.19), which determ ines the 
am ount of energy em itted  by the nebula in the hydrogen lines. This 
formula can be approxim ately w ritten

EH = z k A H hvi1t n+2V . (24.33)

From  this we find for the concentration of hydrogen ions

n+ — V {EtilzkA kihrik F) , (24.34)

and consequently for the  mass of the nebula

M =  ?/in ) (Ett Vlzt A u h v ik) . (24.35)
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As before, if the optical thickness of the nebula, beyond the lim it of the 
Lym an series, is large, formula (24.35) determ ines the mass not of the 
whole nebula, bu t only of its luminous part.

L et us pass, in formulae (24.34) and (24.35), from the energy E ki to 
the to ta l visual lum inosity L  of the nebula. We put

Eu = hk L •
Then we have instead of (24.34) and (24.35)

o =  m a n+ =  C ^  (LfV) , (24.36)

M =  C i { L  V) , (24.37)
where

C =  ?nn ().ikjzk A ki hvik) . (24.38)

Since the visual lum inosity of the nebula is determ ined m ainly by 
the N 4 and N 2 lines, th e  value of ?>ik is, roughly speaking, the  ratio  of 
the  intensities of the given line and the N 4 -f  N 2 lilies- For example, if 
the in tensity  ratio  of the lines X 2/H^ is 3, the value of A24 is 1/12. In  
this ease (7 =  1-5 X 10“12. Of course, the value of 7.24 varies somewhat 
from one nebula to  another. However, this has little  effect on the value 
of C, since Xik appears under the radical sign in formula (24.38). Hence 
the factor G, to a first approxim ation, m ay be regarded as constant 
for all nebulae.

The calculation of the masses of p lanetary  nebulae from formula 
(24.37) leads to values of the  order of some hundredths of the Sun’s 
mass, and the calculation of the concentrations from formula (24.36) 
gives values of the order of some thousands of atom s per cm 3. These 
values do not differ, on the average, from those obtained above, M =  
0-05 M0 and n+ — 2000. The masses and  densities of individual 
nebulae m ay apparently  differ from the mean values m entioned by a 
factor of ten. This is chiefly caused by the  dispersion of volumes, since 
the dispersion of the luminosities of the nebulae is very small.

The fact th a t the masses of the planetar}" nebulae am ount to only 
a fraction of the Sun’s mass again emphasises their subordinate position 
w ith respect to the nuclei. This is the more im portan t because, according 
to modern ideas, the planetar}" nebulae were produced as a result of the 
ejection of m atter from the central stars.

Form ula (24.37) can also be applied to determ ine the masses of 
diffuse gaseous nebulae, which, as is well known, are luminous for the 
same reason as the p lanetary  nebulae. However, in this ease the volumes 
and luminosities (especially the la tter) are still im perfectly known. 
Nevertheless, it m ay be asserted th a t the masses of the  diffuse nebulae 
m ay reach hundreds or thousands of times the mass of the Sun. This 
fact also is undoubtedly of great cosmogonical significance.



432 Chapter 24. The physical stale uf mailer in the nebulae

7. The chemical composition of the nebulae. In  the preceding section 
we have determ ined the concentration of hydrogen atom s in the p lanetary  
nebulae. We shall now show how th e  concentration of o ther atom s (relative 
to hydrogen) m ay be found. H ere we shall suppose known the  ratios, 
obtained from observation, of the intensities of the lines of the  given 
element to those of the lines of the Balm cr scries.

Let us first assume th a t the lines of th e  (neutral or ionised) atom  
considered are formed as a result of recom binations. We construct, for 
each level of this atom , the equations of the steady state , similar to 
the equations (24.17) for hydrogen. This system  of equations gives us 
the  quantities zm' =  ?i ,„'/?» e n+'< where nm' is the  num ber of atom s 
in the m th s ta te  and n+' is the num ber of atom s in the next ionisation 
s ta te  (per unit volume). Using the values of zm', we obtain for the 
energy em itted  by the nebula in th a t line of the  atom  concerned which 
is formed by the transition  m —> I

b 'm l -A ml [)n 7le ?l+  I ,

where V' is the  volume which radiates in the  line considered. We write 
th e  similar expression for the  energy em itted by the nebula in the 
B ahner line corresponding to  the  transition  k -> 2:

*̂■2 =  2Jt A t 2 hv2k nt n+ V .

From  these two formulae we have

^  ml   Zm A ml vlm  1 ' (24.39)

Since the ratio  of intensities of the  lines E m{jEk2 can be obtained 
from observation, formula (24.39) m akes it possible to  determ ine 
n+'jn+, i. e. the ratio  of the  num ber of atom s of the  given element 
in some ionisation s ta te  to the num ber of hydrogen ions.

In order to obtain  the  num ber of atom s in o ther ionisation states, 
th e  ionisation formula (24.28) m ust be used. We then  find the ionisation 
sta te  in which are the  m ajority  of the  atom s of the elem ent concerned. 
The to tal concentration of th is elem ent in the nebula will thus be 
determ ined.

The calculations described are most easily performed for ionised 
helium (and other hydrogen-like ions), since in this case the quantities 
zm' ean be obtained from the  zm for hydrogen. Thus, if Z  is the atomic 
num ber of the hvdrogen-likc ion, its energy levels lie Z 2 tim es as deep 
as the  hydrogen levels, and the expressions which determ ine the pro
babilities of recom binations and of spontaneous transitions are obtained
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from the corresponding expressions for hydrogen by multiplying by Z4. 
For this reason, we find, by considering equations (24.17) and formula 
(24.14), th a t the num bers zm' for ionised helium are one-eighth of the 
num bers zm for hydrogen, if the tem perature is taken a t four times 
the value, i. e.

zm'(*Te) = l»z,n(Te) .

The calculation of the quantities zm' for neu tra l helium has been 
carried out by A. A. N ik it in  [114]. The relative intensities of the 
helium lines which he obtained were in satisfactory agreem ent with 
observation for both the singlet and the trip let series. Using formula 
(24.39), he found th a t the num ber of helium atom s in the nebulae is, 
on the average, one-tenth of the num ber of hydrogen atoms.

The determ ination of the concentration of other atom s in the nebulae 
offers considerable difficulties, since the  probabilities of spontaneous 
transitions and of capture are very im perfectly known for them . F u rth e r
more, there is some uncertain ty  connected with the transition  from 
one ionisation sta te  to another by using the  ionisation form ula, because 
of the probable deviation of the radiation of the stars from P lanck’s 
Law in the far ultra-violet region of the spectrum . However, approxim ate 
estim ates are possible in these cases.

A nother possibility for determ ining the concentration of atom s in 
the  nebulae exists by reason of the presence of forbidden lines in their 
spectra which arc excited by electron collisions. L et us find, as an 
example, the concentration of doubly ionised oxygen atoms, using the 
observed ratio  of intensities of the lines N4 +  N 2 and H fl.

We denote by m0I1i the num ber of 0  H I ions in 1 cm 3. These ions 
are predom inantly in the first state. In  collisions with free electrons, 
transitions take place from the first s ta te  to the second. The number 
of such transitions occurring in 1 cm 3 in 1 second is w ritten in the form 
n o n , n, b12’(T,). Almost all the atom s which have gone from the 
first s ta te  to  the second la ter re tu rn  spontaneously, em itting quanta 
in the Xj and X 2 lines. H ence the to tal energy rad iated  by the nebula 
in the Nj and N 2 lines is

N , +  N i =  ,}0111 n e ^12 ( ^ « )  ^ r 12 ^  >

where V  is the  volume of the nebula which radiates in these lines. 
On the o ther hand, we have for the energy rad ia ted  by the nebula in 
the H^ line

E i, =  =i A42 hv2i n, m +  V .
The last two formulae give

28

a s 1 + n.
A„

A
A,

x.

A s t r o p h y s i c s

^om  î* (^«) r,2' V
n+ zt r24 1

(24.40)
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To find the ratio  n0]Ujn+ by moans of this formula, it is necessary 
to know the ratios E SJ E U and V'jV  from observation. In  the spectra 
of planetary  nebulae, the X 2 line is, on the  average, th ree  tim es as 
bright as the line, and the  images of the  nebulae obtained by means 
of the slit less spectrograph are approxim ately the  same size in these 
lines. We therefore take E s _ + yJE ^  =  12, Y' jV =  1.

The q uan tity  bX2(Te) depends very strongly on Te. However, the 
electron tem peratures of the  nebulae are known to w ithin fairly narrow 
limits. We shall take rl \  =  8000°. For this tem perature, fc12' = 0 -5  X 10~8. 
X ext, from Table IS we find, for the  same tem perature, z4 =  0-4 X 10“20. 
Finally, we have A i2 =  8-37 X 10° and vl2 jv.iX 1 (since the and X 2 
lines lie close together). Using these data , we obtain from fromula 
(24.40) «g1i1/h + =  10~4. Thus, in the p lanetary  nebulae there are ten  
thousand hydrogen ions to every 0  I I I  ion.

I t  is im portan t to notice tha t O II lines arising as a result of recom bi
nations are observed in the spectra of th e  nebulae. This m akes it possible 
to estim ate the num ber of 0  I I I  ions by the  first of the m ethods described 
above also. Good agreem ent is obtained between the two estim ates, 
which is an indication of their correctness. A similar test of the values 
found for the concentrations can be made for some other atom s also.

The concentration of various atom s in the p lanetary  nebulae has 
been determ ined by a num ber of authors, using the  m ethods explained 
above. The results are given in Tabic 1 (see Section 5.1).

Taking into consideration the inexactness of such determ inations, 
we may conclude th a t there are no great differences in chemical compo
sition between the nebulae and stellar atm ospheres. This conclusion 
can be form ulated as follows: the  outer layers of the Sun, if expanded 
to the dimensions of a nebula and irradiated  by a hot star, should 
give exactly the same spectrum  as is observed for the  p lanetary  nebulae.

Chapter 25. Radiative equilibrium in 
planetary nebulae

1. The Lyman continuum radiation field. Tn determ ining the intensities 
of emission lines, we have assumed th a t the nebulae are transparen t 
to radiation in these lines. Such an assum ption is not suspect as regards 
the lines of subordinate series, since only a negligible m inority of the 
atom s arc in the excited states. It is justified also as regards forbidden 
lines (even if the lower s ta te  is the  ground state), since the absorption 
coefficient in these lines is extrem ely small.
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However, the nebulae are not in general transparen t to radiation 
in the frequencies of a principal series. This greatly  complicates the cal
culation of the radiation field in these frequencies, since it is then 
necessary to  use th e  equations of radiative transfer. We shall now calculate 
the radiation field in the frequencies of the Lym an series of hydrogen. 
This problem  was first considered by V. A .  A m b a r t s u m y a n  [ 5 ] .  Later, 
a num ber of authors refined and generalised the solution which he 
obtained.

In  investigating radiative transfer in the nebulae, the geometrical 
model of the nebula is of great im portance. We shall assume (as is 
usually done) th a t the nebula is bounded by two concentric spheres 
of radii rl and r.,. The nucleus of the nebula is a t the centre of these 
spheres. The thickness of the nebula is assumed small in comparison 
with its distance from the nucleus (i. e. n, — ?q <3c rq). In this case the 
nebula can be regarded as consisting of plane-parallel layers, and the 
dilution factor is constant in the nebula.

Wc first exam ine the radiation field in the Lym an continuum . When 
the Lr quanta which come from the s ta r to the nebula are absorbed, 
hydrogen atom s are ionised. In  recom binations to the first level, the 
quanta are em itted  again. We denote by x  the proportion of recom bi
nations which are to the first level. We can then say th a t a scattering 
of Lc quanta takes place in the nebulae, the probability  of “ survival” 
o f the quan ta  a t each elem entary scattering process being x.

For simplicity, we shall consider the entire Lym an continuum  as 
a single level. Let * be the m ean atomic absorption coefficient in the 
continuum  and r  the corresponding optical depth , m easured from the 
inner boundary of the  nebula, i. e.

We denote by zi S  the  num ber of quanta in the Lym an continuum  
incident from the star on I cm 2 of the inner boundary of the nebula. 
It is evident th a t, of these, n x y. zi S e ~ T quan ta  are absorbed in 1 cm3 
at optical depth  r. However, besides the radiation which comes directly  
from the star, there is absorbed in this volume also the diffuse radiation 
o f the nebula itself, originating in recom binations to the first level. 
The num ber of quanta of diffuse Lc radiation absorbed in 1 cm3 is 
», y. J K(t,0)  dco, where K(t.O) hv0 is the in tensity  of radiation a t an 
angle 0 to the normal a t optical depth  r, and the integration is taken 
over the  whole solid angle.

Of the  to ta l num ber of quanta

r
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which are absorbed in unit volume, a fraction x  passes again into Le 
radiation. H ence, denoting by 4 7inx H C(r) the num ber of quan ta 
em itted  by th is volume in the  Lym an continuum , we obtain

C{r) =  x J  K  (z, 0) +  * -J  e . (25.1)

This is the  condition of rad iative equilibrium  for Lc radiation in a nebula.

As well as b}T equation (25.1), the  quantities C (r) and K ( t ,0) are 
related by the  equation of rad iative transfer, which, in the case of 
plane-parallel layers, has the form

cos 0 d K  (t, 0)/dT =  C (t) — K (r, 0) . (25.2)

The equations (25.1) and (25.2) are to  be solved w ith the following 
boundary conditions:

K  (0,0) =  K  (0, 7i —  0),  

K  ( to,0) =  0 for 0 >  o 7i .
(25.3)

The first of these conditions, which holds for the inner boundary of 
the  nebula (where r  =  0), means th a t the  in tensity  of th e  radiation 
emerging from the nebula is equal to th a t  of the  radiation entering it. 
This is because the  rad iation  leaving the nebula a t  any point on the

inner boundary a t an angle 0 to  the norm al 
is also the radiation which enters the nebula 
a t an angle tl —  0 (Fig. 01). The second 
condition expresses th e  obvious fact th a t, 
a t the outer boundary of the  nebula (where 
r  =  r 0), there is no incident radiation.

Thus our problem consists in solving the 
equations (25.1) and (25.2) with the boundary 
conditions (25.3). These equations can easily 

be solved by one of the approxim ate m ethods which arc known in the 
theory  of radiative equilibrium  (by averaging the in tensity  of radiation 
w ith respect to  direction). However, we shall prefer to construct an 
integral equation. Solving equation (25.2) for K(r,0)  with the con
ditions (25.3), and substitu ting  the expression found for K(r,0)  in 
equation (25.1), we obtain

C{r) =  i  x  /  [El (| t — t ' |) -f  E x(r +  r ') ]  C{t ') d r ' +  ] x S e  l , (25.4)
o
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where
OO

I t  is clear th a t, the g reater th e  optical thickness of the  nebula, 
the g reater the  p a rt plaj'ed by the  diffuse radiation in it. Since, however, 
our m ain purpose is to ascertain  the im portance of the diffuse radiation, 
we shall p u t r 0 =  oo. In  this case, equation (25.4) can be approxim ately 
rew ritten  in the  form

OO

C(r) =  I x f  (| r  — t '  I) C'(r') d r ' , (25.5)
—  OO

and equation (25.5) determ ines th e  function C(r) the  more accurately, 
the  g reater th e  optical depth  r.

E quation  (25.5), however, has th e  exact solution

C{t) =  Ae~ kz, (25.6)

where k satisfies the equation

2X- l°g, S  =  1 - (25.7)

and  A  is an a rb itra ry  constant. We shall regard th e  function (25.6) 
as an  approxim ate solution of equation (25.4), and find th e  constant A  
from  the  condition th a t  th is  equation is exactly  satisfied on th e  average. 
We then  obtain

A =  k x  £ /4 ( l  —  x ) .  (25.8)

The values of k found from equation (25.7) are given below.

a; 0 0-5 0-6 0-7 0-8 0-9 1-0

k 1-00 0-96 0-91 0-83 0-71 0-53 0

For Jje radiation the  value of x  is

OO

x = c1mizoim,
t» i

where C ^ T J  is determ ined by form ula (24.14). Calculations from (his 
formula give

T e 5000° 10,000° 20,000° 50,000°

x 0-39 0-44 0-49 0-57
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Since the electron tem peratures of the nebulae are close to 10,000°, 
we obtain  from the tables given above k =  0-97. We shall take simply 
k =  1. In this case we find for the function C(r)

*■’ • <»•»>

On comparing the  expression obtained for G(r) with (25.1), we see 
th a t the num ber of quanta of diffuse Lc radiation is approxim ately 
equal to the num ber of L r quanta coming directly from the star. Thus 
it m ust be acknowledged th a t the diffuse radiation plays a fairly small 
part.

This result is explained by the fact th a t the proportion of captures 
which are into the  first level, i. c. the value of x, is com paratively small 
(less than  2). If  x were close to unity , the diffuse radiation would p re
dom inate over the  direct radiation. This would be particularly  noticeable 
a t large optical depths (in consequence of the  small value of k in this case).

2. The Lyman ft radiation field. Much more interesting results than 
in the  preceding case are obtained from an analysis of the Lym an a 
radiation field in the nebulae. We have seen above th a t, for every Le 
quantum  th a t is transform ed in the  nebula, one Lym an a  quantum  
is necessarily formed. These quan ta  then diffuse in the nebula, undergoing 
pure scattering. However, the optical thickness of the nebula in the 
Lym an a  line is 104 to 105 times th a t in the Lym an continuum , i. e. 
it is very large. This has the  result th a t each Lym an a  quantum , before 
leaving the nebula, m ust undergo a very large num ber of scattering 
processes. Consequently it can be predicted th a t the density of Lym an a  
radiation in the nebulae should be extrem ely high.

Let s12 be the  absorption coefficient in the Lym an a line, referred 
to one atom . We introduce the optical depth  t and the optical thickness f0 
in this line,

We write

/  m, s12 dr,
r i

J  ?q s12 d r . (25.10)

tjx =  t j  r 0 =  s]2jy. =  !/<?. (25.11)

As we have already said, this ratio is of the order of 104 to 10r>.
We denote bv I\12(t,0) hv12 the intensity  of Lym an a  radiation a t 

an angle 0 to the normal a t optical depth  t, and by 4 71 a , s ,,  Ci2(t) the 
num ber of Lym an a  quanta em itted in un it tim e and unit volume at 
th a t depth. The quantities K v,(t,0) and C12(f) are related by the usual 
equation of radiative transfer

cos 0 dA'12(f,0)/df =  C]2(f) — K l2(t,0) . (25.12)
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Let us now construct the equation of radiative equilibrium  for the 
Lvm an a  radiation. H ere wo shall assume th a t all the Lym an a  quanta 
are formed from Lc quan ta, i. e. wc neglect the radiation of the star 
in the Lym an lines (including the Lym an a  line itself) in comparison 
with its radiation in the Lym an continuum . I t  is clear tha t this assum p
tion is fully justified so long as t0 is not very small compared with unity.

In  the previous section we have seen th a t, as a result of the absorption 
of L(. radiation, 4 71 jq xC(r)  recom binations to the first level take place 
in un it volume per unit time. It is evident th a t the num ber of recom 
binations to all o ther levels is obtained from this by m ultiplying by 
(1 — .r)/x. But each such recom bination necessarily leads to the formation 
of a Lvm an a  quantum . H ence the num ber of Lym an a  quan ta originating 
from Lc radiation is

4 71 1 x x n l y. C (t) .

However, the volume elem ent does not em it only these quan ta in the 
Lyman a  line. It scatters a much larger num ber of quanta. More exactly, 
it em its as m any quan ta as it absorbs from the diffuse Lym an a  radiation 
field. (It is clear th a t this diffuse Lym an a  radiation has also been 
formed from L,! radiation, bu t has not yet succeeded in escaping from 
the nebula.) Thus the to ta l num ber of Lym an a  quan ta em itted  by unit 
volume is

f  1 __x
/q s12 / A'12(<,0) dco +  4 x n-yxC(r).

This num ber of quanta was denoted above by 4 71 ?q s12 Cl2(t). We 
therefore obtain, as the condition of radiative equilibrium,

CX2(t) =  j  K n {t,0) +  q C (t) . (25.13)

The function C(r) which appears in this equation is given by formula
(25.9). Using this, wc finally have

C12(t) =  J  K 12(t,0) J "  +  q f  e“ ?‘ . (25.14)

Let us solve equations (25.12) and (25.14) in E ddington’s approxi
m ation. Let R 12(t) hvl2 be the m ean intensity  of Lym an a  radiation, 
and 4 71 f i l2(t) hvl2 the flux of this radiation, i. e.

K i2(t,0) cos 0 2 ” • (25.15)
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The equations m entioned give

R . .  (t) =  a — 3 bt —  (3 (S/4 q) e~* , j 
„  , (25.16)
n i2( t ) = b - l S e - « ,  |

where a and b arc arbitrarj" constants.
To find these arb itrary  constants, it is necessary to  specify the 

boundary conditions. "Here two cases m ust be distinguished.

(1) The nebula is s ta tionary  (or is expanding with a velocity no t 
exceeding the mean therm al velocity of the atoms). In  this case the 
boundary conditions are the same as the  conditions (25.3) for Lc radiation. 
In  the approxim ation considered, they  m ay be w ritten

J?12(0) =  0, 2 f f 12(t0) =  R n (l0) . (25.17)

(2) The velocity of expansion of the  nebula is large com pared with 
the m ean therm al velocity of the atoms. In  this case the Lym an a 
q u an ta  coming from one side of the nebula will not be absorbed by 
atom s on the opposite side, because of the Doppler effect. H ence the 
condition a t the  inner boundary of the  nebula becomes sim ilar to  th a t 
a t the outer boundary, i. e. we have

2 n 12(o) =  -  /? 12(0), 2 n 12(t0) =  £ la ( y . (25.1s)

We shall assume for sim plicity th a t the  optical thickness of the 
nebula in the Lym an continuum  is considerably g reater th an  unity,
i. e. qt0 1. Then we obtain  for the constants a and b, in the  first case 
m entioned,

a =  j  Stc, b =  |  £  , (25.19)

and in the  second ease,

« =  t  S/q, b =  }  S/qt0 . (25.20)

By substitu ting  the values found for a and b in formulae (25.16) 
it is possible to calculate the  density  and flux of Io n ia n  a  radiation 
a t any optical depth  in the nebula. L et us find, for exam ple, the density 
of Lym an a. radiation a t the inner boundary of the nebula, in the  first 
case considered above. I t  is evident th a t the num ber of Lym an a  quan ta  
in 1 cm3 is 4 zi R ^ 2 [t) jc . For t =  0 we obtain

4 ; l £ 12(0) =  3 * \c G
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B ut 7i Sjc is the num ber of Lr quan ta  in 1 cm3 a t t = 0 .  Consequently, 
the density  of Lym an a radiation a t the  inner boundary of the  nebula 
is 3 t0 times, i. e. some tens of thousands of tim es, the density  of L c 
radiation. In  tu rn , the density  of Lc radiation for a tem perature of 
th e  s ta r of the order of 40,000° to 50,000° is approxim ately 5 X 104 
times the  density of Lym an a  radiation coming from the star. H ence 
the density of diffuse Lym an a  radiation a t the  inner boundary of the 
nebula is 10° tim es w hat it would be if there were only the direct 
Lym an a  radiation of the  nucleus. This density  is very much greater 
than  the  density of radiation in all the other lines of the  hydrogen 
spectrum . However, if W is of th e  order of 10~13, the density is still 104 
times less than  th e  density  of Lym an a  radiation a t the surface of 
the  star.

The two following questions are of in terest in connection w ith such 
a high density  of Lym an a  radiation in the nebula: (1) w hat is the 
m ean tim e during which a Lym an a  quantum  remains in the  nebula 
and (2) w hat is the mean num ber of scatterings undergone by a Lym an a 
quantum  ?

In  order to  answ er the first of these questions, we m ust know the 
to ta l num ber of Lym an a quan ta  in the  nebula, and th e  num ber ori
ginating from Lr radiation (or leaving th e  nebula) per un it time. I t  is 
evident th a t the  ratio of these two quantities gives us th e  required 
tim e during which a quantum  rem ains in the  nebula. As we have already 
rem arked, there are 4 ti R 12(t)lc Lym an a  quan ta  in 1 cm 3. H ence the 
to ta l num ber of Lym an a  quan ta  in th e  nebula is

The num ber of Lym an a  quan ta  originating in the nebula is simply 
equal to  th e  num ber o f Lc quan ta  arriving from th e  central star. Thus 
4 ti rt2 ti S  Lym an a quan ta  arc formed in the nebula in 1 second. 
Consequently, we obtain  for the mean tim e during which a  quantum  
rem ains in the nebula

To calculate the integral, we need an expression for R 12(t). Substitu ting 
the constants a and b, determ ined by formula (25.19), in the  first of 
formulae (25.16), and  om itting the last term  (which is small by virtue 
of our assum ption ql0 >  1), we find

t.

o

(25.21)

K l2(t) = S(t0 - t ) . (25.22)
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For sim plicity we shall assume th a t n x x — constant. The integration 
in formula (25.21) then  gives

T  =  3 /„2/2 c n, «12 . (25.23)

Having found the value of T,  there is no difficulty in determ ining 
the mean num ber of scatterings undergone by a Lyman a quantum . 
It is evident th a t, to determ ine this num ber, we m ust divide T  by the 
mean time interval between two successive scatterings. The mean pa th  
bet ween two scatterings is 1 jnl .s12 (corresponding to unit optical distance). 
The mean tim e interval between scatterings is therefore l / c n 1s12- 
Dividing T  by 1 /c ?q s12, we obtain

X  = I 'o2 ■ (25.24)

Thus the mean num ber of scatterings of a Lyman a  quantum  is equal, 
in order of m agnitude, to the square of the optical thickness of the 
nebula in the Lyman a  line.

Let us find the numerical values of N  and T . Since the optical th ick 
ness of the nebula for Lym an a  radiation is 10* to 105, we find from 
formula (25.24) th a t each Lym an a quantum  undergoes on the average 
some thousand million scatterings. To estim ate the value of T  from 
formula (25.23), we pu t c =  3 x  1010cm/sec. jq =  1, -s12 =  10~12 cm 2. 
With these values, the mean time during which a Lyman a  quantum  
remains in the nebula is found to be of the order of a thousand years.

The values obtained are so large tha t they  compel us to examine 
closely all the agencies whereby the process of m ultiple scattering of 
the Lym an a  quanta m ay be curtailed. One of these is collisions of the 
second kind, which transfer the hydrogen atom s from the second sta te  
to the first w ithout the  emission of a Lyman a quantum . Let us consider 
w hether collisions of the second kind can noticeably diminish the 
density of Lym an a  radiation in the nebula.

We have ju st seen th a t each Lym an a  quantum  undergoes I0'J 
scatterings, i. e. brings atom s I09 tim es from the ground sta te  to the 
excited state. The lifetime of the atom  in the excited s ta te  is 10"8 sec. 
Consequently, the Lym an a  quantum  is in the absorbed sta te  for 10 sec 
in all. The num ber of collisions of the second kind which occur in this 
time is

10 nt ve a ,

where ne is the num ber of free electrons in I cm 3, vg is the mean velocity 
of the electrons, and a is the effective cross-section for the process 
considered. The most probable values of these quantities are ne — 10*, 
v, — 10s cm/sec and a — 10-16 cm2, lfencc the required num ber of
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collisions of the second kind is 10 n e r e a  =  10~3. However we alter the 
original data , this figure cannot approach unity. Consequently, the  great 
num ber of scatterings of Lyman a quanta will hardly ever be in terrupted 
as a result of collisions of the second kind.

Thus collisions cannot significantly diminish the density of Lym an a 
radiation. However, the results obtained in this section are not entirely 
applicable to actual nebulae. The reason for a considerable decrease 
in the  density of Lyman a  radiation in the nebulae will be dem onstrated 
in the next section.

3. Radiation pressure in the nebulae. Let us now consider the flux 
of Lym an a  quanta. At an optical depth  t , the flux is 4rr R 12(t). Let 
us find the value of the flux a t the  boundaries of the nebula. To do so, 
we m ust substitu te  the values of the constants a and b in the second 
of formulae (25.16) and pu t in it t =  0 and t =  t0. I f  the nebula is s ta 
tionary, the flux is zero a t the  inner boundary and a t the outer
boundary. I f  th e  nebula is expanding with a high velocity, the flux is 
— [1 — (1 /V0)] ut the inner boundary and -\-7iSjqt0 a t the outer
boundary. Since we suppose th a t qt0 >  1, in the  second case nearly 
all the Lym an a quan ta emerge from the nebula a t its inner boundary, 
and the fraction of quan ta  th a t do so is the greater, the g reater the 
optical thickness of the nebula. In  both cases, as we should expect, 
the to tal num ber of Lym an a quanta emerging from the nebula is 
4 n  rj- 7i S. which is the  num ber of Lc quan ta coming from the star.

Thus the flux of Lym an a  quanta in the nebulae is very large. We 
should therefore expect th a t the radiation pressure due to the Lyman a 
radiation is also large. It will a t any rate  be much greater than  th a t 
due to the Lf radiation, since the absorption coefficient in the Lym an a 
line is tens of thousands of tim es g reater th an  th a t in the Lym an con
tinuum .

Let us find the ratio of the radiation pressure caused by the  Lym an 
a  radiation to the force of gravity  from the nucleus. We take a unit 
volume a t one o f the boundaries o f the nebula (the outer boundary 
in the case o f a sta tionary  nebula and the inner boundary for an expand
ing one). The radiation pressure in the Lym an a line acting on this 
volume is

R =  7i S  hv.
c

From  the definition of ti S,
OO

C 1
(25.26)
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We therefore obtain
OO

r * \2 2 n n lsl2hr12 f  v* dv
r, J c3 J  / W k T . ~ l

»■«

(25.27)

To find the force of grav ity  from the nucleus acting on the same 
volume, it is necessary to take into account the fact th a t there are 
ionised atom s of hydrogen as well as neutral ones. The force of gravity  
is therefore

G =  rr* j  ?* »»„ («! +  n+) , (25.2S)

where g* is the  acceleration due to  gravity  a t  the  surface of the star. 

For the required ratio  RjG, we find

R _ 2 n s12 hv12 r  r2 dr
G ~  c3 mu g*( 1 +  n f /n,) J  . (25.29)

We p u t =  40,000°, n+/nr =  5000. Then formula (25.29) gives

JtjG =  109/!7* . (25.30)

I t  is difficult to  suppose th a t  the acceleration due to grav ity  a t  
the  surface of the  central s ta r  is as m uch as 109 cm/see2. In  fact, if this 
were so, the mass of the central s ta r  would be several thousand tim es 
th a t of the  Sun. In  th a t case, however, we should observe a  red-shift 
of the absorption lines in the spectra of the  nuclei corresponding to  
velocities of the order of 10,000 km/sec. Observations seem to  indicate 
such a red-shift in the spectra of the nuclei, bu t it does not exceed 
100 km/see. H ence the masses of the nuclei cannot in reality  exceed 
th a t of the Sun by a factor of m ore than  ten .

Thus we reach the conclusion th a t  the radiation pressure due to  
the Lym an a  radiation plays a much greater p a rt in the nebulae than  
docs the force of grav ity  from the nucleus. The radiation pressure m ust 
be especially great a t the boundaries of the nebulae: a t  the outer boun
dary  of a sta tionary  nebula, where i t  is directed outw ards, and a t  the 
inner boundary of an expanding nebula, where it is directed tow ards 
the star. In  the la tte r ease, the radiation pressure m ust retard  the inner 
parts of the nebula. The m agnitude of this effect m ay be calculated. 
I t  is found th a t the retardation  am ounts to  3 km/sec per century.

The results obtained relate, however, only to a sta tionary  nebula 
or to one expanding w ithout a velocity gradient. B u t even if  this were 
so a t some m om ent, a difference in the expansion velocity would inevit-
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ably occur by degrees, owing to radiation pressure. I t  is therefore 
necessary to consider the Lym an a  radiation field in a nebula expanding 
with a velocity gradient.

I t  is clear th a t the appearance of a velocity gradient in the nebula 
should dim inish the  density  of Lym an a  radiation. This is due to the 
fact th a t, for a nebula expanding with a velocity gradient, the  radiation 
quan ta are able to emerge not only from the boundary regions, but 
also from the interior regions as a result of the Doppler effect. Thus, 
let us assume th a t the outer p arts  of the nebula are expanding more 
rapidly than  the inner ones. We consider an atom  in the central p a ils  
of the nebula, having a large therm al velocity component perpendicular 
to the layers. I t  is evident th a t th e  radiation quan ta em itted by this 
atom  in the  direction opposite to its m otion will hardly be absorbed 
a t  all in the nebula, whilst the atom  will absorb from all directions 
approxim at ely as m any quan ta as do the o ther atoms. H ence the Lym an 
a  quanta, wherever they  are, have a considerable probabilitj" of emerging 
from the nebula as a result of scattering by rapidly moving atoms.

A detailed analysis of the  Lym an a  radiation field in a nebula ex
panding w ith a velocity gradient has been carried out by V. V. S o b o l e v  
[153]. He has shown th a t the appearance of even a small velocity 
gradient leads to a very great dim inution in the density  and flux of 
Lym an a  radiation, and therefore in the radiation pressure due to this 
radiation. I t  m ust be supposed th a t in actual nebulae the radiation 
pressure due to Lym an a  radiation is comparable, in order of m agnitude, 
w ith the force due to grav ity  from th e  central star.

I t  should be m entioned th a t V. V. S o b o l e v ’s work was based on 
the hypothesis of the complete frequency redistribution of the radiation 
in each elem entary scattering process (i. e. the hypothesis th a t scattering 
is completely non-cohercnt). Subsequently, H. Z a n s t r a  [183] discussed, 
on the same hypothesis, the problem  of radiation pressure in a stationary  
nebula. H e finds th a t, in a nebula whose optical thickness in the Lym an 
continuum  is of the order of unity , the  force of radiation pressure for 
complete frequency redistribution is about 300 tim es less than  the 
force when there is no frequency redistribution. V. V. S o b o l e v  [101] 
has recently considered the problem of radiation pressure in a nebula 
for three cases of diffusion of radiation: (1) w ithout change of frequency,
(2) w ith complete frequency redistribution. (3) with the actual frequency 
redistribution. The la tte r  case is taken  to be the diffusion of radiation 
with the frequency redistribution caused by the natural width of the 
atom ic energy levels and by the D oppler effect from the therm al motion 
of the atoms. I t  was found th a t cases 2 and 3 are fairly similar, but arc 
very different from case 1. This gives some support for the hypothesis 
of complete frequency redistribution th a t was used in previous work.
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4. The problem of the origin of the planetary nebulae. The results, 
given above, of the study of p lanetary  nebulae compel us to suppose 
tha t there is a genetic relation between the nebula and its nucleus. It 
is most natural to assume th a t the nebulae arc the remains of m a tte r 
ejected at some time from the central star. This hypothesis is supported, 
first of all, by the expansion of the p lanetary  nebulae. A nother con
firm ation of this assum ption is given by the results of the determ ination 
of the masses of the nebulae. It is clear tha t, if the masses of the nebulae 
were found to he greater than  the masses of the nuclei, this hypothesis 
would become improbable. However, the masses of the nebulae, as we 
know, do not in reality  exceed one-tenth of the Sun's mass.

It was thought not long ago tha t the planetary  nebulae are formed 
in the eruptions of supernovae. As we shall see below, a mass of the 
order of the Sun’s mass is ejected in such a m ajor catastrophe, and this 
is cpiite sufficient for the form ation of a p lanetary  nebula. However, 
this hypothesis m ust now he abandoned. One of the objections which 
ma}' he raised against it appears when we consider the expansion velo
cities of the nebulae. It is known th a t these velocities are very small, 
about 10 to 20 km/sec, whereas in the eruptions of supernovae the 
velocities with which m a tte r is ejected are some thousands of kilometres 
per second. I t  is impossible to explain this difference by a single g rav ita 
tional re tardation , and we can point to no other retarding forces. In  
particular, they cannot be the forces of radiation pressure in the Lym an 
a line, since, as was established above, a velocity gradient arises as a 
result of the action of these forces, and the radiation pressure is then 
reduced.

The results of observations of the  Crab Nebula also contradict the 
above hypothesis. I t  can scarcely be doubted th a t this nebula was 
formed by the eruption of the supernova of 1064. However, this nebula 
is a t the present tim e, i. e. 900 years afte r the eruption, expanding with 
a velocity of 1300 km/sec, and it can he shown th a t it has not undergone 
any considerable retardation . Furtherm ore, in its outw ard appearance 
the Crab Nebula is not a t all similar to the p lanetary  nebulae.

Finally, the hypothesis of the origin of p lanetary  nebulae in super
nova eruptions is also contradicted by statistical considerations. S tatistics 
show th a t eruptions of supernovae occur too rarely to bring about the 
observed num ber of p lanetary  nebulae. We see more than  300 nebulae 
lying com paratively close to the Sun. E xtrapolating, we find th a t there 
arc approxim ately 10,000 ncbukie in the entire Galaxy. The radii of 
the nebulae do not exceed I parsec, i. e. 3 X 1018 cm. This means th a t 
a t larger dimensions the nebulae cease to be visible. Let a nebula be 
expanding with a velocity of 10 km/sec, so tha t its radius increases 
by 3 X 1013 cm per j-ear. 'Then the lifetime of a nebula is 103 years.
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I t  is evident th a t if a nebula exists for 10J years, and the to tal num ber 
of nebulae in the G alaxy is 10s, then  a nebula must, appear every ten 
years. However, eruptions of supernovae take place m uch more rarely 
than  once a decade. In  our Galaxy only three supernova outbursts have 
been observed during the last thousand years, and in other galaxies 
they  occur on the average a t  the ra te  of two per millennium. I t  is hardly 
possible th a t a refinement of the da ta  will remove the contradiction 
which we have obtained.

The possibility th a t the p lanetary  nebulae are formed in eruptions 
of ordinary novae is refuted by the fact th a t the masses of the envelopes 
ejected by novae are very small (not. more th an  10-4 Mq ), and their 
velocities of expansion are com paratively large (of the order of several 
hundred kilometres per second). However, it m ust be noted th a t nova 
outbursts take place fairly frequently  (approxim ately 30 per year in 
the  Galaxy). H ence it would be sufficient to m aintain  the existing num ber 
of p lanetary  nebulae if only one eruption in three hundred resulted 
in the form ation of a p lanetary  nebula. I t  is possible, for example, th a t 
the p lanetary  nebulae are formed in the eruptions of particularly  “slow” 
novae or in repeated eruptions in regions of the Galaxy where there 
is an increased density of in terstellar gas, which retards the ejected 
envelopes. However, it is best to say a t present th a t the problem of 
the origin of the p lanetary  nebulae is still far from being solved.



PART V. 

NOVAE

Chapter 26 . N ova outbursts and their interpretation

1. Observational data. As is well known, novae is the nam e given 
to  stars which suddenly increase in lum inosity by a factor of thousands 
or tens of thousands, afterw ards slowly dying down. The flare-up of 
a  nova usually takes place in th e  course of a few days, and it dies down 
over a period of several years. Finally, the  s ta r returns to  a lum inosity 
which differs little  from th e  one it had before the outburst. A t the  time 
of m axim um  lum inosity, the  absolute m agnitudes of novae are on the 
average — Gm. In  its ordinary state , i. c. before the  ou tburst and many 
years after it, a nova has an absolute m agnitude of abou t + 5 111 (with 
a fairly large dispersion). Thus the  m ean am plitude of variation of the  
lum inosity of novae is I l m. Some observational data  for a num ber of 
novae are given in Table 20.

Table 20

Star
Amplitude of 

luminosity 
change

Absolute 
magnitude 

at maximum

Distance
in

parsecs
Velocity 

in km/see

X ova Aurigae 1891 9 —5-3 800
X ova Persei 1901 13 —8-4 480
Xova Aquilae 1918 12 —9 3 430
Xovn. Cvgni 1920 , 13-5 —8-9 1470
Xova Pictoris 1925 ' 12 —7-3 500
Xova Hcrculis 1934 13 —5-5 230
Xova Laccrtac 1936 13 —8-6 1350
Xova Puppis 1942 16 5 —8-0 500

700
1300
400

70
170

1300
1100

Besides the change in lum inosity of novae, very g reat changes take 
place in their spectra. The spectroscopic history of a nova is briefly as 
follows.

Xo observations have been made of the spectrum  of any nova before 
its eruption, since the stars which become novae are very fa in t and 
no t a t till noticeable. An exception is formed by the  spectrum  of Nova

44S
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Aquilae 191S, which was found on a plate taken  with an objective 
prism. However, it has not been possible to draw any definite conclusions 
concerning this spectrum . For the tim e from the ou tburst to the time 
of m axim um  lum inosity, the spectra of novae are im perfectly known 
because of the  rapidity  of the flare-up. Only in a few cases has it been 
possible to obtain spectrogram s for a few hours before the tim e of 
maxim um , and, for some “slow” novae, for a few days before. These 
spectrogram s show th a t, on the rising p a rt of the  lum inosity curve 
shortly  before maxim um , novae have spectra which are usually of 
class A or F. The characteristic feature of these spectra is the displacement 
of all the lines towards the violet by an am ount corresponding to a velocity 
of the  order of some hundreds of kilometres per second. The velo
cities equivalent to the  displacem ents of th e  lines for individual novae 
are given in the  last column of Table 20.

Im m ediately after m axim um  lum inosity is reached, broad bright 
bands suddenly appear on- the  red side of the  absorption lines, lying 
roughly sym m etrically with respect to the  central frequencies. Originally 
the  bright-line spectrum  corresponds to  class A, and then  changes to 
class B. Simultaneously, the  s tructu re of the bright bands changes, and 
new absorption lines appear a t the ir violet edges. Subsequently, as 
the  s ta r ’s lum inosity decreases, the continuous spectrum  and the ab 
sorption lines become fainter, and the  bright-line spectrum  changes from 
class B to class 0 .

Some m onths after the outburst, bright forbidden lines characteristic 
of the  spectra of gaseous nebulae (including the  and N2 lines of 
“nebuliuin” ) appear in the  spectrum  of a nova. W ith the appearance 
of these lines, the nova enters the “ nebular stage” of its development. 
The subsequent disappearance of the  nebular lines coincides w ith the 
retu rn  of the s ta r to its original lum inosity. The spectrum  of the  star 
a t  this po int belongs to the W olf-Rayet type. I t  is usually supposed 
th a t the W olf-Rayet stage is the last in the history of a nova. However, 
observations m ade on a num ber of novae during some decades after 
their ou tbursts  have shown th a t the W olf-Rayet spectrum  is subsequent
ly replaced by a spectrum  of class 0  (sometimes w ith traces of emis
sion).

During the first few years after the outburst, nebulae are visible 
around novae, similar in external appearance to the p lanetary  nebulae. 
These nebulae expand w ith very high velocities and are then  dispersed 
into space. The existence of such nebulae leaves no doubt th a t, in the 
eruption  of a nova, the outer layers of the s ta r are detached from it. 
We shall show below th a t th e  changes in the lum inosity and spectrum  
of a nova arc explained by the gradual m ovem ent of the detached 
envelope away from the star.

29 A'-tropli\ mo
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The stars which most resemble the typical novae arc the recurring 
novae. Unlike ordinary novae, which, during the entire tim e they  have 
been observed, have erupted only once, recurring novae erup t several 
times. A list of the recurring novae a t present known is given in Table 21.

Table 21

Star Years of outbursts Limits of variation 
of stellar magnitude

N Orionis 1677, 1750, 1892 6m to >  11
T Pyxidis 1890, 1902, 1920, 1941 6 14
U Scorpii 1863, 1906, 1935 9 > 17

RS Ophiuchi 1898, 1933 4 12
T Coronac Borealis 1S66, 1946 2 11
X Sagittac 1913, 1946 7 15
X Sagittarii 1901?, 1919 < 7 14

The outbursts of recurring novae are quite similar to  those of typical 
novae, bu t are on a sm aller scale. This leads us to  suppose th a t the 
typical novae also erup t m any times, bu t th a t the  intervals of tim e 
between the  eruptions considerably exceed the  period during which 
observations have been made. This supposition is confirmed by the 
statistical results of the  Moscow astronom ers B. V. Iv u k a r k i n  and 
P. P. P akh nago. H aving com pared the tim e intervals between eruptions 
w ith the am plitudes of lum inosity variation  for recurring novae and 
nova-like variables, these authors came to  the conclusion th a t, the 
greater the form er quan tity , the g reater the la tter, on the average. 
E xtrapolating to  typical novae the dependence obtained, B. V. K u k a r - 
kijt and P. P. P ark n ago  found th a t, for an am plitude of lum inosity 
variation of l l m. the time interval between eruptions should be about 
3000 years.

The spectra of recurring novae in the intervals between outbursts 
are of great interest, as being the  spectra of these stars in the ir norm al 
s ta tes  (since the  duration  of the eruptions is considerably less than  the 
interval between them ). U nfortunately , the  observational da ta  on 
these spectra arc few in num ber. Nevertheless, it can be asserted th a t, 
in the intervals between outbursts, the recurring novae arc very hot 
stars, sometimes with emission features in the ir spectra. I t  is im portant 
to  notice th a t the  spectra of recurring novae before and afte r eruption 
are not essentially different. Since the  typical novae are not fundam ent
ally different from  the recurring novae, th is resu lt can be extended to 
them . In  other words, th e  spectra of the typical novae before eruption 
should be the same as they  arc m any years afterw ards, i. e. should belong 
to  class O. This conclusion should be particu larly  em phasised, since it was 
thought until recently th a t cooler stars of classA arc liable to become novae.
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In  tu rn , the  nova-like variables are similar to the recurring novae; 
these are stars 'which resemble novae in their changes of lum inosity 
and spectrum . The nova-like variables differ from the recurring novae 
not only in the smaller scale on which they  exhibit the phenom ena which 
characterise nova eruptions, but also by their less regular repetition. 
Among the nova-like variables are groups of stars of the types U Gemi- 
norum , Z Androm edae, etc.

Much more violent catastrophes than  the eruptions of typical novae 
take place in the  eruptions of supernovae. The absolute m agnitudes of 
supernovac a t m axim um  lum inosity reach — 15m, and the am plitude 
of the change of lum inosity apparently  exceeds 20m. The outbursts 
of supernovae are very rare phenom ena. In  the last thousand years, 
only three supernovae have erupted in our G alaxy: in 1054 in the 
constellation of Taurus, in 1572 in Cassiopeia, and in 1G04 in Ophiuchus. 
The Crab N ebula, which is the outcome of the eruption, is now observed 
in the  position of the  supernova of 1054. The very g reat luminosities 
of the supernovae a t m axim um , which are comparable with the lum ino
sity  of an entire galaxy, enable us to discover supernovae in other 
galaxies w ithout particu lar difficulty. The study of these supernovae 
has shown th a t their spectra consist of emission bands superposed on 
a continuous spectrum , the w idth of the  bands corresponding to radial 
velocities of the  order of a thousand kilometres per second. However, 
the identification of the  bands is very uncertain, because of the great 
com plexity of the spectrum .

Thus all the  “erup ting” stars considered above can be divided into 
four groups —  the  supernovae, the  ordinary novae, the recurring 
novae, and the  nova-like variables. The scale of the eruptions of the 
stars in each group is less than  in the preceding one. In  w hat follows, 
we shall be concerned m ainly with the ordinary novae.

2. The explanation of the observations. The atten tion  of astronom ers 
has long been a ttrac ted  by nova outbursts, and m any hypotheses have 
been advanced to explain the observational data . However, the correct 
solution of the problem  —  the ejection of an envelope of the s ta r — 
was found only a quarte r of a century  ago. H ere we shall show th a t the 
m ovem ent of the detached envelope away from the s ta r should lead 
to ju st such changes in lum inosity and spectrum  as are actually observed 
in novae.

At the m om ent of eruption, let an  envelope be detached from the 
s ta r  whose optical thickness in the  continuous spectrum  is m uch greater 
than  unity . As the envelope expands, its optical thickness will diminish, 
but, until it becomes of the order of unity , the envelope will serve as 
both a reversing layer and a photosphere. In  th is case, the surface 
tem perature being approxim ately constant, the  expansion of the envelope 
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results in an increase in the s ta r ’s lum inosity. In  consequence of the 
approach of the p a rt of the envelope th a t is tow ards tlie observer, the 
absorption lines will be displaced tow ards the violet end of the spectrum . 
Such a spectrum  is in fact observed on the rising p a rt of the lum inosity 
curve of a nova.

A t the m om ent when the m axim um  lum inosity is reached, the 
optical thickness of the envelope in the continuous spectrum  becomes 
of the order of unity . A t this tim e the radiation directly from the s ta r

begins to reach the outer layers of the 
envelope, and bright lines appear in it. 
The reason for th e  appearance of these 
lines is the  same as in the case of gaseous 
nebulae, i.e . fluorescence. The radiation 
in th e  lines reaches the observer not 
only from the p a rt of the envelope 
which is approaching him, but also from 
th a t which is receding. I t  is not absorbed 
in the  envelope, because of the  D opp
ler effect. The width of the  bright lines 
therefore corresponds to  twice the velo
city of expansion of the envelope. On 
the violet side of a bright line there is an 
absorption line which arises in the p a r t 
of th e  envelope which is approaching 
the observer and screens off the star. 
A diagram  of the  origin of the spectral 
lines in the  expanding envelopes of 
novae is given in Fig. 62.

A fter m axim um  lum inosity, as the  envelope expands fu rther, its 
optical thickness in the spectral lines diminishes. As a result of this, 
th e  dark  com ponents of the  bright lines become fain t and then  dis
appear. At the  same tim e, th e  degree of excitation and ionisation of 
th e  atom s in the envelope increases, and owing to this the spectrum , 
as judged by its content of observed lines, passes from class A to  class II, 
and then to class O. At some stage, the  conditions necessary for the 
appearance of forbidden lines begin to  be fulfilled in the envelope, i. e. 
th e  densities of m a tte r and of rad iation  become fairly small. Beginning 
with the .appearance of the  forbidden lines, th e  “nebular stage” lasts 
for a fairly long time, until the  brightness of the scattering envelope 
becomes less than  th a t of the s ta r itself. The spectrum  of the star, which 
a t  this point is of W olf-Rayet type, shows th a t the ejection of m a tte r 
from the  s ta r is still continuing. W hen this process also comes to an end, 
the spectrum  of the s ta r becomes class 0  w ithout emission lines.
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I t  is clear th a t the continuous ejection of m a tte r from the star 
begins im m ediately after the detachm ent of the envelope. In  some 
eases fu rther envelopes arc detached from the  star, and this leads to 
the appearance of secondary m axim a on the falling part of the lum inosity 
curve of the nova, and also to the appearance of additional system s of 
absorption lines. The process of ejection of m a tte r from the star, which 
begins after the detachm ent of the main envelope, explains also a num ber 
of other features of the spectra of novae.

The explanations given above of the  phenom ena which occur when 
a nova erupts are, in their general features, in good agreem ent with 
observation for every stage of developm ent of the  nova. However, 
E. It. M u s t e l ’, who has studied in detail the observational da ta  for 
the  period around m axim um  lum inosity, has recently come to the 
conclusion th a t two viewpoints (which he calls hypotheses A  and B) 
are possible on the subject of the detachm ent of the envelope from the 
star.

According to hypothesis A,  which has already been explained above, 
the detachm ent of the envelope from the star takes place a t th e  time 
of the eruption. A t first, th e  optical thickness of th e  envelope in the 
continuous spectrum  is much greater th an  un ity ; later, it decreases and 
becomes of the order of unity  a t the tim e of m axim um  lum inosity (the 
existence of the  m axim um  is really due to this).

According to  hypothesis B, an expansion of the  entire star begins 
a t  the time of the eruption. At th e  tim e of m axim um  lum inosity the 
envelope separates from the star, and the  star itself begins to contract, 
in consequence of which its lum inosity begins to decrease. The optical 
thickness of the detached envelope in the  continuous spectrum  is less 
than  un ity  from th e  very beginning of the process. In  o ther words, the 
detachm ent of the envelope takes place in the reversing layer of the 
star. £ .  R . M u s t e l ’ [flG] gives m any argum ents against hypothesis A 
and in favour of hypothesis B.  U nfortunately  it is no t possible, w ithin 
the scope of a textbook, to pause to discuss this im portan t work by 
E .  R. M u s t e l ’. I t  need only be rem arked th a t a t tim es long before 
or afte r the time of m axim um  lum inosity there is alm ost no difference 
between the hypotheses A and B.

The explanation given above of the eruptions of novae allows us 
to devise simple m ethods of determ ining their parallaxes. The im portance 
of these m ethods is the greater since the trigonom etric parallaxes of 
novae are quite unreliable, because of their smallness.

One of the methods of determ ining the parallax of a nova, though 
not a very accurate one, is based on a comparison of the displacements 
of the absorption lines w ith the ra te  of increase of the luminosity before 
maximum . From observation we can find, for two instants tx and t2.
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the apparen t m agnitudes m i and m2 and the tem peratures 7', and 7'2 
(from the spectral class). Using the well-known formula relating the 
absolute m agnitude M  of a star to its tem perature T  and radius R :

M  =  29,500/7’ — 5 log10 R —  0-0S , (26.1)

and the fact th a t the difference of the  apparent m agnitudes of the 
star is equal to the difference of its absolute m agnitudes, i. c. m2 ■— m, =  
M 2—  d /1( we obtain the following form ula which determ ines the 
ratio  of the s ta r’s radii a t the instan ts t1 and t2\

, R2   5900 5900 m2— ml
loSio iq  — r 2 ~  7 \  5 (26.2)

On the other hand, we have for the difference of the radii of the star 
a t the  m om ents t j and t2

R 2 — R 1 =  v(t2— <t) , (26.3)

where v is the  ra te  of expansion of the photosphere, found from the 
displacem ent of the absorption lines. Each of the quantities R t and R 2 
is determ ined separately from  (26.2) and (26.3). This m akes it possible 
to find the absolute m agnitude of the nova from the relation (26.1), 
and then  to find the  parallax by comparison with the apparent m agnitude.

A nother m ethod of determ ining the parallax of a nova is based 
on the m easurem ent of the ra te  of expansion of its envelope. This 
rate  can be m easured, on the one hand, from the width of the bright 
bands in the spectrum  and expressed in kilom etres per second, and 
on the other hand, from the  observed expansion of the nebular envelope 
and expressed in angular measure. A comparison of these quantities 
gives the parallax of the nova. This m ethod is more exact than  the 
previous one. The distances and absolute m agnitudes a t m aximum , 
given in Table 20 for a num ber o f novae, were determ ined bv this 
method.

The parallax of Nova Persei 1901 was found in an interesting manner. 
The nebula observed around this nova was expanding so fast th a t it 
could not be regarded as an envelope ejected in the eruption. This 
suggested th a t Nova Persei erupted inside a dust cloud and.produced 
around itself an illum inated region which expanded with the velocity 
of light. This supposition was confirmed by the  fact th a t the  spectrum  
of the nebula obtained eighteen m onths after the ou tburst was the 
same as the  spectrum  of the  s ta r a t the tim e of m axim um  light.

The parallax of Nova Persei 1901 was determ ined by the second 
of the m ethods m entioned above, taking into account th a t the velocity 
of “expansion” of the illum inated region was equal to th a t of light,
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i. e. 300,000 km/sec. Later, a second nebula was discovered around 
Nova Persei, expanding much more slowly than  the first. This was 
the “ tru e ” envelope which was detached from the star in the eruption.

3. The interpretation of the luminosity curve. Let us now consider 
the theoretical in terpreta tion  of the observational data . We shall 
first calculate the lum inosity curve of a nova, 
assuming th a t, a t  the tim e of the eruption, 
there separates from the star an envelope of 
very great optical thickness in the continuous 
spectrum  (i. c. assuming hypothesis A). Such a 
calculation was first perform ed by V. A. A m b a r t 

s u m y a n ,  and in g reater detail by Sir. G .  G o r d e - 

l a d z e  [ 4 8 ] ,

The structure of the  envelope of a nova is 
very complex, bu t as a  first approxim ation we 
replace i t  by a homogeneous sphere with the same 
tem perature throughout. The lum inosity of such 
a sphere is very easily calculated. Since, according 
to our assumptions, o =  constant and T  =  constant, we can suppose 
th a t the emission coefficient e and the absorption coefficient k  are also 
constants. In  this case, the in tensity  of radiation emerging a t a distance 
r from the centre of the disc (Pig. G3) is

+ n i t ' - r ' )

I  (r) =  [  E  ds ,
-vui'-r')

or, effecting the integration,

I(r) = E

k
-2  k t l ( R ' - r ' )

[1— « ] • (26.4)

The to ta l am ount of energy em itted  by the sphere, i. e. its lum inosity 
/,, is obtained from (26.4) by in tegrating over the whole disc and m ulti
plying by 4 n :

n
L  =  4 7i 2 7i J l[r) r dr . 

o

The integration gives

L  =  4 ,-t2 i?2 I 1 +
1 — 2  kit

k R 6
1

2 k"- ir-
— 2 k  I t  

- ( 1 — e )

Assuming th a t there is local therm odynam ic equilibrium, wc can 
pu t r/k =  B , where B  is the intensity  of radiation from a black body
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a t the given tem perature. F urther, we note th a t k R  is ju st the  optical 
radius of the sphere. We denote it by r 0. W ith this notation, we obtain

Form ula (2G.5) determ ines the lum inosity of the  sphere as a function 
of th e  radius R  and the optical radius r0. However, it is easy to  establish 
the relation between R  and r 0. To do so, we m ust write down the ex
pression for the volume absorption coefficient k. We shall take it in 
the form

or, expressing the  density  q in term s of th e  mass M of the sphere and 
its radius R,

L et us now apply form ula (2G.7), which determ ines the lum inosity 
of the  sphere, to  the  envelopes of novae. H ere we shall suppose th a t, 
when the envelope expands, its mass M and tem perature T  remain 
constant. H ence the  lum inosity L  will depend only on the single vari
able r 0. A t the s ta r t of the  eruption, r 0 >  1. Later, R  increases, and 
consequently r 0 decreases, by (2G.G). For some value o f r 0, the lum inosity 
L  has a maxim um . I t  is easily found th a t the m axim um  of the func
tion / ( t 0) is reached for r 0 =  1-7, and the maxim um  value of this func
tion is

L  =  4 rr2 R 2 B  1 +  * c ° — 0 1 2 (1 — e
To - To

(26.5)

k =  n2/ T 9 2 ,

where /I is a constant. For r 0 we have

To =  k R  =  ft q2 R / T 91'- ,

9 fi M2/1G 7i2 T 9'2 . (2G.6)

Substitu ting  R  from (2G.G) in (26.5), we find

(26.7)

where

/ ( t0) = * ( 1 - e  2r*) . (2G.S)
- T0

/ m ax  —  0 ‘S 4  •

H ence we find for the lum inosity of the nova a t maxim um

L max (2G9)
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Wc see th a t, for a given tem perature, the lum inosity of a nova a t 
m axim um  is the greater, the greater the mass of the  ejected envelope. 
We shall use this im portant result below in determ ining the masses 
of the  envelopes.

We can now rewrite formula (26.7) in the form

L  =  l - 2 L mas/ ( r 0) . (26.10)

The lum inosity curve of the  nova is determ ined by this formula, if 
we take into account the fact th a t the dependence of r 0 on R  is given 
by the relation (26.6), and th a t of R  on the tim e t by the relation R = v t, 
where v is the rate  of expansion of the outer boundary of the envelope. 
We see from formulae (26.5) and (26.6) th a t, when r 0 1, the luminosity 
increases as R 2, and when r 0 1 it decreases as R~3. This means th a t 
the increase in lum inosity occurs very rapidly, and the  decrease'consider
ably more slowly. Consequently the  theoretical lum inosity curve is 
similar in form to the  observed one.

However, the above theory  has some im portan t defects. I t  cannot 
answer the following questions: (1) W hat is the source of energy whereby 
the ejected envelope radiates \ (2) How does the transfer of energy 
through the envelope take place ? These questions have been discussed 
by V. V. S o b o l e v  [159], who considers two possible sources for the 
energy of radiation of the envelope: the energy in the  envelope a t the 
tim e when the eruption begins, and the energy em itted by the  star after 
the envelope has broken aw ay from it. The problem of the  radiation 
of an expanding envelope with given sources of energy is then  solved. 
This gives the variation in the  lum inosity and spectrum  of a nova with 
time, in the interval between the beginning of the outburst and the 
tim e of m axim um  brightness. I t  was found th a t the theoretical results 
are in general agreem ent with those of observation. In  particular, the 
theory accounts for the delay in the increase in brightness th a t has been 
observed in several novae.

4. The interpretation of the spectrum. We have already given a quali
ta tive explanation of the spectra of novae, based on the idea of the 
expansion of an envelope ejected from the star. However, the quan ti
ta tive in terpretation of the spectra meets with great difficulties, in 
consequence of their extrem e complexity. The spectra of novae in the 
nebular stage form .an exception. In this ease we can use the results 
obtained for the p lanetary  nebulae. Wc shall therefore discuss here 
the spectra of novae in the nebular stage.

The nebular stage of a nova begins when the envelope has moved 
to such a great distance from the s ta r th a t the conditions necessary 
for the appearance of forbidden lines begin to be fulfilled. I t  can be
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shown th a t the condition concerning the density  of radiation begins 
to be fulfilled sooner than  th a t concerning the density of m atter. 
Consequently, the beginning of the  nebular stage is at the time when 
the density of free electrons in the envelope diminishes to such an 
ex ten t th a t the spontaneous transitions in the forbidden lines become 
as frequent as collisions of the second kind. This enables us to estim ate 
the density of free electrons in the envelopes of novae at the tim e when 
forbidden lines appear in their spectra, if the corresponding transition 
probabilities are known. On the other hand, we can estim ate the volume 
of the envelope a t the  same epoch from the velocity of expansion of 
the envelope and the tim e interval which has elapsed since the eruption. 
This gives an  approxim ate determ ination of the mass of the ejected 
envelope. I t  is found to he of the order of 1027 to 1028 grains. We shall 
la ter indicate more exact methods of determ ining the masses of the 
envelopes.

In  the nebular stage of the nova, the electron tem perature of the 
envelope can also be determ ined. This is most simply done by means of 
V. A. A m bartsum yan’s m ethod, i. c. from the ratio  of intensities of 
the  forbidden lines -f- N 2 and 4363 A, belonging to the O I I I  ion. 
As is seen from formula (24.13), wliich determ ines the ratio  of intensities 
of these lines, the form er m ust always be brighter than  the  la tter. 
We know th a t this is in fact the case in p lanetary  nebulae. A similar 
ratio  of intensities of the lines +  N2 and 4363 A is observed in the 
spectra of novae also, when the conditions in the envelopes become 
similar to those in the nebulae. The electron tem peratures of the enve
lopes a t th is tim e are found to be of the order of 6000° to  10,000°, 
like the tem peratures of the nebulae.

However, a t the tim e when the lines Nj +  N 2 and 4363 A first appear 
in the  spectra of novae, the ratio  of their intensities is the reverse of 
w hat is observed in the spectra of the nebulae, i. e. the 4363 A line 
is brighter than  the +  N 2 lines, which contradicts formula (24.13). 
The explanation of this phenomenon is as follows. In  the derivation 
of formula (24.13) it was assumed th a t the num ber of spontaneous 
transitions in the forbidden lines is much greater than  the  num ber of 
collisions of the second kind (which is quite correct for the nebulae 
and for the envelopes of novae in the ir la ter stages). At the tim e of the 
first appearance of the  forbidden lines in the  spectra of novae, however, 
the num ber of collisions of the  second kind is still com parable with the 
num ber of spontaneous transitions. H ence formula (24.13) is inapplicable 
a t this time, and m ust be replaced by one which takes account of both 
spontaneous transitions and collisions of the second kind. Let us 
consider, for simplicity, the case where the collisions of the second kind 
predom inate over the spontaneous transitions. In  this case the transitions
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of O I I I  ions from the  lower to the upper states in collisions of the 
first kind are almost completely balanced by transitions from the 
upper to the lower sta tes in collisions of the second kind. The distribution 
of O I I I  ions among states is therefore close to  the Boltzm ann distribution 
for the electron tem perature of the gas in the envelope. Consequently, 
we have for the ratio  of the num bers of O I I I  ions in the XS0 and 1D2 
states

n2 g2

This gives for the ratio of intensities of the lines -)- N 2 and 4303 A

E r , +  * '  =  j 21 l’12 92 e r" , k T e . (20.11)
• ''■ '1 3 9 3  3 2  I j j  <73

For the 0  I I I  ion, the coefficient 2 is more than  100 times A 21, and 
the ratio  </2/<73 is 5. In  the ease considered, the ratio  E s  + ^ J E ia63 is therefore 
greater than  unity  if 1\  <  10,000° and less than  unity  if Te >  10,000°. 
O bservation shows, as we know', th a t, a t the  tim e of appearance of 
the  forbidden lines of the 0  I I I  ion, the line 4363 A is brighter than 
the N x +  N 2 lines. Consequently the  electron tem perature of the envelope 
is com paratively high a t  this time.

Since the radiation of the  envelopes of novae in the nebular stage is 
quite similar to th a t of the p lanetary  nebulae, it is possible to  apply 
Z axstra ’s m ethod of determ ining the tem peratures of the  stars to 
novae also. This was first done for Nova Aquilae 1918. From  the lines 
of He I I  it was found th a t three m onths afte r the eruption the tem p
erature of the s ta r was 65,000°. Subsequently Za nstra ’s m ethod was 
applied to novae in their earlier stages. However, where the envelope 
is close to the star, the assum ptions underlying Zanstra ’s m ethod are 
not well satisfied (see F a rt VI).

The results obtainable by studying the contours of emission bands 
in the spectra of novae arc verj’ valuable. Since the envelopes arc 
ejected with very high velocities, the contour of an emission band is 
determ ined m ainly by the D oppler effect. For this reason, the d istri
bution of velocities in the envelope can be estim ated from the  form 
of the contour. However, in the first period afte r m axim um  luminosity, 
when the envelope cannot y e t be supposed transparen t to  the radiation 
in the lines, the theory  of the contours of emission bands is very complex. 
I t  is considerably simpler in the subsequent period, when the absorption 
satellites of the emission bands disappear. The m ost reliable analysis 
is th a t for the forbidden lines, where self-reversal plays no part, since 
the absorption coefficient in forbidden lines is very small.
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Let us assume th a t the envelope is transparen t to  radiation in a given 
line. I f  the envelope has spherical sym m etry and all the  layers are 
moving with the same velocity, the contour of th e  emission band will 
be flat, i. e. the intensity will be constant within the band. In some 
novae, the contours of the forbidden lines are in fact of this nature, 
a t least to  a first approxim ation. However, in other cases the bands 
seem to be doubled. This doubling was particularly m arked in the 
spectrum  of Nova Herculis 1034. The dispersion of velocities in a spheri
cally sym m etrical envelope cannot explain the doubling of the emission 
bands. We m ust therefore assume th a t the envelopes of some novae do 
not have spherical sym m etry, i. e. the ejection of m atter does not take 
place uniformly in different directions.

In  connection with this result, it m ust be pointed out th a t individual 
condensations of m a tte r are observed in the expanding nebulae around 
novae. Such an observation was first made in the case of Nova Pictoris 
1025. A t first it was in terpreted  as a division of the s ta r into three 
com ponents on eruption. These components moved in straight lines 
aw ay from a single point, gradually diminishing in brightness. Six 
m onths afte r the outburst of Nova H erculis 1034, this s ta r was discovered 
to  be double. L ater it was possible to  obtain the spectra of each of the 
components, which were found to  be characteristic of gaseous nebulae. 
This fact allowed the conclusion to  be draw n th a t in reality, when 
a nova erupts, there takes place not a division of a single star into two 
or th ree components, bu t the  ejection by the s ta r of several conden
sations of m atter, which radiate under the action of the s ta r ’s radiation. 
In  the case of Nova Herculis, this conclusion is well confirmed by the 
spectral data , since the doubling of the emission bands can be explained 
by the ejection of two condensations of m a tte r from the star, which 
move with different radial velocities.

As has been said above, we shall not concern ourselves here with 
a detailed consideration of the spectra of novae during the period from 
maximum lum inosity until the nebular stage. These spectra are very 
complex, and even a qualitative in terpretation of them  meets with 
difficulties. We notice, however, th a t a t present a great part in the  
form ation of the  spectrum  is ascribed not only to  the  m ain envelope, 
but also to  the m a tte r which is ejected from the  star after the separation 
of the envelope, and tha t no t only fluorescence but also collisions 
between the separate p arts  of the ejeeted m a tte r are regarded as m echa
nisms for the appearance of the bright lines. Very valuable results 
from the study of the spectra of novae during this period have been 
obtained by E. R. M u s t e t .’ [!)S, 111), 101].

5. Nova Herculis 1031. The picture sketched above of the variation 
of the lum inosity and spectrum  of a nova is typical of the m ajority
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of novae, bu t not all. Some novae show very considerable deviations 
from this picture. One of these “peculiar” novae is Nova Hereulis 1934. 
The lum inosity curve of th is star is shown in Fig. 04. The luminosity, 
having first risen from 14m or 15,n to l m.3 (22 December), la ter decreased

F ig . 64

slowly during a period of over th ree months. In  April 1935 the luminosity 
of the nova suddenly fell rapidly to 13m.l, and then rose to approxi
m ately 7m, after which it began to decrease slowly again. In  the period 
of slow dying-down of the  nova after the December maximum , its 
spectrum  belonged to  class F  with emission lines of H , Fe II , Ca II, etc. 
The absorption lines were displaced to  the violet by an am ount corre
sponding to about 400 km/see. A fter the April minimum, the spectrum  
of the nova became th a t typical of gaseous nebulae. The increase of 
the line intensities in this spectrum  brought about the increase in 
brightness of the nova to 7m.

The explanation of the changes in the lum inosity and spectrum 
of Nova H ereulis is as follows [52]. S tarting  from the  m om ent of eruption, 
a powerful ejection of m a tte r from the star took place for over three 
m onths, which led to the form ation of an extended envelope around 
the star. However, the  outerm ost parts  of the envelope were no t luminous 
during this period, since the ultra-violet radiation of the s ta r did not 
reach them . This radiation was absorbed by the p arts  of the envelope 
which were closer to the  s ta r and denser, and these re-em itted it in the 
continuous spectrum  with an energy distribution corresponding to 
a lower tem perature than  th a t  of the star itself. In  other words, the 
parts  of the envelope adjoining the  s ta r played, during this period, the 
part of an extended photosphere. Tn April the in tensity  of outflow of 
m a tte r diminished very greatly, the extended photosphere was dispersed, 
and a very hot s ta r (with a tem perature of about 70,000°) was revealed. 
Owing to the dissipation of the extended photosphere, the luminosity 
of the nova in the visible p a rt of the spectrum  decreased markedly.
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Im m ediately afterw ards, however, the outerm ost rarefied parts  of the 
envelope began to radiate under the aetion of the ultra-violet radiation 
of the star, similarly to the radiation of the p lanetary  nebulae, and 
for this reason the lum inosity of the nova in the visible region of the 
speetrum  began to inerease again. This proeess of inerease in lum inosity 
continued until the intensity  of the emission lines in the speetrum  
of the envelope eorresponded to  th a t of the ultra-violet radiation of 
the star. The further slow deerease of the lum inosity of the nova was 
due to the gradual dissipation of the nebular envelope.

I t  is very interesting to  eonsider the radiation of the envelope of 
Nova Hereulis after the April lum inosity minimum. In theoretieal 
astrophysics, the assum ption is usually made th a t radiative equili
brium  exists in stellar envelopes. Even in those eases where the ehange 
in the physical conditions in the envelopes takes plaee very rapidly, 
it is still supposed th a t radiative equilibrium  is established. In  other 
words, the developm ent of the envelope is imagined as a passage through 
a sequence of equilibrium states. However, we ean now point to a 
series of examples of envelopes radiating in the absenee of radiative 
equilibrium. One sueh example is the envelope of N ova Hereulis after 
the April lum inosity minimum. We have seen tha t, although the u ltra 
violet quan ta  from the s ta r read ied  the nebular envelope a t the time 
of minimum lum inosity, it did not as yet radiate. R adiative equilibrium 
elearly did not exist a t this time. In  the following period, the developm ent 
of the  nebula was in the direction of the establishm ent of radiative 
equilibrium. This proeess ean be regarded as having been completed 
only a t  the time of the secondary lum inosity maximum.

L et us eonsider the theoretical in terpretation  of the radiation of the 
envelope of Nova Hereulis afte r the April lum inosity minimum [IuS]. 
For simplicity, we shall diseuss a hydrogen envelope of constant density. 
We assume th a t the envelope has spherieal sym m etry, and th a t its 
thiekness is considerably less than  its distance from the star (r2— rx).

L et and n+(r,t) be respectively the num ber of neutral and
ionised atom s in 1 ein3 a t a distance r from the s ta r a t time t. Let n 
be the to tal num ber of hydrogen atom s in 1 ein3, so th a t

nx(r,t) +  n+{r,t) =  n . (26.12)

A t the initial instant, whieh we take as the instan t when the tem perature 
of the s ta r suddenly increases, all the atom s in the envelope arc neutral, 
i. e. n^ r,!)) =  n, ?2 + (r,0) = 0 .

Subsequently, ionisation of the atom s takes plaee by the absorption 
of quanta em itted by the s ta r beyond the lim it of the Lym an series. 
The num ber of sueh quanta incident on 1 em 2 of the inner boundary
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of the envelope in 1 second is denoted by 11. I f  we denote by k the 
absorption coefficient, referred to one atom , the to tal num ber of ioni
sations occurring in 1 second in 1 cm 3 a t a distance r from the star at 
tim e t is

(r,t) k II  ,

where r(r,l) is the optical distance of the point concerned from the inner 
boundary of the envelope, i. e.

r

z(r,t) =  J  k dr . (26.13)
n

Besides ionisations, the  converse processes, i. e. recom binations, also 
take place in the envelope. The num ber of recom binations to the rth 
level occurring in 1 second in 1 em3 a t a distance r from th e  s ta r at 
tim e I is

ne(r,l) (r,l) Cif(Te) ,

where ne(r,t) is the num ber of free electrons in 1 em3, and Cit(Te) is 
the function determ ined by formula (24.14).

Since the variation in the  num ber of ions is equal to the difference 
between the num bers of ionisations and recom binations, we have

CO

dn+jet =  k 11 e~T — ne n+ 2] . (26.14)
i = 2

In  equation (26.14) we have not taken  into account recom binations 
to the first level or ionisations under th e  action o f the diffuse radiation 
of the envelope, since these processes balance each other.

Thus the problem of determ ining the  variation in the  num ber of 
ionised atom s in the envelope reduces to the solution of equation (26.14) 
with the conditions (26.12) and (26.13). The solution of this equation 
will be found in the work of V. V. S o b o l e v  [15S]. H ere wc shall give 
one result which will be needed in what follows.

Let the optical thickness of the envelope beyond the lim it of the 
Lyman series, a t the initial instant, be much greater than  unity , i. e. 
r ( r 2,0) $> 1. N ext, le t the radiation of the s ta r be so intense th a t it 
can produce in the nebula a degree of ionisation considerably greater 
than  unity  (n+/n1 |> 1). In this case the envelope can be divided, at 
any time, into two regions: an “ ionised” region (where n+jny 1) and 
an “ un-ionised” region (where n+jnx <  1), w ith a very shaq) boundary 
between them , and the  process o f the gradual increase in ionisation 
in the envelope can be regarded as a m ovem ent of the boundary between 
these regions. This boundary lies approxim ately where 1 a t the
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time considered (Fig. 65). This result is quite evident, sinee, so 
long as t >  1 for a given layer, the ionising radiation of the s ta r does 
not penetrate  to  it. Only when, owing to  the  ionisation of the p a rt of

the envelope tow ards the star, its optical 
thickness beeomes of the  order of unity , does 
ionisation begin in the layer considered.

This result enables us to find w ithout 
difficulty how the to tal num ber of ionised 
atom s in the  envelope, i. e.

N + =  /  n+ dV  ,

varies with time. We integrate both sides 
of equation (26.14) over the whole volume 
of the nebula. Denoting by t l  the to tal num 

ber of quan ta em itted by the s ta r beyond the lim it of the Lym an series 
in 1 seeond, we obtain

CO

diV+/d< =  t t  — N+ n £  Ci, . (26.15)
» =  2

The last te rm  in equation (26.15) is obtained using the relation

J ne n+ d F  =  n N + .  (26.16)

This follows since for the ionised region nt m n, and  for the un-ionised 
region ne ^  0.

The solution of equation (26.15) which satisfies the initial condition 
iY+ (0) =  0 has the form

CO  CO

N +(t) =  t t  [1 -  exp (— tn  2  Cif)]jn £  Cif . (26.17)
1 = 2 i = 2

A very im portan t result follows from formula (26.17). The time

CO

=  I In Z  Ci, (26.18)
i = 2

can be regarded as the tim e taken  to establish radiative equilibrium 
(or the relaxation lime of this proeess). We see th a t it is the greater, 
the smaller the density of m a tte r in the envelope.

in  order to estim ate the  relaxation tim e, we notice th a t for hydrogen
CO

V On .‘1 X  10-13 (for T e — 10,000°). This means th a t when n 1010
i 2
the  relaxation tim e is of the order o f several m inutes. In  the envelopes 
o f novae in the first period after m axim um  lum inosity, n >  1010. We
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can therefore suppose th a t the establishm ent of radiative equilibrium 
in this case follows im m ediately upon a change in the physical condit ions 
in the envelope. However, in the  case of Xova Hercuiis 1934, the tem 
perature of the s ta r suddenly increased when the density of m a tte r in 
the envelope was very small. For this reason the time for the establishm ent 
o f rad iative equilibrium  in the envelope of Xova Hercuiis was prolonged 
to approxim ately a m onth.

Using formula (26.17), we can find the variation in the to tal am ount 
of energy em itted  by the envelope in any spectral line. We have for the 
energy em itted by the envelope in a line of frequency vik

where zk =  wk[ne n+. Using formulae (26.16) and (26.17), we obtain

For X ova Hercuiis, formula (26.20) can be com pared with observation. 
I t  is found th a t th e  observed variation in the intensities of the Balmer 
lines is fairly well represented by form ula (26.20). H ere it is necessary 
to take the value n =  3 X  10G for the  concentration of atom s in the 
envelope.

Using the formulae given above, we can also explain an interesting 
fact in the spectroscopic history of Xova Hercuiis. The red components 
of the emission lines were, a t the  tim e when they  appeared after the 
April lum inosity minimum, much fain ter than  the violet components, 
and the two were approxim ately com parable in in tensity  only a t the 
tim e of the  secondary lum inosity m aximum . To explain this phenomenon, 
it was previously assumed th a t, in the space between the  s ta r and the 
envelope, there was absorbing m atter, which caused the red components 
o f the emission lines to  become fainter. Xow, however, it can be more 
natura lly  explained in term s of the radiation of the envelope in the  
absence o f radiative equilibrium.

I t  follows from the  observations th a t the  in tensity  of the red com
ponent increased more slowly than  th a t of the violet component. On 
the above view regarding the radiation o f Xova Hercuiis during this 
period, this means th a t  radiative equilibrium was established more 
slowly in the receding p a rt of the  envelope than  in the approaching 
part. For this to be so, we need only assume th a t the  density  of m a tte r 
in the receding and approaching p arts  was not the same. The pheno
menon is described approxim ately quan tita tively  by the above formula
(26.20).

(26.19)

OO oo

E ki =  h v ik zk I l  [ 1 — exp (— t n Z  <?*/)]/£ Ci f . (26.20)
o

A sirop l i  v sics
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This conclusion th a t the envelope of Nova Herculis was inhom o
geneous is eonlirmed by observational results. I t  is well known th a t 
there were visible in the envelope two well-defined concentrations of 
m atter, one receding and the other approaching. 'Phis, indeed, would also 
explain the two-component structure of the emission lines in the spee- 
trum  of this nova. If we started  from the presence of two concentrations 
of m a tte r and supposed th a t in this period the envelope was not in 
radiative equilibrium, we should have to conclude th a t the intensities 
of the red and violet components of the emission lines would vary differ
ently, since it is difficult to imagine th a t the two concentrations would 
be completely similar.

Chapter 27. The part played by the ejected 
envelopes in the evolution of novae

1. The masses of the envelopes. The subject of the masses of the 
envelopes ejected in the eruptions of novae is of great interest. Firstly, 
from the masses of the envelopes we can obtain  inform ation about the 
layers in which the detachm ent of the  envelope from the s ta r takes 
place, and about the forces which cause this detachm ent. Secondly, 
a knowledge of the masses of the envelopes allows us to draw  conclusions 
about their cosmogonical significance. I f  the mass of the envelope is 
com parable w ith th a t of the star, the  eruption m ust bring about a 
radical change in the entire star. On the o ther hand, if the mass of 
the envelope is small com pared w ith th a t of the  star, the  ehange in 
the  star occurring as a result of the eruption is evidently restricted 
to the surface layers alone.

Several m ethods have been proposed to  determ ine the masses of 
the envelopes. We shall give three of these.

(1) Determination of the mass of the envelope from the maximum 
luminosity. This m ethod is based on formula (26.9), wliieli was obtained 
in interpreting the lum inosity curve of a nova. Form ula (26.9) asserts 
th a t, the g reater the mass of the ejected envelope, the greater the 
m axim um  lum inosity of the nova. Converting the lum inosity of the star 
in formula (26.9) to the absolute m agnitude, and pu tting  T  — 10,000°, 
we obtain

where Mq  is the mass of the Sun. Since the absolute m agnitudes of 
novae at maximum are in the neighbourhood of — O'", the masses of 
the envelopes, calculated by formula (27.1), are of the order of I0 -6 
to 10-1 M0 .

inax — (27.1)
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(2) Determination of the mass of the envelope from the luminosity 
and volume in the nebular stage. When the envelope of a nova is in the 
nebular stage, its mass can be determ ined by the same m ethod as is 
used to determ ine the masses of p lanetary  nebulae. The mass of the 
envelope is approxim ately

M =  C j / ( L F ) ,  (27.2)

where C is some constant, L  is the lum inosity, and V is the volume of 
the envelope. The determ ination of the  masses of the envelopes of 
novae from formula (27.2) again leads to  values of the order of 10~6 
to 10-4 Mg. However, for individual novae this m ethod gives more 
exact results th an  the previous one.

(3) Determination of the mass of the envelope from the relaxation time. 
This m ethod can be applied only to novae which are similar to Nova 
Herculis 1034. We have already seen th a t in this case the radiation 
of the  envelope before the  secondary lum inosity m axim um  takes place 
w ithout the establishm ent of radiative equilibrium. H aving found, 
from the lum inosity curve, the tim e for the establishm ent of radiative 
equilibrium (the relaxation time), and using form ula (26.1 S), we can 
determ ine the density of the  envelope. On the other hand, a knowledge 
of the ra te  and duration  of the outflow of m a tte r from the star enables 
us to estim ate the  volume of the envelope. The mass of the ejected 
envelope is thus obtained.

In  order to avoid having to estim ate the  volume of the  envelope, 
which involves some uncertain ty , we can proceed as follows. We rewrite 
the  relation (26.18) in the form

U ne 2  Cy =  1
i= 2

(we have replaced n by nt , since ne =  n+ n). M ultiplying both sides 
of this equation by n+ and integrating over the  whole volume of the 
envelope, we obtain

f  ne n+ 2  C,7 d F  =  f  n+ d V  .
J £ = :> J

The integral on the right-hand side of this equation, however, is the to tal 
num ber of hydrogen ions in the envelope, and th a t on the left-hand 
side is the to ta l num ber of recom binations to  all levels from the  second 
upwards. The la tte r num ber is equal to the num ber of Ualmer quanta 
em itted  by the envelope in 1 second. Consequently we have

t * A u — A + . (27.3)
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Form ula (27.3) holds for any tim e before the secondary lum inosity 
maximum . From  the relaxation tim e and the num ber jVb of Balm er 
quanta em itted  by the envelope, it gives the num ber of hydrogen ions 
N+ in the luminous (i. c. the ionised) region. Since, in the ionised region, 
n+/»! >  1, Ar+ is alm ost the same as N,  i. e. the to ta l num ber of hydrogen 
atom s in th is region. In  the course of tim e, th e  dimensions of the ionised 
region increase, and become a m aximum when radiative equilibrium 
is established. The num ber N,  determ ined for this tim e from formula
(27.3), signifies either the  total num ber of hydrogen atom s in the  envelope 
(if the la tte r is com pletely ionised) or a lower lim it to this num ber (if 
the  envelope is only partly  ionised). For Nova Herculis 1934. a t the tim e 
of the  secondary lum inosity maximum , formula (27.3)givcsiY =  l-4 X  1052, 
and therefore M =  m n N  — 2-3 X  1028 g.

Thus we see th a t all these m ethods lead to  values for the masses 
of the envelopes of novae of the order of 10~6 to 10~4 times the Sun’s 
mass. The different values which are obtained for individual novae 
by using the different m ethods are explained not only by the  inexactness 
of these methods, but also by the fact th a t they  are applied to different 
times. In  the course of tim e, however, owing to the continuous ejection 
of m a tte r from the star, the mass of the envelope increases. Hence 
the second and th ird  of the m ethods given above should give higher 
values for the masses than  the first.

However, it is necessary to  rem ark th a t  none of the above m ethods 
gives a complete idea of the  to ta l am ount of m a tte r ejected as a result 
of the eruption of a nova, since the  outflow of m a tte r from the star is 
continuing even when the nova has reached its minimum luminosity. 
We deduce this from the fact th a t a t this tim e the nova has a spectrum  
of the W olf-Rayct type. The time during which the nova remains in the 
W olf-Rayet stage may be estim ated as some decades. The am ount of 
m a tte r ejected by the s ta r in this time is approxim ately equal, in order 
of m agnitude, to  th a t which it loses during the eruption itself.

Thus we find th a t the am ount of m a tte r ejected as a result of the 
eruption of a nova is a very small part of the mass of the star. This 
m eans th a t the eruption  of a nova does not bring about ail}' notew orthy 
changes in the structure of the star. A t the  same tim e, the smallness of 
the mass ejected in the eruption is in agreem ent w ith the hypothesis 
th a t some stars undergo eruption m any times.

I t  is also very im portan t to estim ate the am ount of m a tte r ejected in 
the eruption of a supernova. The immense brightness of supernovac 
a t maximum compels us to suppose th a t in this case a mass is ejected 
which much exceeds th a t ejected in the  eruption of an ordinary nova. 
Form ula (27.1) gives some idea of the masses of the envelopes of super
novae. Substitu ting in this formula the value -Vmax =  — 15m for the
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absolute m agnitude at m aximum , we find th a t the mass of the envelope 
is M = 0 -1  M0 . However, there is no certain ty  th a t formula (27.1) is 
applicable to supernovae.

We can more reliably estim ate, from formula (27.2), the mass of 
the Crab N ebula, which, as is well known, was ejected in the eruption 
of the supernova of 1054. However, it m ust be borne in mind th a t the 
spectrum  of the  Crab Nebula is ra ther different from those of the 
p lanetary  nebulae and of the  envelopes of novae in th e  nebular stage. 
The emission lines of hydrogen are very faint in it, bu t the continuous 
background, on the o ther hand, is strong. I t  seems th a t in th is case 
some peculiar mechanism of excitation is involved. For th is reason, 
the value of the  constant C in this case will be somewhat different from 
its value for the p lanetary  nebulae. W ith this reservation, we find 
from formula (27.2) th a t the mass of the Crab Nebula is of the  order of 
two solar masses.

The estim ates given show th a t, in the eruption of a supernova, a 
mass is ejeeted which comprises a considerable part of the mass of the 
star.

2. The dynamics of the envelopes. O bservation shows tha t the displace
m ents of th e  absorption lines in the  spectra of novae undergo considerable 
changes in some cases. This fact, in terpreted  as a ehange in the rate  of 
m otion of the  envelope, enables us to draw  conclusions concerning the 
forces which act on it.

However, it m ust be rem arked a t once th a t the acceleration or 
retardation  of the envelopes is not the  only possible explanation of the 
observed changes in the displacem ent of the absorption lines. A nother 
similar effect is due to the variation in the effective level of the absorbing 
m aterial in an envelope moving with a velocity gradient. Let us assume, 
for instance, th a t the outer layers of the  envelope are expanding with 
a greater velocity than  the inner ones. In  this case, as the outer layers 
become dispersed, the effective level of the absorbing m a tte r will 
approach the  inner boundary of the envelope, and the displacem ent 
of the absorption lines will decrease. Y et another cause of this effect 
m ay be the  influence of the  m a tte r ejected from the s ta r  after the 
lum inosity m aximum , since the ra te  of m otion of this m a tte r is, generally 
speaking, not the same as tha t of the main envelope. These facts compel 
us to proceed with caution in drawing conclusions regarding the dynamics 
of the envelopes from the  observed displacem ents of absorption lines.

In  the period from th e  tim e of eruption to  the time of m aximum 
lum inosity, a decrease in the displacem ent of absorption lines has been 
observed in the  spectra of some novae. A num ber of authors have 
explained this effcet by the  retardation  of the envelopes under the 
action of grav ity  from the s ta r; this enables us to determ ine the masses
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of the novae. The m ost complete investigation of this topic has been 
given by E. R. M u s t e l ’ [101 ]. He has found th a t the masses of a num ber 
of novae lie between 70 M q  (Nova Cygni 1020) and 1300 M q  (Nova 
Aquilae 1018). Such large masses are not found in any of the  classes 
of s ta r known to us. Of course, it may be th a t such unusual stars as 
novae have unusually large masses. However, it  is not impossible th a t 
the decrease in the displacem ent of the absolution lines in this case 
is in p a rt due to the phenom enon, m entioned above, of a change in 
position of the effective level of the absorbing m atter.

Concerning the question of the masses of novae, it m ust be rem arked 
th a t the conclusion th a t the  masses are very large is an inevitable 
consequence of “ hypothesis B ' \  proposed by E. R .  M u s t e l ’ (see Chap
te r 26). As we know, according to this hypothesis an expansion of the 
entire star begins a t the m om ent of the eruption, and the outer layers 
of the s ta r are separated  from it a t the tim e of m axim um  lum inosity; 
the photosphere remains with the star. Consequently, a t  the time of 
maxim um  lum inosity the rate  of expansion of the photosphere m ust 
be less than  the  parabolic velocity a t a distance from the centre of the 
s ta r equal to the radius of the photosphere a t th a t  time.

In  other words, we m ust have

vp <  ] '(2 G M J r p) ,
whence

M* >  vp2 rrJ2 G . (27.4)

H aving determ ined vp and rp by the same method as in finding the 
parallax of a nova, we can obtain  from the  inequality (27.4) a lower 
limit to the mass of the star. E. R. M u s t e l ’ , using the inequality (27.4), 
found the same large values for the masses of the novae as from the 
decrease in the displacem ent of the absorption lines. For instance, the 
mass of N ova Aquilae 1018 was found to be 1700 M q .

The m ost serious argum ent against large masses for the novae has 
been given by E. R . M u s t e l ’ himself. As is well known, novae have 
very small radii (of the order of one-tenth of the Sun’s radius) a t the 
time of minimum lum inosity. We should therefore observe a red-shift 
in the spectra of novae, if their masses were large. However, observation 
does not reveal this. Thus the extrem eh ' im portan t problem of the 
masses of the novae cannot ye t be regarded as solved.

Im m ediately after the lum inosity maximum, the displacements of 
the absorption lines in the spectra of novae greatly increase (for example, 
from 70 to 286 km/sec in the spectrum  of Nova Pictoris 1026). At 
first, additional lines appear, displaced to the violet of those observed 
before the luminosity maximum . The intensity  of the new lines gradually 
increases, and th a t of the old lines decreases, until th e j’ finally disappear
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completely. This gives the impression th a t the second spectrum  is 
formed at the  expense of the first one. E. R. Mustel’ explains this 
transform ation of one spectrum  into another by the action of selective 
radiation pressure. He thinks th a t, im m ediately after the lum inosity 
m aximum , atom s in the layers of the  envelope nearest the star begin 
to absorb the photospherie radiation in the spectral lines, and this 
causes an increase in the velocity of these atoms. Owing to the Doppler 
effect, the layers of the envelope nearest the star become transparen t 
to the photospherie radiation in these frequencies, which is then absorbed 
by the atom s in the next layers of the envelope. This process continues 
until the whole envelope acquires an increased velocity. O ther hypotheses 
also have been proposed to explain the increase in the displacement 
of absorption lines in the spectra of novae after the lum inosity maximum, 
but th a t of E. R. Mustel’ is the most plausible.

I t  is certain  th a t the two forces m entioned above (the a ttrac tion  of 
the  s ta r and the force of radiation pressure) p lay a large p a rt in the 
djmamics of the envelope when it is close to the star. A t a la ter stage, 
however, the  retardation  of the envelope by the resistance of the in ter
stellar medium may be of im portance. L et us briefly consider this effect.

We assume th a t the nova has erupted in a homogeneous medium 
of density q. A s the envelope expands, particles of this medium will 
be incident on it, and its mass will increase. I f  the mass of the envelope 
a t the tim e of the eruption wras M, a t a distance r from the star it will 
become

■5 n  r3 n M .

From  the law of conservation of m om entum , we can write

(a ' i r 3o +  M) v =  M v0 , (27.5)

where v0 is the velocity of the envelope a t the initial instan t and v is 
its velocity a t a distance r from the star. Substitu ting dr/dt for v in 
equation (27.5) and integrating, we obtain

:y 71 r l o +  M r  =  M v0 t , (27.G)

where t is the time since the eruption. The relation (27.G) determ ines 
the radius r of the envelope as a function of the  time t.

In order to find how the rate  of expansion of the envelope varies 
w ith time, we m ust use the relations (27.5) and (27.G). L et us find, 
for instance, the tim e during which the velocity decreases by a factor 
of two. We have from (27.5)

vjv{) = M/(x 7ir3n +  M) . (27.7)
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I t  is evident th a t v will be equal to  i- v0 when

7i r3 o =  M . (27.8)

Substitu ting (27.8) in (27.6), we obtain for the  required time

5 /  3 M \ 1/3 
4  v0 \ 4  n  o ) (27.9)

Table 22 gives the  tim e intervals during which the  velocity of the 
envelope diminishes by factors of 2 and of 100, and also the  radii of the 
envelope when these velocities are reached. For the  density  of the 
in terstellar medium we take its m ean value q — 3 X  10~24g/cin3, and 
for the  initial velocity of the envelope v0 — 1000km /scc; t and r are 
calculated from formulae (27.7) to  (27.9). The tab le  has been compiled 
for two values of th e  mass of th e  envelope, nam ely 10-5 and 10-4 solar 
masses.

Table 22

t in  y e a r s  
r in  p a r se c s

M =  10  5 M, M =  1 0 ~ J M ,‘O ' ' -  w
vjv0 = 1 /2  , vlv0 =1/100 vjv0 =  1/2 v/v0 =1/100

4 8  4 5 0 0  1 0 2  9 8 0 0
0 0 4  | 0 -1 8  ■ 0 0 8  0 -3 8

We see th a t the  re ta rda tion  of th e  envelopes of novae should become 
noticeable afte r some decades. However, this is no t generally observed. 
For example, the  envelope of Nova Aquilac 1918 has been expanding for 
over 30 years w ithout any retardation. The absence of any noticeable 
re ta rdation  in this case is apparen tly  explained by the  com paratively 
large mass of the  envelope of th is nova (equal to 10~4 M g). A nother 
possible explanation is th a t, during the  tim e in terval between eruptions, 
the nova docs not succeed in leaving the region from which the in ter
stellar m a tte r has been removed by the  previous eruption.

I f  the  eruption of a nova took place a t a point where the density 
of in terstellar m atter is increased, the  discovery of a retardation  o f the 
envelope would become more probable. In  this respect N ova Pcrsei 
1901 is very interesting. I t  erupted, as we know, inside a dust cloud 
and illum inated it. J .  H. O o r t  has com pared photographs of the 
envelope of this nova taken  in 1917 and 1934, and has discovered th a t 
during th is tim e the m otion of th e  envelope became slower, and a t 
some points it was deformed. H e explains this la tte r  fact by an inhom o
geneity of the  dust cloud. I t  is interesting th a t the  deformed edge of 
the envelope is very bright. O o r t  th inks th a t its radiation is due to
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c o l l i s i o n s  b e t w e e n  t h e  a t o m s  i n  t h e  e n v e l o p e  a n d  t h e  p a r t i c l e s  i n  t h e  

d u s t  c l o u d .  O o r t  s e e s  i n  t h i s  a n  a d d i t i o n a l  c o n f i r m a t i o n  o f  t h e  r e t a r 

d a t i o n  o f  t h e  e n v e l o p e .

3. The energy evolved in the eruption. We have already determ ined 
the mass ejected in the eruption of a nova. Let us now calculate the 
energy evolved in the eruption. This energy is composed of three p arts :
(1) rad ian t energy, (2) the kinetic energy of the envelope, and (3) the 
energy of separation of the  envelope from the  star. We shall consider 
each of these p arts  separately.

The radiant energy is determ ined from the  formula

E r =  j L { t ) d t ,  (27.10)

where L  (t) is the lum inosity of the  nova, and the in tegration is extended 
over the entire period of the  eruption. The integral (27.10) can be 
calculated for each nova by means of the  lum inosity curve. I t  is found 
th a t

E r m  1045 to 1046 ergs.

The kinetic energy of the  envelope is

E t =  \- M *2 . (27.11)

Assuming th a t the masses of the  envelopes lie between 1028 and 1029 g, 
and th a t their velocities are of the order of 1000 km/sec, we find th a t 
Ek 1044 to 1045 ergs.

To calculate the  energy of separation of the envelope from the star, 
we m ust use the formula

Ea = G M * M f R .  (27.12)

For the masses of the  novae, we take values of the  order of several 
solar masses. The radius of a nova a t the  tim e when the  envelope is 
separated will be taken equal to the radius after eruption, i. c. R =  0T i?g . 
In  this case, formula (27.12) gives E,  1044 to 1045 ergs.

Thus wc find th a t the to tal energy evolved in the eruption of a nova 
is lO15 to 10,G ergs. For comparison, it m ay be m entioned th a t the  Sun 
em its th is am ount of energy in 10r> to 106 years.

I t  is very im portan t to know in which layers the release of energy 
takes place in the eruption of a nova. Two hypotheses may be advanced:
(1) the energy is evolved in the deepest layers of the star and tran s
m itted  to the exterior in some m aimer, (2) the  energy is evolved in the 
surface layers of the star, lying directly  beneath the ejected layers.
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It is easy to show th a t, in the first case, the transfer of energy cannot 
take place by radiation. For, if this were the case, at least a million 
years would be required for the energy to traverse the whole thickness 
of the star. Furtherm ore, the whole process of the emergence of the 
energy to the exterior would also be extended to a tim e of the order of 
a million years. Consequently, an explosion taking place in the central 
regions of the star would be observed as a verv small increase in theO  «-

lum inosity over an extrem ely long period of time. None of the phenomena 
which characterise the outbursts of novae would, of course, be observed 
here.

F o r  t h i s  r e a s o n ,  a n o t h e r  m e c h a n i s m  o f  t r a n s f e r  o f  e x p l o s i v e  e n e r g y  

f r o m  s t e l l a r  c e n t r e s  t o  t h e  e x t e r i o r  h a s  b e e n  c l o s e l y  c o n s i d e r e d ,  n a m e l y  

t h e  p r o p a g a t i o n  o f  a  s h o c k  w a v e .  L. E .  G u r k v i c i h  a n d  A. I .  L e u e -  

d i n s k i i  [ 5 1 ]  h a v e  s h o w n  t h a t ,  i n  t h i s  c a s e ,  t h e  t r a n s f e r  o f  t h e  e n e r g y  

o f  t h e  e x p l o s i o n  t o  t h e  s u r f a c e  o f  t h e  s t a r  t a k e s  o n l y  a b o u t  h a l f  a n  h o u r .  

A s h o c k  w a v e  w h i c h  i s  p r o p a g a t e d  i n  a  m e d i u m  w i t h  d e c r e a s i n g  d e n s i t y  

m o v e s  w i t h  a n  a c c e l e r a t i o n ,  a n d  m a y  e m e r g e  a t  t h e  s u r f a c e  w i t h  a  

v e l o c i t y  o f  s o m e  t h o u s a n d s  o f  k i l o m e t r e s  p e r  s e c o n d ,  t h o u g h  i t s  v e l o c i t y  

w a s  o r i g i n a l l y  m u c h  s m a l l e r .

However, the second hypothesis m entioned above appears more 
probable, nam ely th a t the explosion takes place where the envelope 
is detached from the star. I f  we were well acquainted with the structure 
o f the s ta r’s photosphere before the eruption, we could use the known 
mass of the envelope to determ ine the physical conditions at the place 
of its detachm ent. U nfortunately, our knowledge of the s ta te  of novae 
before eruption  is still insufficient for such calculations.

4. The part played by the eruption in the evolution of the star. The
hypothesis was advanced by E. A. M i l n e  th a t the eruption of a nova 
indicates the  transform ation of an  ordinary s ta r into a w hite dwarf. 
The basis for this hypothesis was the fact th a t  a nova after eruption 
is a dw arf s ta r (with an absolute m agnitude of about +  o,n) of Wolf- 
R avct spectral type. However, if the transition  is actually  made, in 
the eruption of a nova, from one equilibrium configuration (an ordinary 
star) to another (a white dwarf), a very large am ount of energy would 
have to be released in the process, approxim ately equal to the difference 
of the gravitational energies of these configurations. In  order of m agnitude 
this energy is

where M* is the mass of the star, and R l and Ji2 the initial and final 
radii of the configuration. For a mass of the  nova equal to several 
solar masses, formula (27.11}) gives A E  an 1050 ergs. However, we have
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seen th a t , in the eruptions of ordinary novae, an  am ount of energy of 
the  order of 1045 to 1046 ergs is liberated, i. e. 104 to 10r> tim es less than  
would be required on M i l n e ’s  hypothesis. This contradiction could be 
removed by m aking the  assum ption th a t the  gravitational energy 
released goes to increase the o ther forms of energy in the  s ta r (for 
example, to increase the  tem peratu re of its interior, etc.). However, 
such an exact balance of these energies, as a result of which only a 
negligibly small p a rt of the  energy liberated is actually  evolved, appears 
very improbable.

A nother objection to I M i l n e ’s  hypothesis follows from the statistics 
of novae. I t  is known th a t, on the  average, 30 novae erup t every year 
in the A ndromeda Nebula. The num ber of novae erupting every year 
in our G alaxy is apparen tly  still greater, bu t an exaet estim ation of this 
num ber is hindered by the fact th a t only those novae are observed 
which erup t in the  neighbourhood of the Sun. Assuming th a t the  mean 
age of the  stars is 104° years, we find th a t a t least 3 X  1041 novae have 
erup ted  in the G alaxy during its lifetime. The to ta l num ber of stars 
in th e  Galaxy, however, is approxim ately 3 X  1040. Consequently, 
each sta r has erupted, on th e  average, a t least 10 times. On the  other 
hand, we know for certain  th a t the  Sun has no t undergone such a 
catastrophe in 2 X  109 years, since this would have led to the fusion 
o f the E a r th ’s crust, which has not occurred during th a t period. I t  m ay 
be supposed th a t o ther stars similar to the  Sun have also not undergone 
eruptions during a tim e of the same order. This increases the num ber 
of eruptions occurring in each of the remaining stars. These facts compel 
us to suppose th a t there is a special class of stars, each of which erupts 
a very great num ber of times. We recall th a t the  same conclusion was 
draw n above, on the basis of the  sim ilarity between typical and re
curring novae.

These considerations, which disprove M i l n e ’s  hypothesis, have led 
to its replacem ent by the  hypothesis th a t an  ordinary s ta r is tran s
formed into a white dw arf no t as a result of one nova eruption, bu t by 
means of several such eruptions. This hypothesis was developed, in 
its most general form, by B. A. V o k o n t s o v - V e l ’y a m i n o v  [173].

F irst of all, B. A. V o k o n t s o v - V e l ’ y a m i n o v  pointed out th a t dif
ferent novae have very different luminosities in the intervals between 
eruptions (i. e. in the ir norm al sta te); in the spectrum -lum inosity 
diagram , they occupy the region between the W olf-Itayct stars and 
the blue and white dwarfs. A more detailed consideration of the question 
led to the discovery of a new continuous sequence in the spectrum- 
lum inosity diagram , called by B. A. V o k o n t s o v - V e l ’ y a m i n o v  the 
while-blue sequence. This sequence begins a t the  0  and B -type stars, 
passes through the W olf-Rayct type stars and the  recurring and ordinary
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novae, and ends w ith the blue and white dwarfs. Since the  masses 
of stars of class 0  are about 40 Mg, those of W olf-Rayet stars of the 
order of 10 M g, and those of the w hite dwarfs of the  order of Mg or 
less, R. A. V o r o n t s o v - Y e l ’y a m i n o v  m ade the assum ption th a t the 
white-blue sequence has an evolutionary significance; the most massive 
stars, in losing their mass, move during their evolution along the  sequen
ce, u ltim ately  becoming w hite dwarfs. The loss of mass takes place 
initially in the form of a continuous outflow, and la ter as a result of 
explosions, the  intervals between which gradually increase.

The very fact of the  existence of the  white-blue sequence in the 
spectrum -lum inosity diagram  is undoubtedly of great interest. However, 
the  hypothesis of the  evolutionary significance of this sequence cannot 
be accepted a t present. The following objections have been raised 
against it [102]:

(1) L et us assume th a t stars of class O are transform ed into Wolf- 
R ayet stars, then  into novae, and finally into w hite dwarfs. Since the 
W olf-Rayet stars and the novae lose mass very rapidly, their lifetime 
m ust be com paratively short (of the  order of 105 to 106 years for Wolf- 
R ayet stars, and of the order of 107 to  108 years for novae). I t  is elcar 
th a t in such a short tim e neither the  distribution of the  stars in space 
nor their velocity d istribution can noticeably change. Consequently, 
all the  objects which appear in th e  w hite-blue sequence should have 
approxim ately the  same spatial and kinem atic characteristics. Obser
vation, however, eontradiets th is conclusion.

(2) Let us consider the companions of stars appearing in the  white- 
blue sequence. I t  is well known th a t 0  and W olf-Rayet stars are very 
often found to be double, their companions being hot giants. Novae 
either do not have companions a t all, or the la tte r arc very faint stars. 
The white dwarfs arc companions of very varied stars (for example, 
one of them  is the companion of Sirius, another the companion of the 
long-period variable Mira C eti.and  so on). I t  is clear th a t, if we assume 
th a t the stars appearing in the white-blue sequence evolve along it, 
it becomes very difficult to explain the  evolution of their companions.

Thus we can a t present say nothing definite concerning the p a rt 
played by eruptions in the evolution of the star. We m erely emphasise 
once more th a t the stars which are subject to eruptions arc m arkedly 
different in natu re from the o ther stars. For example, stars like the 
Sun cannot erupt.

We shall also say a few words on the eruptions of supernovac. 
Applying to this case the  formulae of the preceding section, we find 
tha t an am ount of energy of the order of 1050 ergs is evolved in the 
eruptions of supernovae. This energy is comparable with the  gravitational
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energy of the star (if, of course, the mass of the  supernova is not m any 
times th a t of the Sun). Furtherm ore, the  mass ejected in the eruption 
of a supernova is com parable with the mass o f the  star (again assuming 
th a t the  mass of th e  supernova is of the  order of the Sun’s mass). H ence 
it m ay be supposed th a t, when a supernova erupts, a transition  of the 
s ta r takes place from one equilibrium configuration to another which 
differs considerably from  the former. For example, it is no t impossible 
th a t the  eruption of a supernova signifies the transition  of an ordinary 
s ta r into the  w hite dw arf state. However, supernova eruptions occur 
too rarely for all the w hite dwarfs in the  G alaxy to be formed in this 
way in 1010 years.



PART VI.

STARS WITH BRIGHT SPECTRAL LINES

Chapter 28. The formation of emission lines
1. Stars of the W olf-Rayet, 1* Cygni and l$e types. This p a rt will be 

devoted m ainly to stars of early classes with bright spectral lines, i. e. 
stars of the W olf-Hayct, P  Cygni, and Be types. A t present, the stars 
of these types have been studied more fully than  those of other types 
having emission lines in their spectra. This is largely explained by the 
fact th a t the physical processes occurring in the atm ospheres of the 
former stars are less complex.

S tars of the W olf-Rayet type correspond to the spectral class 0  
as regards the degree of excitation and ionisation of their atoms. Their 
spectra consist of broad bright bands of H , H e I, He H , C III , X I I I  
and other atom s with very  high ionisation potentials, superposed on 
a continuous background. F a in t absorption lines are visible to the 
violet side of some of the bright bands. The w idth of the bright bands 
is some tens of angstrom s, and the  intensity w ithin a band is sometimes 
10 to 20 tim es greater than  th a t of the continuous spectrum . In  conse

quence of this, 
the  energy em itted 
by a s ta r in the 
bright lines iseom- 
parable with th a t 
em itt ed in the con
tinuous spectrum  
(in the  visible or 
the photographic 
region). Miero- 
photom eter t r a 
cings of the spec
tra  of individual 
W olf-Rayet stars
are given in Fig.GO. © ©
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An im portant property of the spectra of W olf-Rayet stars is their 
division (adm ittedly not very rigorous) into two sequences, the nitrogen 
and the carbon sequences. In  the spectra of the first sequence there 
are bands of nitrogen in various states of ionisation, bu t there are no 
bands of carbon or oxygen; in the spectra of the second sequence there 
are bands of carbon and oxygen in various sta tes of ionisation, but 
none of nitrogen. The two sequences are similar as regards the degree 
of excitation and ionisation of the  atoms. I t  seems th a t in this case 
there is an actual difference in the chemical composition of the stars.

In  the last decade some spectroscopic binary system s with Wolf- 
R ayct-type components have been discovered. One of these systems 
(HD 193576) has been found to be an eclipsing variable also. The study 
of these systems has furnished much valuable inform ation concerning 
W olf-Rayet stars. In  particular, it has been established th a t their 
masses arc of the order of 10 solar masses.

The absolute m agnitudes of W olf-Rayet stars are of the order of 
— 3m. These stars are among the  brightest objects in the Galaxy. 
However, as we know, spectra of the W olf-Rayet type arc also possessed 
by novae some years after eruption and by the 
nuclei of some p lanetary  nebulae. These stars 
are considerably fainter th an  “ ordinary” Wolf- 
R ayet stars. Their absolute m agnitudes are on 
the  average 3m.

The stars of P  Cygni type, which belong 
to the spectral class B, resemble the  W olf-Rayet 
stars. In  the spectra of these stars, as in those 
of the W olf-Rayet stars, bright lines are visible 
which lie approxim ately sym m etrically relative 
to the central frequencies, and are bounded 
to the violet by absorption lines (Fig. 67a). 
However, the w idths of the bright lines in this 
case are not so g reat as in the W olf-Rayet spectra, 
while the  absorption lines, on the other hand, 
are much more intense.

F ig . G7

Stars of P Cygni type are not the  only B -typc stars which have 
emission lines. A much greater num ber of these stars (called simply 
Be-tvpe stare) have the  line contours shown in Fig. 67 (I)) and 67 (c). These 
contours ean Ire described as follows: on a broad and shallow absorption 
line, a narrower emission line is superposed; the  la tte r in some cases 
is single, but in others is double. The spectra of B e-type stars undergo 
considerable changes in the course of time. For example, th e  relative 
intensities of the  components of the bright lines vary. Sometimes the 
bright lines disappear altogether, and  the Be-type sta r becomes a normal



480 Chapter 2S. 'The formation of emission lines

B -type star. As well as changes in the  spectrum , small variations in 
the s ta r’s lum inosity arc observed.

2. The outflow of m atter from the stars. The observational da ta  on 
W olf-R ayct and P  Cygni stars lead to the conclusion th a t a continuous 
outflow of m a tte r from these stars is taking place [IS]. We shall enum er
a te  the main facts which confirm this view.

F irstly , the line contours in the spectra of P  Cygni and  W olf-Rayet 
type stars have the  form shown in Fig. 67 (a). Such contours are most 
naturally  explained by supposing th a t the lines are formed in envelopes 
ejected from the stars. Owing to the Doppler effect, the emission lines 
are broadened, and the absorption lines, which are formed in the part 
of the envelope approaching the  observer, are displaced to the violet.

Secondly, lines in the spectra of novae have similar contours, and 
novae are objects which undoubtedly ejeet m atter. However, unlike 
the spectra of novae, those of W olf-Rayet and P  Cygni type stars do 
not m arkedly change in the course of time. This compels us to suppose 
th a t we are here concerned not with the detachm ent and removal of 
envelopes, bu t with a continuous outflow of m a tte r from the  surfaces 
o f the  stars. Owing to this process, extended envelopes arc formed 
around the  stars, and the  m a tte r in them  is continuously renewed.

Thirdly, if the broadening of the emission lines is caused by the 
D oppler effect, the  width of the line should be AX =  2 v Xfc_ where 
v is the velocity of outflow of m a tte r and c the velocity of light. This 
relation between the w idth AX of the line and the wavelength X is in 
fact satisfied for the spectra of W olf-Rayet and P  Cygni type stars. 
This m akes it possible to determ ine the ra te  of outflow of m a tte r from 
the stars. I t  is found to be of the order of 1000 kin/scc for W olf-Rayct 
stars and of the order of 100 km/sec for P  Cygni type stars.

Fourthly, some W olf-Rayct stars are com ponents of close binaries. 
In  such cases, to explain the spectroscopic and photom etric phenomena, 
it is necessary to suppose th a t the  companions of the W olf-Rayct 
stars move in extended atm ospheres which envelop these stars.

The existence of extended envelopes of W olf-Rayet and P Cygni 
type stars m akes i t  quite natu ra l to assume th a t  the  emission lines in 
the  spectra of these stars are formed as a result of fluorescence occurring 
in the same general way as in the p lanetary  nebulae. As is well known, 
to bring about fluorescence the dilution factor m ust be small. This 
condition is in fact fulfilled in the extended envelopes. However, it 
m ust be noticed th a t the dilution factor in these envelopes is by no 
means so small as in the nebulae. We shall see below th a t, owing to this 
fact, the radiation processes in the extended envelopes are considerably 
more complicated than  those in the nebulae.
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I t is very im portant to  ascertain w hether there is a noticeable 
acceleration or retardation  of the atom s ejected from the stars. Some 
inform ation on this point can he obtained from an analysis of the 
contours of spectral lines (sec the next section). A nother m ethod of 
resolving this question is as follows. Since the radiation processes in 
these envelopes do not differ fundam entally from those in the p lanetary  
nebulae, there m ust exist in the envelopes the same stratification of 
the radiation as is found in the  nebulae. In  other words, the lines of 
atom s with high ionisation potentials m ust be formed in deeper layers 
of the envelopes than  those of atom s with lo\v ionisation potentials. 
For this reason, if a velocity gradient is present in the envelope, the 
emission lines of various atom s should be of different widths. I t  is 
evident th a t the widths of the lines will increase with the ionisation 
potential if the  atom s are retarded  in the  envelope, and will decrease 
if they arc accelerated. The observational d a ta  on the widths of emission 
lines of H e 1 (/, 5876) and H e I I  {). 5411) in the spectra of some Wolf- 
R ayct stars arc given in Table 23. I t  is seen from this table th a t the 
lines of neutral helium have greater widths than  those of ionised helium. 
According to the in terpreta tion  we have just given, this indicates an 
accelerated m otion of the atom s in the envelopes of W olf-llayet stars.

Table 23

S ta r H e  I H e  II

1 9 2 1 6 3 1S15 15 5 0
1 7 7 2 3 0 7 8 5 5 2 0
1 9 2 1 0 3 129 0 9 7 5
1 8 4 7 3 S 107 5 5 4 0

I t  is im portan t also to estim ate the  am ount of m a tte r ejected by 
the star in un it time. I t is evident th a t, in tim e d<, an am ount of m a tte r 
q (r) v(r) d< flow's out through un it surface area a t a distance r from the 
centre of the star, where n(r) and v(r) are respectively the density and 
the velocity a t the point in question in the envelope. The am ount of 
m a tte r flowing out through the whole spherical surface of radius r in 
time d< is

dM  =  4 7t r2 Q(r) v(r) d t . (2S.1)

In  order to estim ate dM /d t. we take for r the radius of the photosphere, 
and for n(r) the value of the density a t the  inner boundary of the 
reversing layer, i. e. a density of the order of 10_11g/cm 3 (this value 
of q will be refined later). We find from formula (28.1) th a t a s ta r of 
W olf-Ravet or P Cygni type loses each year a mass equal to approxi- 
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m ately 10~5 times the mass of the Sun. Such an immense quan tity  
of mass lost annually by the star is evidence, above all. of the brevity 
of a star 's  existence in the W olf-Rayet or R Cvgni stage.

The idea th a t m a tte r is ejected from Be stars and tha t they have 
extended envelopes is based both on the fact tha t emission lines are 
present in their spectra and on a num ber of peculiarities in these spectra. 
At present we shall m ention only one of the peculiarities of Be sta r 
spectra. Judging from the contours of broad absorption lines. Be stars 
are among those which ro ta te  rapidly. Their velocities of ro tation at 
the equator reach some hundreds of kilometres per second. The m atter 
ejected from the star, which forms the extended envelope, also takes 
part in the rotation, of course. This explains the broadening of the 
emission lines formed in the envelopes as a result of fluorescence. How
ever. the rate of ro tation of the ejected m a tte r decreases as it moves 
away from the star (because of the conservation of angular momentum). 
For this reason the emission lines have smaller widths than  the absorption 
lines on which they  are superposed.

The rapid ro tation of the Be stars apparently  makes possible the 
ejection of m a tte r from them . However, it cannot be supposed th a t the 
ro tation itself is the cause of this ejection. This follows from the fact 
th a t the emission spectra of Be stars undergo irregular variations in 
the course of tim e (and sometimes disappear altogether). Consequently, 
the ejection of m a tte r from Be stars is also irregular, which would be 
impossible if the m atter were ejected as a result of the rotation.

The outflow of m a tte r from Be stars is com paratively feeble. This 
is indicated by the fact th a t the presence of the envelope, except in 
particular cases, has little effect on the energy distribution in the con
tinuous spectrum  of the star. In  the first approxim ation, the spectrum  
of a Be sta r can be regarded as the result of the superposition of emission 
lines on a more or less normal spectrum  of class B. Consequently, the 
envelope of a Be sta r plays the part of the upper layers of the atmosphere. 
In  this respect Be stars differ from W olf-Rayet and R Cvgni type stars, 
whose envelopes render the s ta r itself completely invisible. The envelopes 
of stars of these la tte r types arc so large th a t they  serve not only as 
the atmospheres, but also as the photospheres of the stars. However, 
in speaking below about the envelopes of W olf-Rayet stars, we shall 
have in mind only those parts in which the spectral lines arc formed, 
i. c. the atmospheres. In Chapter 29 we shall discuss the envelopes of 
W olf-Ravet stars as the photospheres in which the continuous spectrum  
is formed.

9. The emission-line contours. Valuable inform ation on the nature 
of the m otion of the m a tte r ejected from a s ta r can be obtained from 
a study of the emission-line contours in its spectrum .
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In  general, the theoretical determ ination of line contours formed 
by moving envelopes presents great difficulties. However, in the ease 
where the rate of motion of the envelopes is considerably greater than 
the mean thermal velocity of the atoms, the line contours can be calculated 
fairly easily. This is due to the fact th a t, in this case, we can neglect allv «/ C*

the factors affecting the contour of a line, except one: the motion of the 
envelope. In  this case only, moreover, can the converse problem be 
solved with fair re liab ility : to find, from the observed line contours, 
the param eters which characterise the motion of the envelope. It may 
be supposed th a t this ease occurs, to a 
very good approxim ation, in the envelopes 
of W olf-Rayct, P  Cvgni and Be-type stars 
(and also of novae). For this reason we 
shall consider it in w hat follows.

Let us take a co-ordinate system X Y Z ,  
with the origin at the centre of the star 
and the z axis directed tow ards the obser
ver. In  order to determ ine the  contour of 
an emission line, formed by the transition  
of an atom  from the Fth to the ith  state, 
we calculate first the in tensity  of radiation 
^ikix >y<v) coming from the point of the 
s ta r ’s disc with co-ordinates x. y  in a frequency v w ithin the line (F"ig. 6S). 
The to tal energy em itted in the frequency v in the direction towards the 
observer (in unit solid angle) is then determ ined by the formula

£u-(v) =  JJ hk ( x , y , v )  dx  dy  . (28.2)

We shall not decide beforehand w hether the  envelope is transparen t 
or opaque in the given line. Hence, besides the volume emission coef
ficient cfk(v— vik'), we introduce the volume absorption coefficient 
xa.(v— Vik')- Here denotes the central frequency of the line em itted 
by the clement of volume concerned, which will in general be moving 
relative to the observer. This frequency is displaced, relative to the 
central frequency ru. of a line formed in a volume stationary  with respect 
to the observer, by an am ount

Vik —  »’,■* =  Vit  v j c  , (28.3)

where vz is the projection of the rate  o f motion of the element of volume 
considered on the z axis. We notice tha t the quan tity  ea. is proportional 
to the num ber of em itting atom s nk(x,y,z) in 1 cm3, and the quan tity  
y.a. is proportional to the num ber of absorbing atom s )i;(x,y,z) in 1 cm3.
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We have for the in tensity  of radiation I ik(x,y,v)

O O  CO

hn(xAJ,v) =  j  eik^ — vit' ) e x p [ — j  a.ik(v— vik) dz ] dz . (28.4)
—  CO 2

In  writing formula (28.4), no assum ptions have been m ade concerning 
the  velocity field in the envelope. Now, in aeeonlance with w hat was 
said above, let us assume th a t the ra te  of m otion of the envelope con
siderably exceeds the  therm al velocities of the atom s. In  this case, 
w ithout much loss of accuracy, we can replace eik and a,*, which are 
com plicated functions of v, by simpler ones. We shall suppose, in fact, 
th a t the  quantities eik and xik differ from  zero, and are constant, in 
the frequency interval from vik' —  I A vik to  vik +  \ A vik, and are 
zero outside this interval, whilst

A vik =  2 vik u/c , (28.5)

where u is the m ean therm al velocity of the atoms.

I t  is clear th a t, on the assum ptions made, the radiation of frequency v 
will be em itted  to the  observer no t by the  whole envelope, bu t only 
by some region of it lying on both sides of the surface of equal radial 
velocities corresponding to the frequency v. The equation of this surface 
has the form

v =  +  J’u- vz(x,y,z)jc . (28.6)

I t  is easy to  see th a t the  boundaries of the region m entioned will lie 
a t a distance from the  surface (2S.G) along the line of sight (i. e. along 
the  z axis) which corresponds to  a change in frequency by ^  A v ik. Thus 
we obtain, instead of form ula (28.4),

2 , 2 ,

hk(x*y,v) =  /  ?ik exp (— /  «,•* dz) > (28-7)
Z| z

where the  lim its of integration zx and z, are determ ined from the con
ditions

v — I A vik =  vik +  vik vz(x ,y ,zk) I c , | 

v +  1 A vik =  vik +  vit vz (x, y,z,) I c , (

or from conditions differing from (2S.S) by the sign of Avik.
I t  is clear, moreover, th a t, on the assum ptions made, th e  “ thickness” 

of the layer which gives radiation in the frequency v (i. e. the difference 
z2— Zj) will be com paratively small (except a t particu lar points). This



3. The emission-line contours 4S5

enables us to assume th a t the values of a u. and t a. are constant in this 
layer and equal to their values on the surface (28.G). Effecting the 
integration in formula (28.7), we find

Iik{x,y,v) =  (efl:/a,-,.) [ 1— . (28.9)

The difference z2— zk can be found from the relations (28.8). 
Subtracting one of these relations from the o ther and taking

vz{x.,y,z2) —  r 2(a-,?/,Zj) =  (z2— zt ) (dvjdz) , (28.10)

we obtain
d v it =  vik | dvjdz | (z2— Zj) I c . (28.11)

From  (28.5), this gives

z2 — z-L =  2 ul\ 8vz/dz I . (28.12)

We m ust now substitu te  the expression obtained for I ik(x,y,v)  in 
formula (28.2), which determ ines the to ta l energy £ ik(v) em itted  by 
the envelope in the frequency v. Taking aeeount of (28.12), we find

&t(v)
—2ua,-j/'3i',/3z

[1 e j da- dy . (2S.13)

Here the integration is extended over the surface (28.6).
The quantities eik and tx,-A. which appear in formula (28.13) are 

expressed in the following well-known m anner in term s of the con
centrations of absorbing and em itting atom s rq and nk:

eik =  nk A ki hv;klA 7i A vik , (2S.14)

Oit
ni Bikhva  
~ ~cAvik

9l nk 
(Jk ni .

(28.15)

where A ki and B ik are the Einstein transition  coefficients. Taking into 
account the relation between A ki and B ik, we obtain

Eik
*ik

“ rnik 1
C2 (9k nilgi nt ) — 1 (2S.16)

We notice th a t the relation (2S.16) becomes P lanek’s formula, as it 
should, when is determ ined by B oltzm ann’s formula.

Thus, to calculate the contour of an emission line, i. e. the quan tity  
£;k{v), it is necessary to know both the velocity distribution in the 
envelope and the d istribu tion  of absorbing and em itting atoms. In  the



4S6 Chapter 28. The formation of emission lines

next section we shall show how the degree of excitation of the atom s 
in various parts of the envelope can he determ ined. The problem of 
calculating the contours of the emission lines will then be completely 
solved in principle. H ere we shall give some further general considerations 
which hold for any envelopes.

hirst of all, it m ust be noted tha t the envelope can generally be 
divided into two regions: one opaejue to radiation in the line concerned, 
and the o ther transparen t to this radiation, in  the first region the 
quan tity  2 ua.!tf\ c'vjcz | exceeds unity , whilst in the second it is less 
than  unity . According to this, the integral (28.13) which determ ines 

can be approxim ately divided into two parts: firstly, the integral 
over th a t part of the surface (2S.6) which lies In the opaque region:

( l x  (b/ (2S.17)

and. secondly, the integral over tha t part of the  surface (28.6) which 
lies in the transparen t region:

/I, ■ h
. O ff /  \  AI 1A

(’’) = 4 . »* -c i l :  d x  d" (2S.18)

It is evident th a t for some frequencies inside the given line the quan tity  
£ ik.' (v) m ay predom inate, and for others the quan tity  <fa."(r).

The following question is of great interest. Is it possible, from 
observed line contours, to draw  any conclusions about the to tal tran s
parency of the  envelope to radiation in these lines ? I t  is easy to see 
th a t this can certainly be done if we have contours of two lines formed 
by transitions of an atom  from the same upper level to two different 
lower levels. If the  envelope is com pletely transparen t to radiation in 
the lines concerned, it follows from formula (2S.1S) th a t the intensities 
w ithin the lines, taken  a t corresponding points [i. e. for the same value 
of (r — vik.)/vik.]. will be proportional. On the other hand, if absorption 
of radiation in the lines takes place in the envelope, formula (28.17) 
shows tha t this proportionality will not hold. Consequently, from the 
fact th a t th is proportionality  is present, the conclusion follows th a t the 
envelope is com pletely transparen t to radiation in the lines concerned.

However, it is not always possible to observe two lines with a common 
upper level, and it is found th a t this is not necessary. To solve the 
problem in question, it is sufficient to have contours of several lines 
of the same atom. If the envelope is com pletely transparen t to radiation 
in the lines of the subordinate series of the atom  concerned, the radiation 
of the envelope in the lines of this atom  will be formed in the same 
wav as the radiation of the nebulae in those lines, i. e. as a result of
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photo-ionisations from the first s ta te  and subsequent recombinations. 
H ere the ratio of the num ber of transitions in any line to the to tal 
num ber of recom binations will be the same a t every point in the envelope. 
In  other words, the q uan tity  nk can be represented in the form nk = zk ne n+. 
where zk does not vaiy  in the envelope. Owing to this circumstance, 
the intensities within the lines, for an envelope completely transparent 
in the lines of the subordinate series, will again satisfy the proportionality  
condition m entioned above.

Let us now consider one particu lar case which is im portant in 
applications. We assume th a t an outflow of m a tte r from the star takes 
place with the same in tensity  in all directions. We denote by v(r) the 
rate  of motion of the  m atter a t a distance r from the centre of the star, 
and ly  0 the  angle between the direction of motion of the m atter and 
the direction of the  observer. Then the projected velocity in the line 
of sight is vz =  v(r) cos 0, and we easily obtain

^  = d > s2 ° +  r (28.19)

Instead of formula (2S.13). we have in this case

£ i t (v) = 2  71 f  [1 — e - Sttrl f  <dr/dr)CM«#-v<r->)i.l.i*0 ] „ da ( (28.20)J au-

where
a =  r sin 0 . (2S.21)

The integration in formula (2S.20) is taken  over the surface of equal 
radial velocities

v  =  r . k  +  V;k [v(r)/c} cos 0 .  (2S.22)

If  the velocity of the m a tte r does not vary  w ithin the envelope, 
formula (28.20) takes the form

i ik{v) =  2 7i sin2 0 f  e*k (1 — e“ 2 urin - r dr , (28.23)
J  aa-

where

cos 0 =  C V~ ' <k • (2S.24)r rit

We find from formula (28.23) th a t, in the case of a completely tran s
paren t envelope,

l ik{v) =  4 7i (u/c) j  eik r- dr . (2S.2o)
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and in the  case of a com pletely opaque envelope

<?,■*( V) =  2 71 sill2 o  J  (fcW“it) r dr -
or, using (28.24),

Z i M  =  2 * 1 — e v 11*-\2
v  v i k  1

eu-
au-

r d r .

(28.2G)

(28.27)

Thus a completely transparen t envelope gives an emission line with 
a rectangular contour (a) and a com pletely opaque one gives an emission 
line w ith a parabolic contour (b). Both these contours are shown in 
Fig. 69.

I t  may be thought th a t a continuous ejection of m atter with the 
same intensity  in all directions takes place from W olf-Rayct type stars. 
A detailed study  of emission-line contours in the spectra of these stars has

shown th a t in one case (the star HD 193793) 
the line contours have a rectangular form. 
This indicates th e  complete transparency of 
the  envelope to radiation in the lines, and 
the absence of an appreciable velocity g ra
d ient in the envelope. Usually, however, the 
emission-line contours are rounded; this can 
be explained either by an acceleration or 
re tardation  of the atom s ejected from the 
star, or by the opacity  of the envelope to 
radiation in the lines. A comparison of the 

contours of the ionised helium lines X4686,5411 and 4339 A in the spectrum  
of the  s ta r H D  192163 has shown th a t the ordinates of the contours a t 
corresponding points arc proportional; consequently, in this case we 
m ust take the former of the  two possibilities mentioned. For this s ta r 
the velocity d istribution in the envelope has been calculated from the 
form of the contour.

However, for some lines the  envelopes of W olf-Rayct stars arc 
certainly opaque. Among these arc, first of all, lines whose lower sta te  
is m etastablc. As an exam ple we may give the line X =  3889 A of 
neutral helium. Its  lower level 23S has, as is well known, an extrem ely 
long lifetime. The great optical thickness of the envelopes of Wolf- 
R ayct stars in the line 3889 A can he seen from the fact th a t, in the 
spectra cf all W olf-Rayct stars, the corresponding emission hand is 
hounded on the violet side by a broad and deep absorption line.

Using formula (28.13), we can determ ine the emission-line contours 
in the case where the ejection of m atter takes place from rapidly ro tating 
stars. I t  is found th a t, in this case, the emission line contours have the

'b (a)

A.

vo l b )

F i g . 09
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same form as those of lines in the spectra of Be-type stars (sec Fig. 67 b, 
67 e). These calculations confirm the view th a t the Bc-type stars are 
rapidly ro tating stars from which m a tte r is being ejeetcd. The irregular 
variations, observed in the spectra of these stars, in the intensities and 
shapes of the spectral lines are then  explained by variations of density 
and velocity in the envelope, i. e. irregularities in the ejection of m a tte r 
from the star.

L et us calculate the to ta l energy em itted  by the envelope in a given 
line. To do so, we must integrate the quan tity  c?t\t(v) over all frequencies 
and directions, i. c. calculate the integral

Ka- =  f f  £ i t (v) Av A(o . (2S.28)

Using the expression (2S. 13) for £ ik, and changing from v to z as variable 
of integration by means of the relation (2S.6), we obtain

E ik =  4 7i A ri k f f f  eik fiik dx  d y dz , (2S.29)

where we have pu t

/?« =  /  (1
1

! U  X ;

Svz dm 
8 z  | 4 7i ' (28.30)

The q uan tity  flik has a simple physical significance. Since 4 n  Av ik eik 
is the to ta l energy em itted in the given line by un it volume, ftik is simply 
the fraction of this energy which emerges from the envelope. I f  the 
envelope is opaque in all directions a t the point concerned,

1 8v,
Bik =  „ * , (28.31)f 2 m x ik j d z  nv v ’

where | 8vz/8z |nv is the value of | 8vzj8z \ aveiaged over all directions. 
I f  the envelope is transparen t in all directions a t the point concerned 
(i. e. 2 u<x.jkl j 8vzj8z \ 1), then

Pik =  1 , (28.32)

as it should. In  the next seetion we shall discuss formula (28.30).

4. The emission-line intensities. We have previously calculated the 
intensities of the emission lines for the p lanetary  nebulae. There it was 
assumed th a t ionisation of the atom s from the ground sta te  takes place 
in the nebulae under the action of the radiation from the central s ta r; 
then  there follow captures of the electrons by the ions, and then tra n 
sitions of the electrons from higher to lower levels, accompanied by 
the emission o f quanta which leave the nebula unhindered (except for
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quanta of the principal scries). 'Phis la tte r circumstance, i. e. the com
plete transparency of the nebula to radiation in the  lines of the sub
ordinate series, considerably facilitated the determ ination of the emission 
line intensities. We recall th a t this determ ination reduced to the solution 
of a system  of linear algebraic equations (expressing the steady-sta te  
condition for each energy level of the  atom  concerned).

Let us now consider the calculation of the intensities of bright 
lines formed in the envelopes of W olf-Rayet. P  Cygni and Be-type 
stars (and also of novae). The radiation of these envelopes is produced 
in fundam entally the same way as th a t of the  nebulae. However, the 
degree of excitation of atoms in these envelopes is by no means so low 
as in the nebulae. For this reason, ionisation m ay occur in them  not 
only from the ground state , but also from excited states, and the en
velopes may be opaque to radiation in the lines of the subordinate 
series. In such conditions, the  quan ta formed in the central parts of 
the envelope (after ionisation and recom bination) can leave the envelope 
only by coming close to its outer boundary, having undergone on the 
way a large num ber of processes of scattering, partition , etc. I t  is 
therefore clear th a t the problem of calculating the intensities of the 
bright lines reduces in this case to the solution of a very complex system 
of integro-differential equations, consisting of both the conditions of 
the  steady sta te  for each level and the equations of radiative transfer 
for each line and each continuum . This system  of equations was first 
considered by V. A. A m b a r t s u m y a n  [8j.

I f  the m otion of the envelope is taken into account, the problem 
is still fu rther complicated. However, if the velocity gradient in the 
envelope is fairly large (as is in fact th e  case in the stellar envelopes 
concerned), the theory is simplified. W hen a velocity gradient is present 
in the envelope, the quanta in the lines can emerge not only from its 
boundary regions, but also (owing to the Doppler effect) from its internal 
regions. For a fairly large velocity gradient, therefore, the solution of 
the problem of the radiation in a line a t some point in the envelope 
will depend only slightly on w hat is radiated  in th a t line a t o ther points 
in the envelope. If this is true, the problem of finding the bright-line 
intensities again reduces approxim ately to the solution of some system 
of algebraic (though not linear) equations [151].

Let us consider this problem in more detail. Let n{ B ;c oic be the 
num ber of ionisations from the ith  level, ire n+ Cit{rJ\) the num ber of 
captures into the ith level, and nk A ki the num ber of spontaneous 
transitions from the /;th to the ith  level, taking place a t some point 
in the envelope in 1 cm 3 in 1 second.

If  there were no velocity gradient in the envelope, the transitions 
from the t i l l  to the ith  level taking place in the central parts of the
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envelope would be balanced by the transitions from the fth to the fcth 
level, since almost all quanta em itted in the spectral lines would be 
absorbed in the envelope itself. However, if a velocity gradient is 
present, the num ber of transitions from the i t h  to  the ith  level will 
be greater than  the num ber of converse transitions, since some fraction 
of the quanta in the line concerned leave the envelope because of the 
Doppler effect. We denote this fraction by /?,-*. Then the excess of the 
num ber of transitions k —> i over the  num ber of converse transitions 
is nk A ki fiik.

In  the steady state, the num ber of transitions of atom s from the ith  
sta te  to all others must equal the num ber of transitions to the ith  state. 
H ence we obtain

1—1 05
n i ( Z  ^ ;a- f i n  +  -Sfc Pie) — Z  nt A ki fiik +  ne n+ Cif{Tf) . (28.33)

A- =  1 A' — i  + 1

In  these equations, the quantities qic are supposed known and equal to

(2S.34)

where ofc is the density of radiation beyond the limit of the ith  series 
a t the surface of the star, and IF is the dilution factor.

The quantities have already been calculated in the preceding 
.section, in determ ining the contours of emission lines formed by moving 
envelopes. However, we prefer not to use these results, bu t to calculate 
the quantities fiik afresh, by a direct method. H ere, as before, we shall 
suppose th a t both the absorption coefficient oq-;. and the emission coef
ficient Eik, in a line of frequency vik, are constant and non-zero in an 
interval Avik 2 uviklc, and are zero outside this interval. Furtherm ore, 
wcassume th a t the region of the envelope in which radiation in the 
given line is absorbed is com paratively small (beeause of the large 
vclocit}' gradient), so th a t the density of m atter and the velocity g ra
dient in this region can be regarded as constant.

Let us consider the fate of quanta in a line of frequency vik which 
are em itted by some element of volume in the 2 direction within a solid 
angle deo. It is evident th a t between 2  and 2  -f- d2  a fraction

-»iA-*
e 1 — * iA- 1 iA-

Jra. dz (28.33)

of these quan ta will be absorbed. Here the factor e takes account 
of the absorption of quanta between 0 and 2 , and the factor

1 —  ( | La- —  I'n  \ l d  v i k )
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takes account of the change in frequency of the radiation as a result of 
the  D oppler effect;

— vik =  (vikzfc) cvtfcz . (28.30)

I t is clear, moreover, th a t the radiation in the  given line will be ab 
sorbed only between 0 and zp where zx is determ ined from the condition

=  (vikzJc) | cvzfcz | . (28.37)

Using (28.3G) and (28.37). the expression (28.35) takes the form

e~ au-z(l — z/zj) <xik dz . (28.38)

M ultiplying the expression (2S.3S) by 1 /4 ,r  and integrating it, first 
over z from 0 to zx and then over the solid angle, we obtain the fraction 
th a t arc absorbed in the envelope out of the to tal num ber of quanta 
em itted  in the given volume. W ith the above notation, this fraction 
is 1 — fiik. H ence we find for fi;k

ftt =  /  4" .  (28.39)

If  we substitu te  the value of zx determ ined by the condition (28.37) in 
formula (28.39), we again reach the formula (28.30) previously obtained.

Thus, to determ ine the  degree of excitation and ionisation of the 
atom s in the envelope, we have the system  of equations (28.33) together 
with the relations (28.30). The absorption coefficients aik which appear 
in these relations arc determ ined by formula (2S.15), given in the p re
ceding section.

If  the equations (28.33) are solved for various p arts  of the envelope, 
we are enabled to  determ ine the to tal am ount of energy em itted by 
the envelope in any spectral line. The following obvious formula serves 
for this purpose:

E ik =  A kihvi kf  nk pikd V , (28.40)

where the integration is extended over the whole volume of the  envelope. 
I t  is easy to see th a t formula (28.40) is the  same as formula (28.29) 
obtained in the preceding section.

Since the conditions are not the same a t different points in the 
envelope, the equations (28.33) will have different forms a t such points. 
rThe conditions arc simplest in the outerm ost parts of the envelope, 
where they are similar to those in the nebulae. We can suppose th a t 
these parts  of the envelope are completely transparen t to radiation 
in the lines of the subordinate series, and hence we can pu t in equations 
(28.33)

f a  -  1 (t = 2 ,3 ,4 ,  . . . ) .
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Neglecting also the ionisation from excited states, we obtain instead of 
equations (2S.33)

i— 1 oo
7ii M il ftii +  Z  A ik) ~ Z nk A ki +  n+ fi^e)  (? =  -T 4, . . . ) . (28.41)

i = 2  k = i + l

In  the lines of the  principal series, the envelope is highly opaque, i. e. 
/?i; 1. As is seen from equations (28.41), we ean assume /?lt- =  0 for all
levels except the  second, w ithout great error. H ence we have for the 
outer parts of the envelope

i — 1 oo

ni Z  Aik =  Z  n* A ki +  ve n+ Cif (T t) (i =  3, 4, 5, . . .) . (2S.42)
Jt = 2 i= i + 1

The equations (28.42) have already been considered in P a rt IV. The 
solution of these equations was given there for the hydrogen atom, 
and the  Balmer decrem ent was calculated. We recall th a t it was found 
to  depend very little  on the electron tem perature (H ^H p =  3, H y/H^ =  
°-5).

A nother lim iting ease is obtained for those p arts  of the envelope 
where it is opaque to rad iation  in the lines of all series. In  this ease 
we ean take the expression (28.31) for the  value of fiik. Substitu ting  this 
expression in the equations (28.33) and using th e  fact th a t

we obtain

n;
1 - 1

k t i  (9il9k)nk — ni W

) « 1 — « 2  ,( -hV  /
K 1 s M

!vh y  , B i c  Q i c *

« 
1 

E 
1

I + ,4 21

r  y  .. (ffa/ffiK — * 2  /2 >*Y . n_tn±Z<[
kJr+i k (ffA-K-71* vu) + WA- ’21

where we have put

(28.43)

(28.44)

(28.45)

We have arrived a t a system  of algebraic equations in the  unknowns 
nil>i1 and Hgii+IWn^ The param eters appearing in these equations 
are, besides th e  quan tity  r, the tem perature of the star (which enters 
through B ic nfe) and the electron tem peratu re of the  envelope (which 
enters through Cit). The system  of equations (28.44) can easily be solved 
numerically. As an example, we give below the  Balm er decrem ent 
calculated from the  solution o f th is system  for the hydrogen atom  
(for the ease 7'* =  20,000°. T t -  20.000°).
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Table. 24

X 0 0 01 01 10

H n-67 0-98 2 0 5-20
h J 1-00 1-00 1-00 1-00
1L 0-97 0-79 0-44 0 21
Hi 0-87 0-58 0-22 006

Let us turn  now to the observational data. The Balmer decrem ent 
in the spectra of W olf-Rayet type stars can be determ ined, though 
with some difficulty, since the hydrogen lines in these spectra coalesce 
with those of ionised helium. Some difficulties arise also in finding the 
Balmer decrem ent in the spectra of Be-type stars, because in this 
ease the bright lines are superposed on absorption lines. Nevertheless, 
it m ay be asserted tha t the Balm er decrem ent in the spectra of Be-type 
stars differs m arkedly from tha t in the spectra of the p lanetary  nebulae. 
For exam ple, the ratio  of intensities of the H a and lines in the 
spectra of different Be stars is both greater than 3 and less than  3 (on 
the average, for a group of stars, H a/H^ - 2-25). Moreover, the Balm er 
decrement varies not only from one star to  another, but also in the 
spectrum  of a single s ta r in the course of time.

The explanation of this behaviour of the Balm er decrem ent in the 
spectra of Be stars consists in the fact th a t the envelopes of these stars 
have not only parts transparent to radiation in the lines of the sub
ordinate series, i. e. similar to the conditions of radiation in a nebula, 
but also parts not transparen t to radiation in the lines of some sub
ordinate scries, 'flic radiation in the lines which reaches the observer is 
composed of the radiation from the various parts  of the envelope (in 
proportions which vary in the course of time).

The Balm er decrem ent is similar in the spectra of novae at times not 
very far from the mom ent of m aximum lum inosity. For exam ple, in 
the spectrum  of Nova Herculis 1934 during the first th ree m onths 
afte r the outburst, the ratio  of intensities of the H , and H ,̂ lines was 
on the average 1-9.

It is interesting to notice th a t, in the spectra of some novae several 
m onths afte r the outburst, a very large ratio  of intensities of the H , and 
Yip lines has been observed. Thus, in the spectrum  of Nova Lacertae 193(5 
this ratio was between a and G, and in th a t of RS Ophiuchi 1933 it 
reached 10 or 12. This phenomenon is apparently  explained bv the fact 
th a t, in the periods when the observations were made, considerable 
parts of the envelopes of these stars were not transparent to radiation 
in the lines of the Lym an and Balmer scries, but were transparent
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to radiation in the lines of o ther series. I t is found th a t in this case the 
solution of equations (2S.33) does in fact lead to such large values of
H # , ,

From a detailed comparison of the theory explained above with 
observation, we can find a num ber of im portant characteristics of 
stellar envelopes. As an example, let us compare the theoretical and 
observed values of the line intensities of hydrogen and ionised helium 
in the spectra of W olf-Rayet stars. H ere, for simplicity (and also taking 
account of the inexactness of the  observational results), we shall suppose 
th a t the envelopes of W olf-Rayet stars are completely transparent in 
the lines of the  subordinate series of these atoms.

If  the envelope is transparen t to radiation in the lines of the sub
ordinate series of a given atom , the to tal energy em itted  by the envelope 
in any of these lines, according to formula (28.40) (with fiik =  1), is

Eik =  4 7i A ki hvik J  rtk r 2 d r , (28.46)
ro

where r0 is the radius of the inner boundary of the envelope and /q the 
radius of the outer boundary of th a t part of the envelope which radiates 
in the lines of the atom  concerned. In  this case the equations (2S.42) 
serve to determ ine the values of nk. From  them  we can find the values of 
zk =  nklne tt+j which depend only on Te. Assuming th a t Te docs not 
vary  in the envelope, we obtain  instead of formula (28.46)

q
Eu. =  4 7i A ki hvik zk j  ve }>+ r 2 d r . (28.47)

In  calculating the integral (28.47), we assume th a t the  atom s ejected 
from the  envelope move with constant velocity. Then, according to 
the relation (2 S.1 ), the density in the envelope decreases inversely as 
the square of the radius, and we can write

n, =  V V o /r ) 2 . w+ =  n +°(r0/ r ) 2 , (2S.48)

where ne° and n+° are the values of ne and n+ a t the inner boundary 
of the envelope. Substitu ting  the expressions (2S.48) in formula (28.47), 
and taking for sim plicity rx =  oo , we find

E ik =  4 7i A ki hvik zk ne° n +° r0 3 . (2S.49)

A very interesting result is obtained on applying formula (28.40) 
to determ ine the  relative content of hydrogen and helium in the atm os
pheres of W olf-Rayet stars [1], Applying formula (2S.40) to the line
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). =  4686 A of ionised helium (transition 4 ^ 3 )  and to the line of 
hydrogen, we obtain from these two formulae

?  f i /  t * *  ' 
' . 1 4  ____ s i  4 3  13 4  - l n+«'
^ 2 4  -d 4 2  >’o j t l  D 71+

(2S.50)

where the primed quantities refer to ionised helium, and the others 
to  hydrogen (tha t is, n+°' is the num ber of doubly ionised helium atom s 
in 1 cm 3 at the inner boundary of the envelope). For the s ta r H D  192163, 
the ratio  of intensities of the lines ). — 46S6 A and is approxim ately 2 0  

[18]. We also have A i3'jAA2 -- 16, r3i j v u  <=» 1, zi  !zi ^  1 (for 
T e =  60,000°). W ith these data , we find from formula (28.60) n+0'/n+ 0 =  2-6. 
Thus we reach the conclusion th a t, in the atm ospheres of W olf-Ravet 
stars, the num ber of helium atom s is approxim ately 2 - 6  tim es the 
num ber of hydrogen atoms. This result deserves considerable a tten tion  
because, in the atm ospheres of other stars and in the  p lanetary  nebulae, 
the ratio  of the num bers of hydrogen and helium atom s is about 1 0 . 
Consequently, the atm ospheres of W olf-Rayct stars have a chemical 
composition which differs from th a t of the  atm ospheres of other stars. 
This fact is undoubtedly very im portant for an understanding of the 
nature of W olf-Ravet stars, especially when we recall th a t, according 
to  present-day views, the source of stellar energy is formed by nuclear 
reactions which convert hydrogen into helium.

However, it m ust be rem arked th a t the estim ate made above of the 
relative abundance of hydrogen and helium in the atm ospheres of 
W olf-Ravet stars is ra ther rough, since it does not take account of the 
possible opacity of the envelopes of W olf-Rayct stars to radiation in 
the lines of the subordinate scries of the atom s concerned, or of certain 
o ther factors.

Using formula (28.49), wc can also estim ate the concentration of 
free electrons at the inner boundary of the envelope (i. e. a t the surface 
of the “ photosphere” ). Taking into account the facts th a t the  m ost 
abundant element in the atm ospheres of W olf-Rayct stars is helium, 
and th a t the  helium atom s are predom inantly in the  doubly ionised 
state , wc can take  ne =  2 n +'. H ence we obtain, on applying formula 
(28.49) to  the  line /  4686 A of ionised helium,

E 3 ’ =  4 rr A . i 3 ' hv3l' z4' A- ( O 2 r0 3 • (23.61)

On the o ther hand, the energy em itted by the envelope in the line 
A =  4686 A can be expressed in term s of the quan tity  d  ,G8C found 
from observation:

E. 8 ,-r2 r,-A(r3l' ) 4
31 c

1
*̂'*1 /*? »— 1

.-1 -1686 (28.62)
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The relations (2S.51)

43 Zi

and (2S.52) give

0N2 r  _  4  *  ( b u ' ) 3 1
* > r0 —  C2 CA.S.7 A T . — 1

A 4686 (2S.53)

To determ ine n°  from  formula (2S.53), we m ust know from observation, 
besides the value of A4G8G, the radius r0 of the photosphere and the 
tem perature T+ of the star. U nfortunately  these quantities are im per
fectly known for W olf-Rayct stars. However, sinee ite° enters as a 
square in formula (28.53), the exact values of these, quantities are 
unnecessary for an estim ate of ne°. We shall take r0 =  5 Pq, rl \  — 50,000°. 
For W olf-Rayet stars, the quantities A4G8G have values of the  order 
of some hundredths (for exam ple, for the s ta r H D  192163 A4G8G =  0-047). 
W ith these values, we obtain from  form ula (28.53) ne° =  1-5 x  1012. 
This value has already been used above in determ ining the am ount of 
m a tte r ejected each year by a W olf-Rayct star.

Chapter 29. Problems of the physics of stars 
with bright spectral lines

1. The temperatures of the stars. To determ ine the tem peratures of 
stars with bright lines in their spectra, we can use the method proposed 
by H. Z a x s t k a  for determ ining the tem peratures of the nuclei of p lanet
ar}- nebulae. This m ethod is based on the hypothesis th a t the radiation 
of the nebula in the lines of any atom  is produced a t the expense of the 
energy from the star beyond the lim it of the principal series of this atom . 
To determ ine the tem perature of the star, we have the equation

x~ dx 
— 1

y  xi3Ai
^  ezi -  1

(29.1)

where xa =  h v j k rl \ .  - - hvi/kT^,  v0 is the ionisation frequency of 
the atom , v,- is the frequency of an observed line, and v; A { is the ratio, 
obtained from observation, of the energy em itted  by the nebula in the 
line to  th a t em itted  by the star in un it frequency interval of the con
tinuous spectrum  near the line.

This m ethod has several times been applied to determ ine the tem pe
ratures of stars of the W olf-Rayet, P  Cygni, and Be types. Recently, 
B. A. V o r o n t s o v - V k l ’ y a m i x o v  [172] has determ ined the tem peratures 
of six W olf-Rayet type stars, and C. S. B k a l s  and R. D. H a t c i i k k  [19] 
those of 52 stars, of spectral classes A 4 to 0  6 , having emission lines 
in their spectra.

>12 As(ro|>l iy*ics
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41)8 Chapter JO. The physics of stars with bright spectral lines

The results of B. A. Y o r o n t s o v - Y e l ’y a m i n o v  are given in Table 25. 
The first column gives the num ber of the s ta r in the H enry Draper 
catalogue, and the other columns give the tem peratures of the stars 
(in thousands of degrees) found from the lines of various ions (the ioni
sation potentials in electron-volts are shown below the symbols of the 
ions). The last column will be explained later.

Table 25

Star Ho 1 C 111 or X III He 11 C IV X IV
24-5 47-4 54-2 64-2 770

HD 1921GB 32 65 73 84 15
191765 35 62 69 1 75 15
195077 29 51 59 74 13
195576 29 48 60 62 14
192103 33 64 63 69 i 12
192641 59 55 70 7

The results of B e a l s  and H a t c h e r  are shown in Tig. 70. On the 
axis of abscissae are placed the  spectral classes, on the axis of ordinates 
the tem peratures of th e  stars, as found from lines of H , H e I, F e l l ,  
H e II , N I I I  and C ITT. The continuous line shows the dependence of 
tem perature on spectral class which, in the opinion of these authors, 
is the m ost probable.

SPECTRAL CLASSES 

Fig. 70
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I t  is seen from the observational da ta  th a t the tem perature of the 
same star, as found from the lines of various atom s, has very different 
values. H ere it is im m ediately obvious th a t the tem perature increases 
w ith the ionisation potential of the  atom  from whose lines it is d e te r
mined. I t  is possible th a t this difference is to some ex ten t explained 
by the  deviation of the s ta r’s radiation from Planck's Law. On the other 
hand, there are a num ber of factors which bring about large errors in 
the tem peratures of the stars when determ ined by this m ethod. We 
shall enum erate the m ost im portan t of these factors.

(1) In  the derivation of equation (29.1) it was assumed th a t the 
envelope absorbs all the radiation from the star beyond the  limit of 
the principal series of the atom , i. e. th a t its optical thickness beyond 
this limit is greater than  unity. In  general we have, instead of equation

where r 0 denotes the  optical thickness of the envelope im mediately 
beyond the lim it of the principal series of the  atom , and it is assumed 
th a t the absorption coefficient is inversely proportional to the cube 
of the  frequency (kv l lv3). I f  r 0 I, the use of equation (29.1) 
instead of equation (29.2) will clearly lead to too low a tem perature 
for the star. This effect should be im portan t for atom s with com para
tively  low ionisation potentials, in consequence of the ir high ionisation 
in the atm ospheres of hot stars and the resulting small value of r 0. 
For exam ple, the optical thicknesses of the atm ospheres of W olf-Rayet 
stars, beyond the lim it of the Lym an series, are much less than  unity. 
As a result, the ir tem peratures as found from  hydrogen lines are of 
the order of 20,000°, which is very low for W olf-Rayet stars.

(2) S tric tly  speaking, the sum m ation on the right-hand side of 
equation (29.1) should be extended over all the lines in the second 
series of the atom  (including the  continuum ). In  practice, however, 
one line, or a t most a few lines, of the second or o ther series arc observed. 
Hence, to  find the exact value of the tem perature, it is necessary to 
know the ratio  of the num ber of quan ta em itted  by the  envelope in the 
second scries to the num ber em itted in the observed line. Since the num ber 
of quan ta  em itted  in the second scries is equal to the num ber of captures 
into all levels from the  second upwards, this ratio is, for lines formed 
by the transition  from the £th to the ith  level,

(29.1)
CO

(29.2)

OO

q — ne 7i+ [ Z  A h .

32*

(29.3)
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The ratio q can he calculated by means of the quantities zk - nkjne n + . 
determ ined from the  equations of the steady sta te  for the energy levels 
of the atom . For example, we find for the H^ line of hydrogen th a t q 
is approxim ately equal to 9 (depending very slightly on the electron 
tem perature T e). Almost the same value of q is obtained for the brightest 
of the observed lines of ionised helium. /. =  4GSG A, since the  H  and 
He II atom s are similar, and the transition  probabilities A i2 and A i3 
are nearly the same.

If  the ratio  q is known, the tem perature of the s ta r can be determ ined 
from the equation

•O
i*2 r ^

<2 n -4 >

where aq and Aj refer to the line concerned. However, the values of q 
are not known a t present for all atoms. H ence the  factor q in equation
(29.4) is usually either om itted or chosen arbitrarily . The error arising 
from this m ay be considerable. Thus, for instance, taking q — 2 for 
the line 7. =  4G8G A of ionised helium, instead of the correct value 
q =  9, we obtain  a tem peratu re of GO,000° instead of the more correct 
value of 70,000°.

(3) In the derivation of equation (29.1). it was assumed th a t the 
envelope radiates in the lines of the atom  concerned only a t the expense 
of the energy from the s ta r beyond the lim it of the principal series of 
this atom . However, in some cases the radiation of the envelope in the 
lines of one atom  m ay be excited by the radiation of the envelope in 
the lines of another atom , as a result of the chance proxim ity of the 
frequencies of particular lines of these atoms. Owing to the presence 
of a velocity gradient in the  envelope, the probability  of such processes 
is considerably increased. As an example, we m ay indicate the  possibility

of transitions of H e IT ions from 
the second sta te  to the fourth 
under the  action of the  radiation 
of hydrogen atom s in the Lym an 
a  line (the corresponding w ave
lengths are 7. =  1 2 1 f)lS. A and 
7. - 1214-GS A). Later, the H e II 
ion m ay spontaneously pass from 
the fourth s ta te  to the third, 
gi ving t he observed 1 ine 7. =  4GSG A 
(Fig. 71). A nother such example 
is the possible excitation, by 
radiation in the  resonance lineI'm. 71
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of H e I I  ). =  304 A. of one of the levels of the 0  I I I  ion; the cascade 
transitions of the eleetrons from this level are accompanied by the 
emission of quan ta  in the visible part of the spectrum . I t  is of interest 
th a t the re tu rn  of the electron to its previous level in the 0  I I I  ion 
is accompanied by the emission of a quantum  in the line A =  374 A, 
which in tu rn  m ay excite one of the levels of the N I I I  ion, thereby 
bringing about the appearance of a num ber of observed lines of this 
ion (Fig. 72).

I f  these factors are in operation, the  tem peratures of the stars, as 
determ ined from the lines of H e II  and N I I I ,  will evidently be too 
high. B e a l s  and H a t c h e r  think th a t this is indeed the  case for Wolf-

R ayet stars, an opinion which is reflected in the  curve given by them  
in Fig. 70. The tem peratures found from the lines of other atom s arc 
predom inantly too low, in consequence of the effect of the first factor 
m entioned (the incomplete absorption b \r the envelope of the energy 
from the s ta r beyond the lim it of the principal series of the atom).

However, even when the factors enum erated above have been taken 
into account, we cannot be sure th a t it is sufficiently justified to apply 
this m ethod to determ ine the tem peratures of W olf-Rayct, P Cygni 
and Be stars (and of novae in their early stages). As we know, the 
envelopes of these stars have com paratively small radii, and the dilution 
factor in them  is much greater than  in the nebulae. For this reason, 
the radiation of these envelopes is due to more complex processes than  
th a t of the nebulae. Bearing in mind the application of this method 
to the problem of determ ining the tem peratures of stars, we shall now 
consider more closely the radiation of envelopes of small radius.
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L et us assume th a t the envelope consists of atom s having only three 
energy levels. U nder the action of the  radiation from the star, the atoms 
make both cyclic transitions of tire kind 1 -> 3 —> 2 1 and the converse
transitions of the  kind l - > 2 - > 3 - > l .  In  discussing the nebulae, 
it was shown th a t the num ber of transitions of the first kind is approxi
m ately 1 /i r  tim es tli c num ber of transitions of the second kind. However, 
the diffuse radiation of the envelope itself was not taken into account. 
Nevertheless, the density of the diffuse radiation in the frequency vl2 
(i. e. in the Lym an a  line, if we consider the lij’drogen atom) is very 
high. For this reason, the num ber of transitions of the kind 1 2 -> 3 ->1
is greatly  increased. In  the nebulae, however, because of the extrem e 
smallness of IF, the  num ber of these transitions was m any tim es less 
than  the num ber of transitions of the kind 1 3 -> 2 1 . Since, in
envelopes of small radius, the  dilution factor is no t so small as in the 
nebulae, transitions of the kind 1 2 ->• 3 -» 1 are m ade in them
approxim ately as often as those of the  kind 1 -> 3 -> 2 1.

W hen applied to the hydrogen atom , this means th a t, in envelopes 
of small radius, besides the processes of transform ation of Lc quan ta  
into quan ta  of lower frequency, the converse processes, i. e. the  pro
duction of Lc quan ta  from quanta of lower frequency (for instance 
Lym an a  +  Balm er continuum  Lc, etc.), occur also. The possibility 
of such processes is due to the fact th a t, because of the high degree of 
excitation of the atom s in the envelopes, their optical thicknesses, 
beyond the limits of the subordinate series, are com parable with unity , 
and the optical thicknesses in the lines of the subordinate scries exceed 
unity.

I t  is clear th a t such a complication of the process of rad iation  of 
the envelopes, in com parison with the process of radiation of the 
nebulae, requires a considerable modification in Z a n s t r a ’s  method. 
For simplicity, le t us consider the case where the optical thickness of 
the envelope beyond the lim it of the Lym an series is much greater than  
unity. In  this case we can suppose th a t, from every Lc quantum  em itted 
by the star, there is formed in the envelope, sooner or later, a Balm er 
quantum , which leaves the envelope. I t  is evident th a t the ionisation 
of the  atom  from an  excited sta te  and the subsequent appearance 
of Lc quanta can only postpone the form ation of the Balm er quantum , 
since all Lc quanta formed in the envelope will be absorbed in it again. 
However, an atom  which is in the second sta te  afte r em itting a Balm er 
quantum  m ay be .again transferred into the ionised sta te  by the radiation 
of the s ta r  (im m ediately after em itting the Balm er quantum  or after 
a num ber of scatterings of Lym an a  quanta). I t  is easy to see th a t this 
leads to the emission of another Balm er quantum  by the envelope. 
This process m ay be repeated several times, un til finally a Lym an a



2. The continuous spectrum 5 0 3

quantum , which escapes from the envelope, is formed by a transition  of 
the  atom  from the second s ta te  to the first. Thus we reach the conclusion 
th a t Balm er quanta can be formed in the envelope not only from 
quanta in the  Lym an continuum  from the star, as in the nebulae, but 
also from  those quanta in the Balm er continuum  from the s ta r which 
are absorbed by the envelope.

Taking these considerations into account (they refer, of course, 
no t only to hydrogen atom s, bu t to other atom s also), we m ust write, 
instead of equation (29.1),

where N 2/N 1 is the ratio  of th e  num ber of quan ta beyond the lim it 
of the second series of the atom , em itted  by the s ta r and absorbed 
by the  envelope, to  the num ber em itted  by the  s ta r beyond the limit 
of the  principal series.

I t  is fairly difficult to  estim ate the ratio  A T2/ A ' , .  This was first done 
by Sii. G .  G o r d e l a d z e  on the basis of the theory of the excitation and 
ionisation of atom s in envelopes of small radius, developed by V. A. 
A m b a r t s u m y a n  [G]. Sh. G .  G o r d e l a d z e  [47] has found th a t, when 
equation (29.1) is used instead of equation (29.5), tem peratures con
siderably higher than  the true values m ay be obtained, and the error 
is the  larger, the higher the ionisation potential of the atom . However, 
V .  A .  A m b a r t s u m y a n ’s  theory refers only to stationary  envelopes or 
to those moving w ithout a velocity gradient. I f  a velocity gradient is 
present in the envelope, the ratio  N 2/N 1 is greatly decreased, and 
therefore the  effect in question is less im portant.

2. The conlimmus spectrum. In  characterising the radiation of YVolf- 
R ayet, P  Cygni and Bc-typc stars, no t only the tem peratures found from 
the bright lines, bu t also the colour tem peratures which represent the 
relative d istribution of energy in the visible p a r t of the  s ta r’s spectrum , 
are of great im portance. Since these stars are very d istan t from us, the 
galactic absorption of light has a great effect on the energy distribution 
in the ir spectra; as is well known, it causes a “reddening” of objects. 
The problem of taking into account this effect forms a serious difficulty 
in the determ ination of the colour tem peratures of the stars.

The colour tem peratures of W olf-Rayct stars have been determ ined 
by B. A. V o h o n t s o v - V k l ’y a m i n o v  [ 1 7 2 ] ,  He found th a t, in the  range 
3 S0 0  to  4800 A, the mean tem perature of six W olf-Rayct stars is 8400° 
in the scale where T  =  12,000° for stars of class A 0. A fter correcting 
for the absorption of light in space, the mean tem perature was found

O O

(29.5)
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to be 13.000°. The tem peratures of the individual stars (in thousands 
of degrees) are given in the last eolumn of Table 25.

The speetrophotom etrie gradients of 39 W olf-Rayet. O. and B -tvpe 
stars have been determ ined by \ V .  P e t r i e  [122], To ascertain the effeet 
of in terstellar reddening, the gradients were eompared with the in ten 
sities of in terstellar absorption lines. A fter eorreeting the  gradients for 
in terstellar reddening, the following results were obtained for four 
groups of stars. The last two eolumns in Table 26 give the mean eolour 
tem peratures of the stars, tem peratures of IS.000° and 15,000° respecti
vely being taken for stars of type A 0.

Table 26

Group Gradient Ti T 1 2

WR5 — \VR8 —0 05 19,000° 16.000
0 5  — 0 6 —0-42 90,000 39,500
0 7  — 0 9 —0-37 58,000 32,500
R0 — B2 —014 24,000 18,500

A speetrophotom etrie investigation of B -type stars has been earried 
out by 1 ) .  B a r r i e r  and D .  C h a l o n g e  [ 1 6 ] ,  They reaehed the eonelusion 
th a t B -type stars with emission are, on the average, redder than  B -type 
stars w ithout emission.

Two im portan t results follow from the work dismissed above:
(1) S tars with bright lines in their speetra have lower eolour tem 

peratures than  stars of the same speetral elass w ithout bright lines. 
This difference is small for stars of elasses Be and B, bu t very large for 
stars of W olf-Rayet type and those of elass O.

(2) The eolour tem peratures of stars w ith bright speetral lines are 
lower than  their tem peratures as found from the bright lines. This 
diserepaney is small for Be stars, but very large for W olf-Rayet stars.

The explanation of these observational results is based on the 
presenee of envelopes in W olf-Rayet and Be stars. The transform ation 
of high-frequeney radiation from  the stars into quanta of lower frequen
cies, whieh takes plaee in these envelopes, leads to the emission by 
the envelope not only of energy in speetral lines, but also of energy in 
the continuous spcetrum . H ere the energy em itted by the envelope in 
the visible part of the continuous speetrum  is comparable with the 
energy em itted by the s ta r itself in th a t p a rt of the speetrum . Sinee 
the radiation of the envelope corresponds to a lower tem perature than  
does the radiation of the star, the eolour tem peratures of stars with 
envelopes will consequently be found to be lower than  those of stars
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w ithout envelopes. On the other hand, the tem peratures found from 
the bright lines are fairly close to the tem perature of the star itself. 
This explains th e  discrepancy between the colour tem peratures and 
Zanstra tem peratures of stars with envelopes. I t  is clear th a t this 
discrepancy will be the greater, the thicker the envelope. This is why 
it is so m arked in W olf-Rayet stars, bu t less m arked in Be stars.

L et us consider the more detailed in terpreta tion  of the continuous 
spectrum  of a Be star [46]. As has been said above, the presence of 
envelopes in these stars does not prevent our seeing the absorption 
lines form ed in the reversing layer of the s ta r itself. This indicates the 
alm ost complete transparency of the envelopes of Be stars in the visible 
p a rt of the spectrum . Since the absorption in the envelopes of Be stars 
is mainly due to hydrogen atom s, we m ay suppose th a t the optical 
thicknesses of these envelopes, beyond the lim its of the subordinate 
series of the hydrogen atom , do not exceed unity  (though they  m ay 
be a considerable fraction of unity).

Thus the following processes occur in the envelopes of Be stars. 
U nder the action of the radiation from the  star, ionisation of hydrogen 
atom s takes place, both from the ground sta te  and from excited states. 
The envelope thereby  absorbs alm ost completely the radiation of the 
s ta r bej^ond the lim it of the Lym an series, and some of th a t beyond 
the limits of the other series. After the ionisation, there follow captures 
of electrons by protons and free-free transitions of electrons in the 
fields of protons. The quan ta  beyond the principal series lim it, formed 
in these processes, are again alm ost com pletely absorbed in the  envelope. 
However, the m ajority  of the quanta beyond the limits of the subordinate 
series leave the envelope unhindered.

L et ne n+ eiv' d r  be the am ount of energy em itted  in the frequency 
interval from r  to r  +  d r  in 1 cm 3 and 1 second by captures of electrons 
by protons into the ith  level. N ext, le t ve n+ ev" d r  be the am ount of 
energy em itted  in the frequency interval from r  to r  +  d r  in 1 cm 3 

and 1 second by free-free transitions of electrons in the fields of protons. 
Q uantum  mechanics gives the following expressions for the quantities 
f,-/ and

(29.7)

where y{ is the ionisation potential from the ith  sta te , and T e is the 
tem perature of the electron gas. Form ula (29.G) is valid for frequencies 
satisfying the condition hv >  I t  is evident th a t the to ta l am ount
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of energy em itted  in 1 cm 3 and 1 second in the frequency interval 
from v to v +  dv is

OO

n-e n+ dv =  n e n+ (p»" +  Z  £,•/) d r  • (29.8)
i = j

By means of formulae (29.0) and (29.7), v c  find for ev

Fv =
2 7 ti3 

(6  7l)3!3
2  hv0 
kTe

OO
V/ .
i — i

1 e
- h v / k T ,

e (29.9)

Here we m ust take j =  2  in the  frequency interval from the lim it of the 
Balm cr series to th a t of the Lym an series, j =  3 in the frequency interval 
from  the lim it of the  Paschcn series to  th a t of the Balm cr scries, etc.

Since the envelope is supposed transparen t to  its own radiation 
beyond the lim its of the subordinate series, the am ount of energy em itted 
by the entire envelope in the frequency v is

OO
#„iCnv = 4  7i e v J ne n+ r 2 d r , (29.10)

r.

w here r0 is the radius of the inner boundary of the  envelope. In  form ula 
(29.10) it is assumed for simplicity th a t the envelope is spherically 
sym m etrical and the electron tem perature does no t vary  within it.

In  order to calculate the integral (29.10), we m ust know the degree 
of ionisation of the atom s in the various p arts  of the envelope. We 
assume a t first th a t  the  optical thickness of the envelope, beyond the 
lim it of the Lym an series, is less th an  unity , i. c.

OO

To =  /  ni d r <  1 • (29.11)
r»

In  this case, we can use the ionisation formula derived for the case of 
the nebu lae:

n ( n

ni
{ S l n m k T ^ P  

h3 e (29.12)

where W  =  ] (r0lr)z aud V is the proportion of captures into the first 
level. Using form ula (29.12), we find for r 0

h3
{ 2  7 i m k ' J \ ) 3r-

h v . / k T ,

e
OO

4

/
r .

ve n+ r2 d r . (29.13)
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oo
We ean now substitu te  th e  value of the integral J  ne n+ r 2 d r  from  the

r,
relation (29.13) in formula (29.10). Using the  fam iliar expressions for e„ 
and k„ . we obtain* O’

E. 4 o-T rn 2 h v„3 ~ h v t f k T ,  i . q - i

p U  +
h v, 
k

O O

o V
T .—.e i = i

M kT* —  h v l k T e

e

(29.14)

Form ula (29.14) has a simple physical significance. I t  is easy to see 
th a t  th e  quan tity

4 ro‘ To
2 h v 3 

c*
- h v , ) k T .

e kT+
h

is th a t p a rt of the energy from the star, beyond the  lim it of the  Lym an 
series, which is absorbed by the envelope, and th e  quan tity

V
dr OO

V1 I kiv 0
1 +  A' r .

- h v ! k T e

e 1 e

is th e  ratio  of th e  energy em itted  by the  envelope in the frequency 
in terval from v to v -f- d r  to the to ta l energy em itted by the envelope 
(to th e  same accuracy as th a t of the derivation of the ionisation formula). 
B u t th e  to ta l energy em itted  by th e  envelope m ust be equal to the  
p a r t of the  energy from  the  star in the  Lym an eontinuum  th a t is absorbed 
by the  envelope. Henee, by m ultiplying these two quantities, we obtain
E v ,  env ^  V -

I f  th e  law of varia tion  of density  in the  envelope is known, the 
quantities r 0 and E v cnv ean be expressed in term s of the  density a t the 
inner boundary of the envelope. L et us assume, for instance, th a t the 
density  in the  envelope decreases inversely as the square of the distance 
from the eentre of the star. Then, taking into aeeount th e  faet th a t the 
envelope is com pletely ionised for r 0 <  1 (i. e. the  inequality n+jnl 1 

holds throughout the envelope), we have

n+ = ne =  ve0{rjr)- . (29.15)

Substitu ting  ne and n+ from the relation (29.15) in formulae (29.13) 
and (29.10), we obtain

r n =
k
V

h3
(2  n m k Te)3r-

h v J k T .

e *(»e°)2 r0
$

(29.16)

and
E v ,c.iv =  4 71 E , ( n e0 ) 2 r 03 . (29.17)
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The case where r 0 >  1 is more difficult to examine. In  this ease, 
the degree of ionisation of the atoms in the envelope is determ ined 
from the theory of radiative transfer in the envelope. However, this 
theory is more complex than  th a t of the transfer of Lc radiation in the 
nebulae, since, in envelopes of small radius with r 0 >  1 , ionisation 
from excited states is im portant. We shall not pause to consider this 
theory here. We shall merely emphasise the fact th a t, in the ease m en
tioned, the energy em itted by the envelope m ay be considerably more 
than  th a t given by formula (20.14) w ith r 0 =  1.

According to w hat was said earlier, the spectrum  of a Be star can be 
regarded as the result of the superposition of the spectrum  of the  envelope 
on th a t of a B s ta r; thus the energy em itted  by a Be sta r in the fre
quency v can be calculated from the formula

where E v* is the energy em itted  by a B star in the frequency v. We 
shall suppose th a t a B sta r em its like a black body of tem perature 
i. e.

Comparing formulae (20.14) and (20.10), we find th a t, for a tem perature 
of the star of the order 20,000° to 30,000°, and for values of r 0 not 
much less than  unity, the ratio E vonv/E Vtit. in the visible p a rt of the 
spectrum  will be of the  order of 0-5 (smaller in the violet p a rt of the 
spectrum  and greater in the red). As has been said already, for r 0 >  1 
this ratio m ay become quite considerable. Consequently, the energy 
distribu tion  in the spectrum  of a B c-type sta r m ay differ quite m arkedly 
from th a t in the spectrum  of a B -typc star.

From  the formulae given above we can confirm th a t, as the intensity 
of ejection of m atter from the s ta r increases, the following changes 
should be observed in its radiation.

First of all, the apparent brightness of the star should increase. 
This is seen from formulae (29.17) and (29.IS). Applying these formulae 
to the radiation of wavelength ?. =  5550 A, to which our eyes are 
most sensitive, we ean approxim ately calculate the increase in the 
brightness of the s ta r as 7 i e °  increases.

N ext, the colour tem perature of the  star should decrease. As we 
know, the colour tem perature T c is determ ined from the condition

E v =  +  E, (29.18)

(29.19)

(29.20)
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where the value of d(loge E,.)/dv is found from observation. If  we suppose 
th a t the radiation of the envelope in the visible part of the spectrum  is 
considerably stronger than  th a t of the star, then, substitu ting F ,,PI1V 
for E v and taking into account the fact th a t

E ~  e~htlkTe^  i', env c >

we find for the determ ination of Tc

V ( r t - r , ) = 3 (29 '2 , )

(we have neglected the term  e~l,vlkTc in comparison with unity). I t  is 
seen from formula (29.21) th a t the colour tem perature of the envelope 
is much lower th an  its electron tem perature. For example, for T e =  20,000° 
we have T c =  6700° in the region of the line. This means th a t, 
as the p a rt played by the radiation of the envelope increases, the colour 
tem perature of the s ta r will decrease from the value Tc =  T  + to the 
value given by formula (29.21).

Finally, as the  outflow of m a tte r from the star becomes more in
tense, the in tensity  d iscontinuity  a t the lim it of the Balm er series 
should decrease. We have supposed above th a t the energy distribution 
in the spectrum  of the s ta r is given by Planck’s formula. In  reality 
this is not so. As we know from the theory of photospheres, the energy 
distribu tion  in the spectrum  of a B -type sta r differs very m arkedly 
from the Planckian distribution, its characteristic feature being the 
intensity  discontinuity a t the limit of the Balm er series. Since the 
absorption coefficient o f the hydrogen atom  beyond the lim it of the 
Balmer series (i. e. for v >  v2) is g reater than  it is up to th a t limit 
(i. e. for v <  r2), the  intensity  of radiation in the s ta r’s spectrum  beyond 
the limit of the Balm er series is less than  it is up to th a t limit. The quan tity

D = \ogi0 (Ev<J E v>Vt) (29.22)

is usually found from observation; it is positive for “ norm al” B-type 
stars, in agreem ent with w hat we have just said. However, the  radiation 
of the envelopes has the opposite p roperty ; for them , the quan tity  
Dvuv. determ ined by the formula

Anv =  log10 1 + 2 k f  2h l e i - i
I +  2

>*i'**V
hT. (29.23)

is negative. Hence the superposition of the radiation of the envelope 
on th a t of the s ta r leads to a decrease in the intensity  discontinuity 
a t the limit of the Balm er series. As the radiation of the envelope be
comes more intense, the value of D for a Be star may even change from 
positive to negative.
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I t  m ust also bo rem arked th a t, as the energy rad ia ted  by the envelope 
in the continuous spectrum  increases, the energy rad ia ted  by it in the 
spectral lines m ust increase also. I f  the same conditions existed in the 
envelopes of Be stars as in the nebulae, then, for a given electron tem p
erature, the ratio of the in tensity  of any line to  th a t a t any point 
in the continuum  (excepting the lines and continuum  of the  principal 
series) would always rem ain constant. However, envelopes of small 
radius, unlike the nebulae, are opaque to radiation in the lines of the 
subordinate series, and ionisation from excited states m ay occur in them . 
This leads to a redistribution of energy between the lines and the con
tinuum , whereby, as is easily seen, the radiation in the continuum  is 
strengthened in comparison with th a t in the lines. The corresponding 
calculations can easily be perform ed by using the theory  given in Sec
tion 2S.4, and the formulae in the present section.

The theoretical conclusions ju st given concerning the properties of 
the spectra of Be stars arc in good agreem ent with observation. This 
is most obvious from the  work of V. G. G o k b a ts k ii  on one of the m ost 
rem arkable of the Be stars, y  Cassiopeiae [-15]. This bright s ta r (of the 
second m agnitude) exhibits irregular variations of brightness and 
spectrum . P articu larly  violent changes occurred in the period from 
1936 to  1941. The study  of extensive observational data concerning
this s ta r  has led to the  conclusion th a t, in the period m entioned, the

in tensity  of outflow of m a tte r from 
the s ta r on th ree occasions incre
ased and then decreased again 
(roughly speaking, the s ta r ejected 
three envelopes in succession). 
Each tim e the outflow of m a tte r 
from the s ta r was intensified, its 
brightness increased, its colour 
tem peratu re decreased, the  in ten 
sity  d iscontinuity  D  a t the  lim it 
of the  Balm cr scries diminished, 
and the in tensity  of th e  Balm cr 
lines increased (Fig. 73, where H a 
is shown). A detailed comparison 
of theory  and observation enabled 
V. G. G o u b a ts k iI  to  determ ine 
a num ber of characteristics of 
y  Cassiopeiae. According to his 
calculations, the radius of the 

1937 1 9 3 8  1 9 3 9  1 9 4 0  1941 photosphere is equal to three
F i g .  7 3  solar radii, the tem perature of
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the s ta r is 34,000°, the num ber of free eleetrons in 1 em 3 a t the s ta r ’s 
surface is IO12 to 1 0 13, and the mean electron tem perature of the envelope 
is 15,000° to 20,000°.

Let us now tu rn  to W olf-Rayet type stars. The radiation of the 
envelopes of these stars is produced in fundam entally the  same way 
as th a t of the envelopes of Be-type stars. However, W olf-Rayet stars 
are much ho tte r than  Be stars. For th is reason, no t only hydrogen 
atom s bu t also those with higher ionisation potentials take part in the 
form ation of the continuous spectrum  of W olf-Rayet stars.

A nother im portan t characteristic of the  process of radiation by the 
envelopes of W olf-Rayet stars is the  large p a rt played by the scattering 
of radiation by free eleetrons. In order to  dem onstrate this, let us 
calculate the optical thickness of tlm “atm osphere” of a W olf-Rayet 
star due to electron scattering (we recall th a t  the envelope of a Wolf- 
R ayet s ta r can be artificially divided into a “ photosphere” and an 
“atm osphere” ). D enoting this thickness by re, we have

CO

Te =  <r0 f  ne d r , (29.24)

where a0 is th e  scattering coefficient referred to  one electron, and r0 

is the radius o f the  photosphere. L et us assume, as before, th a t the 
density of m a tte r in the  envelope of a W olf-Rayet s ta r diminishes 
in inverse proportion to  the square of the distance from the centre 
of the  star. Then we find, instead of (29.24),

Te =  (T0 r0 • (20.25)

To estim ate r e, we take r0 — 5 rQ, ne° =  1-5 X  1012. I t  is known th a t 
cr0 =  0-67 X  10-24. The formula (29.25) gives r e =  -3 . We sec th a t the 
optical thickness of the “atm osphere” of a W olf-Rayet star due to 
electron scattering is very large. The lower lim it of the “atm ospheres” 
of these stars is apparently  determ ined, in fact, by the condition th a t r e 
is of the order of un ity  there.

For comparison, we m ay calculate th e  optical thickness of the 
“atm osphere” beyond the  lim it of the Lym an series. We use formula 
(29.1G) for this pm-pose. Taking r0 =  5 rQ,ne° =  1-5 X 1012, rl \  — 50,000° 
and using the fact th a t k,t =  0-5 X  10-17, we obtain  r 0 =  0-03. Conse
quently  t „  >  t 0 , i. e. in the atm ospheres of W olf-Rayet stars the  sca tte 
ring o f radiation by free eleetrons plays a greater p a rt than  the absorp
tion by hydrogen atom s. As we penetrate  into the photosphere, the 
electron scattering gradually becomes less im portan t in comparison 
with atom ic absorption. This is due to the fact th a t the  volume coefficient 
of scattering by free electrons is proportional to ve, whilst the volume 
coefficient of absorption by the atom s is proportional to  ne n+.
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Because of the large part played by electron scattering in the envelopes 
of W olf-Rayet stars, the radiation of these stars has a num ber of 
interesting properties. The most im portant is the polarisation of the 
star's  radiation. Of course, this property  is found not only in Wolf- 
R ayet stars, but also in other stars with a fairly high tem perature 
and a fairly low density in the outer layers. To ascertain the degree 
of polarisation of stellar radiation, the problem has been solved of the 
transfer of radiation in a pure electron photosphere composed of plane- 
parallel layers [.‘10, 150]. I t  has been found th a t the degree of polari
sation of the radiation from a s ta r having such a photosphere increases 
from zero at the centre to 12-5 % at the limb, the radiation being pola
rised along the radius. I t  is evident th a t the radiation coming from 
the whole disc of a spherically sym m etrical s ta r  will be unpolarised. 
Hence, to reveal the effect in question, it is necessary to observe eclipsing 
variables, one of whose com ponents is a hot star and the o ther a cool 
star. In  this case, when the hot s ta r is obscured by its cool companion, 
the radiation of the system  will be polarised to some extent, though 
only very slightl}\ This effect, predicted bv the theory, was actually 
discovered in subsequent observations on a num ber of eclipsing variables.

I t  is particularly  interesting th a t in these observations a completely 
new phenomenon was discovered also, nam ely the polarisation of the 
light of the stars outside eclipse and even the polarisation of the light 
of single stars [38, 3!), 50, GO], The greatest degree of polarisation (of 
the order of 0 %) is shown by some W olf-Rayet stars. The explanation 
of this phenom enon has not yet been found. I t  is possible th a t it is 
partly  due to the scattering of light by free electrons in envelopes not 
having spherical sym m etry. I t  has also been suggested th a t the light 
of the stars becomes polarised in passing through the in terstellar medium.

3. Stars of late types with bright lines. Besides W olf-Rayet, P  Cvgni 
and Be-typc stars, which belong to th e  early spectral classes, emission 
lines arc also found in the spectra of stars of late types. Among these 
are, first of all, the long-period variables, the majority^ of which show 
in their spectra bright lines of hydrogen, ionised iron (near m aximum 
light) and neutral iron (near minimum light). O ther such stars are those 
of the Z Andromcdae type. T heir spectra consist of a com bination 
of la te-type continuous and absorption spectra and a bright-line spec
trum  belonging to atom s with very high ionisation potentials (for 
example, He Tl).

The Balmcr decrem ent in the spectra of the long-period variables 
is very interesting. The appropriate data  are given in Table 27. We 
sec th a t the Balm cr decrem ent in the spectra of Me-type stars is very 
anomalous. However, this is not due to the operation of some m echa
nism, unknown to us, for the excitation of atoms. As G. A. ShaIn [137]



3. Stars of late types with bright lines 513

Table 27

Type 1 Me Se Nc

H, ‘ 2 15 10
2 12 10

20 5 5
Ha 30 3 2

lias shown, the cause of the anom aly in the Baliner decrem ent is the 
absorbing action of titan ium  oxide. In  the spectra of Se and N e-type 
stars, the  titan ium  oxide bands are absent, and the Baliner decrem ent 
is quite norm al. I t  is also of in terest th a t, in the spectra of the  long- 
period variables, the bright hydrogen lines are divided into a num ber 
of components. I t  has recently been shown th a t th is unusual structure 
of the bright lines is again explained by the screening of the hydrogen 
radiation in the atm ospheres of the stars, due th is tim e to atom s of 
un-ionised metals. From  these facts, the conclusion can be draw n th a t 
the emission lines arc formed m ainly in deeper layers of the atm osphere 
th an  are the  absorption lines.

Very valuable inform ation can also be obtained by considering the 
radial velocities of long-period variables. As is well known, a variation 
takes place in the displacem ents of spectral lines in these stars, besides 
the oseillation in their brightness. I t  is interesting th a t the displacements 
of the emission and  absorption, lines are not the  same. This again indicates 
th a t the  emission and absorption occur in different layers of the  s ta r ’s 
atm osphere. A statistical discussion of the radial velocities of long- 
period variables leads to the following results:

( 1 ) the difference o f the radial velocities found from bright and from 
dark  lines is always negative (ve —  va <  0 );

(2) the  /v-terin determ ined from the bright lines is about — 15 km /sce;

(3) the  Ar0-tcnn  determ ined from the dark  lines is about zero.

I t  follows from these d a ta  th a t the layer in which the bright lines 
are formed is moving in the direction o f the observer. In  o ther words, 
an outflow of m a tte r takes place from long-period variables. This 
conclusion was first reached by G. A. S iia in  [140]. Some doubts are 
occasioned here by the fact th a t K a 0. However, for a num ber of 
reasons, this value of K„ seems to be too large. I f  this is so, the hypothesis 
th a t m a tte r is ejected from long-period variables is fairly'’ plausible. 
Here the process o f ejection of m atter m ust be not steady bu t variable. 
The ejected m a tte r itself m ust undergo a considerable retardation.

3 3  A>(ro|)liy'iic<i
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The results m entioned are very im portan t for an understanding of 
the nature of la te-type stars with bright lines. In  particular, they  arc 
very useful in resolving the following im portan t question which occurs in 
connection with these stars: w hat is the reason for the appearance of 
bright lines in the spectra of such cool stars ? The ultra-violet energy 
from a star whose tem perature is of the order of 2000° to  3000° is 
clearly insufficient for bright lines to be formed from this energy.

In  order to solve this problem, we rephrase it as follows: let there 
be a hot star surrounded by an extended and rarefied envelope, in which 
bright lines are formed as a result of the transform ation of ultra-violet 
energy from the star. The question is ■whether the envelope can give 
under these conditions, besides the bright lines, a continuous and line 
spectrum  of late type.

We have previously shown th a t, as the  optical thickness of the 
envelope increases, the  colour tem perature of the object decreases. 
This explains the discrepancies between the Zanstra and colour tem 
peratures of Be and W olf-Rayct type stars. In  essentials we arc con
cerned w ith similar discrepancies, although these are even more strongly 
m arked, in the case of la te-type stars with bright lines. I t  m ay therefore 
be supposed th a t la te-type stars w ith bright lines differ from early-type 
stars with bright lines by the even greater optical thickness of their 
envelopes. In  other words, la te-tvpe stars with bright lines should 
apparently  be regarded as hot stars surrounded by very extended 
envelopes of great optical thickness in the continuous spectrum . The 
processes occurring in such envelopes can be briefly described as fol
lows. The inner p arts  of the envelope com pletely absorb the radiation 
of the star and transform  it into quanta of low frequency. A late-type 
continuous spectrum  is thereby formed, and bright lines of various 
atom s also appear. The outer parts  of the envelope are scarcely reached 
by the radiation of the star, and they come under the  action of the 
low -tem perature radiation of the envelope itself. In  these parts  there 
are un-ionised m etal atom s and molecular compounds. The la te-type 
absorption spectrum  is formed here.

I t  is correct to  say th a t the hypothesis given above is confirmed 
in its general outlines by the observational data. For example, the 
fact th a t the bright lines observed in the spectra of long-period variables 
are formed in deeper layers of the envelope than  the absorption lines 
and bands is in complete agreem ent with this hypothesis. We recall 
th a t this is shown bv the fact th a t the bright lines are screened bv 
molecular bands and the lines of un-ionised metals. Further, it must 
be rem arked th a t, a t the tim e near m aximum brightness, i. e. when 
this screening is least, the emission spectra of long-period variables 
are very similar to  those of Be-type stars, and novae a t the tim e when
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the bright lines appear. This fact m ay be regarded as a direct indication 
of a common mechanism of the excitation of emission lines in all the  
cases mentioned.

The changes in the spectra of Z Andromedae type stars are also 
in favour of the  hypothesis m entioned. These changes are so m arked 
th a t a la te-type star is converted into an early-type one. This happened 
to the  star Z A ndrom edae itself in 1939. These conversions can be 
explained by a great change in the force of ejection of m a tte r from the 
star, and a consequent change in the  thickness of the  envelope. The 
spectra of these stars are sometimes a com bination of two continuous 
spectra, one early and the  other late. In  such cases, according to the 
proposed in terpreta tion , the spectra of the  star and of the envelope 
are com parable in brightness. H ere, roughly speaking, the  red end of 
the  combined spectrum  belongs to  th e  envelope, and the  violet end 
to the star.

According to  the hypothesis in question, la te-type stars with emission 
lines m ay be converted into la te-type stars w ithout emission lines by a 
further increase in the optical thickness of the envelope. The “ typical” 
cool supergiants are apparen tly  formed in th is way. In  th is connection 
it must be pointed out th a t the  masses and lum inosities of M -type 
supergiants are the same as those of O and B -type stars. This compels 
us to  suppose th a t there is no essential difference in the internal structure 
of these stars.

For the sake of completeness, we m ay say th a t other hypotheses also 
have been advanced to explain the origin of la te-type spectra with 
emission lines. The hypothesis deserving most a tten tion  is th a t of 
L. B e r m a n " ,  who regards Z Androm edae type stars as double stars 
consisting of a blue and a red component. However, no convincing 
proof has yet been obtained th a t any  of these stars is actually  double.

4. Stellar associations. All the stars with bright spectral lines discussed 
above have very high luminosities. However, besides these, dw arf 
stars with bright lines in the ir spectra have also been revealed by 
observation. The most rem arkable of these are the T Tauri type variables. 
These stars m ainly belong to the  spectral classes G to M and have bright 
lines of H , Ca II , Fc II, etc. In  some cases, absorption lines are seen 
on the violet side of the bright lines. This compels us to suppose th a t 
an  ejection of m a tte r is taking place from T Tauri type stars, as it is 
from other stars with similar line contours.

The spatial d istribu tion  of T Tauri type stars is very peculiar. The 
consideration of this d istribution was the starting  point for V. A. 
A m h a r t s u m y a n ’s discovery and study  of a new kind of stellar system, 
the stellar associations [1 0 ].
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V. A. A mbartsumyan  pointed out th a t alm ost all T Tauri type 
stars known (up to 1947) are found in two very small regions of the sky. 
In  one of these regions, in Taurus and Auriga, there arc concentrated 
eight T Tauri type stars and about 40 other dw arf stars with emission 
lines in their spectra. As was subsequently shown by P. X. K h o i . o p o v ,  

the m ajority of the la tte r  stars are also T Tauri type variables. The 
distance of this group of stars is of the order of 1 0 0  parsecs, and the 
d iam eter of the group is of the order of 25 parsecs. A nother group of 
T  Tauri type variables, numbering seven objects, is located in the 
constellations of Aquila and Ophiuchus; it is apparently  fu rther from 
us than  the first group.

V. A. A mbartsumyan  next noticed the  fact th a t hot stars (of 
types 0  and B) also have a tendency to congregate. He and his colla
borators have discovered more th an  20 groups of such stars. I t  is p a r ti
cularly interesting th a t the m ajority  of th e  W olf-ltayet and P Cygni 
type stars, and m any Be stars also, appeared, in these groups. A character
istic example of a group of hot stars is the  system  surrounding the 
double cluster ~/w and h Persei. This system  includes some tens of B-type 
supergiants, among them  five P  Cygni type stars. The cluster is the 
nucleus of the system . The diam eter of the system  is of the order of 
170 parsecs, and its distance is about 2000 parsecs.

These groups of stars were called by V. A. A mbartsumyan  stellar 
associations (the T and 0  associations respectively). I t  m ust be em phasi
sed th a t there is a great difference between associations and clusters. 
W hereas the density in a cluster considerably exceeds the mean density 
of the  s ta r field surrounding it, th e  density of an association is small 
com pared with the field density. H owever, associations are clearly 
distinguished hy the ir partial density, i. e. the  density  due to stars 
of a definite class (dwarf stars with bright spectral lines in one case, 
O and B -typc supergiants in the  other). I t  is for th is reason th a t the 
associations were discovered as a result of observation.

The conclusions draw n by V. A. A mbartsumyan  from the  very 
fact of the existence of stellar associations arc extrem ely im portant. 
I t  is u tte rly  im probable th a t the associations were formed by chance 
encounters of stars. Consequently, we m ust suppose th a t the stars forming 
an association have been related during their entire existence. However, 
calculation shows th a t this relation is very insecure, and the associations 
should rapidly disperse owing to the tidal action of the general g ravi
ta tional field of the Galaxy. Nevertheless, they  have not yet dispersed. 
This evidently indicates th a t the associations, and therefore the stars 
in them , were formed com paratively recently. According to estim ates 
which have been made, their age docs not exceed 1 0 7 years, whereas 
the mean age of the stars is known to be 10s to 1010 years. H ence
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the stellar associations m ust be acknowledged to be very young form a
tions.

This conclusion, th a t the stellar associations are extrem ely young, 
which was derived from dynam ical considerations, is confirmed by 
astrophysical data . As we have already said, there are in the associations 
W olf-Ravet. P  Cygni, Be and o ther types of stars which eject m atter. 
The am ount of m a tte r ejected by each such sta r per year is 10~ 6 to 10“ 5 

times the  Sun’s mass. I t  is clear th a t this process cannot continue for 
more than  10c to 107 years. Consequently the stars which eject m a tte r 
m ust pass very rapidly from one stable sta te  with a large mass to another 
stable s ta te  w ith a smaller mass. However, we know th a t stars with 
masses exceeding those of W olf-Ravet, P  Cygni and Be-tvpc stars 
are exceedingly rare. H ence we m ust again conclude th a t the stars in 
question, and therefore the associations containing them , were formed 
directly  from the pre-stellar phase of m atter, and th a t this occurred 
quite recently.

Thus the form ation of stars in our Galaxy, which began several 
thousand million years ago, is still continuing. This conclusion is especial^  
im portant in th a t it contradicts theories of the sim ultaneous form ation 
of all the  stars.

The variable stars found in T associations show very irregular 
variations in brightness. It is of interest th a t the rapid increase which 
sometimes occurs in the brightness of these stars is often accompanied 
by the appearance of a peculiar “ continuous emission” , which is super
posed on the normal absorption-line spectrum . As a result, the absorp
tion lines are partly  or wholly masked. Thus the increase in brightness 
often occurs because of the sudden addition to the norm al therm al 
radiation of a non-therm al radiation having a continuous spectrum . 
It seems th a t in these cases powerful processes of energy release are 
occurring in the outer layers of these stars, and this results in an emis
sion of non-therm al radiation.

All this indicates the existence of very violent processes in T Tauri 
type stars. I t  is natu ra l to suppose th a t they  also are stars “ in course 
of form ation” .

I t  can hardly be doubted th a t the form ation of stars in an  earlier 
period in the life of the Galaxy took place through associations. Thus 
the process of the evolution o f the Galaxy m ust be imagined as the 
gradual formation of groups of stars (i. c. associations) from the pre- 
stellar m aterial. As has been said, the associations arc dynam ically 
unstable and rapidly disperse. As a result, the stars in the associations 
are interm ixed with those formed previously. The process o f evolution 
of the stars goes on a t the same time. At the beginning o f their existence 
the stars are unstable, like the associations, as is shown b}’ the ejection
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of m a tte r from them. However, as time goes on. by ejecting m atter, 
they acquire stability  and pass into the class of “ordinary" stars. I t 
is im portan t in this connection th a t the stars when formed may be 
either giants or dwarfs (in consequence of the fact th a t they  m ay be 
formed either through O associations or through T associations). In  
other words, the stars “ en te r” the spectrum -lum inosity diagram  not 
only at the head of the main sequence, but also in other parts of it. 
i. e. all along the m ain sequence.

Of the other results obtained in the study  of stellar associations, 
the most im portan t is th a t m any double and m ultiple stars are found 
in the associations. Thus, for example, the m ajority  of W olf-Ravet 
type stars seem to he com ponents of close binaries. Many of the T Tauri 
type stars have visual companions. These facts throw fresh light on the 
problem of the origin of double stars. Earlier, as is well known, it was 
supposed th a t double stars are formed either by the fission of single 
stars or by the capture of one star by another. However, we see now 
tha t even in the associations, i. c. among the youngest stars, there are 
m any double and m ultiple systems. Consequently, it is incorrect to 
suppose th a t stars acquire companions in the course of their long lives. 
In  reality, they  are formed either single or multiple. I t  is possible th a t 
there is no fundam ental difference between m ultiple stars and the 
solar system. In  th a t case, the conclusion m entioned is of im portance 
for the cosmogony of the solar system  also.

I t  is also interesting th a t there exists a great difference between 
m ultiple system s in associations and those outside. M ultiple systems o u t
side associations usually have distances between the components which 
are of different orders of m agnitude. For exam ple, triple systems are 
constructed in such a wav th a t two of the stars („4 and B) are close 
to each other, whilst the th ird  s ta r (C) lies a t a distance from them. 
The motion of the stars in this system  can be approxim ately regarded 
as a K cplerian motion of the s ta r B  round the  s ta r A,  and a Keplerian 
motion of the s ta r C round the pair AB .  Quadruple system s are sim i
larly constructed. They usually consist of two pairs of close stars with 
a considerable distance between the pairs. I t is found th a t only such 
systems are stable. I f  a m ultiple system  were formed with the distances 
between the com ponents all of the same order, it would rapidly d isin te
grate or be converted into a system  with the  distances between the 
com ponents of different orders of m agnitude (i. e. a system of the 
kind m entioned above). In  the associations, however, m ultiple systems 
are found with the distances between the com ponents all of the same 
order. V. A. A mbartsumyan  and B. E. Markakyax  call these Trapezium- 
type systems (in analogy with the well-known Trapezium  in Orion, 
which, incidentally, belongs to the Orion association). It is clear tha t
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the presence of Trapezium -type m ultiple system s in stellar associations 
is another proof th a t the associations are young form ations [11].

The fu rther investigation of stellar associations will undoubtedly 
lead to new results which arc of great im portance in cosmogony. Even 
in the next few years, it seems, we m ay expect the  problem  to  be resolved 
of the nature of the m a tte r from which the  stars are formed.



PART VII.
THE INTERNAL STRUCTURE OF STARS

Chapter 30. Basic facts

1. Statement of the problem. The problem of the internal structure 
of stars is one of the m ost difficult problems of theoretical astrophysics. 
Many aspects of it arc still unresolved. Many details have not been in
vestigated at all. Hence we shall restric t ourselves to an exposition only 
of some basic facts necessary7 to gain an idea of the m ethods of solution 
of this problem. We shall pay no a tten tion  to the variations of particular 
models of the internal s tructu re of individual types of star, which have 
been worked out on various more or less a rb itra ry  assumptions. I t  seems 
to us th a t the value of a great num ber of schem atic models developed 
in this way is extremely7 limited.

Let us consider steady7 (non-variable) stars in a s ta te  of equilibrium, 
regarding a star as spherically' sym m etrical, i.e. neglecting ro tation , 
which causes a deviation from spherical sym m etry. Then all the quan 
tities characterising the physical s ta te  of the s ta r (the tem peratu re T, 
the density7 o, the pressure p, the acceleration g due to gravity7, the flux 
II  of radiation, etc.) will be functions only7 of the distance r from the 
centre of the star. On this assum ption, the equation of hydrostatic  equi
librium is

dp/dr =  —  g n ,  (30.1)

where the acceleration due to  gravity7 is

g = G  M (r)/r2 , (30.2)

G being the constant of gravitation and M(r) the mass inside a sphere 
of radius r, and the to tal pressure p =  p(; +  Vn, where pG is the  gas 
pressure and p R the radiation pressure. N ext, it follows from the equa
tion of transfer, on m ultiplying by eos 0 and integrating, th a t

dpjjdr  =  — k n IIjc , (30.3)

if we introduce the absorption coefficient k referred to unit mass (c is the 
velocity of light).

520
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L et e(r) be the am ount of energy evolved per un it mass in unit time 
by the sources of energy a t a distance r from the centre of the star. Then 
the to ta l energy released by the sources inside the sphere of radius r is

r
L (r) — J 4 7i r- e o d r . (30.4)

o

I f  the  principal means of energy transfer inside the  s ta r is by radiation 
(as is true for the high tem peratures existing inside stars), then

L(r) =  4 7i r 2 H .

Thus equation (30.3) can be w ritten in the form

dpi(/dr =  —  k o L(r)j4 n  c r ~ , 

and equation (30.1), by (30.2), takes the  form

d ( p a  +  P J{) G M ( r )-  , = ---------- , o .dr r2

(30.5)

(30.6)

(30.7)

To these two basic equations (30.6) and (30.7), we m ust add equation
(30.4), which we write in the form

dL{r)fdr =  4 n r2 g e , (30.8)

and the  following obvious condition:

dM (r)/dr =  4 zi r- q . (30.9)

L et us now consider a gaseous s ta r; the equation of s ta te  of the m atter 
inside such a star is given by Boyle’s Law,

pG = f< e Tlfi. (30.10)

where H is the gas constant and [i the molecular weight. The radiation 
pressure is given by the formula

Pn =  i a T \  (30.11)

which holds for the internal layers of a s ta r which arc in a s ta te  of local 
therm odynam ic equilibrium. Thus, for a gaseous star, the system  of fun
dam ental equations describing its equilibrium  sta te  takes the  form

(1

dr “ n T  +  \ a r ^  a,

dM (r)/dr =  4 ji r- o , 

dL{r)fdr = 4  rr r 2 o e .

(30.12)
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The solutions of this system  of four equations for the four variables 
o, T, M(r) and L(r) m ust satisfy the following boundary conditions:

for r =  0, o =  nc , T  =  T e , M ( r ) = 0 ,  L(r) =  0 ; | ^

for r — r1 , a =  0 , T  =  0 , M(r) =  M , L(r) = L , \

where /q is the radius, M the  mass and L  the lum inosity of the  star, and 
the suffix' c denotes the value of a quan tity  a t the centre of the  star.

We introduce dimensionless variables by expressing n, T, k and £ in 
term s of their central values and L(r) and M(r) in term s of the lum i
nosity and mass of the whole s ta r:

T  — T c r ,  M ( r ) = b A w ,  L(r) =  L v  , 1
e w  V (30.14)

O - Qc Gy E — Ef. E y k =  kc /iy I

and put
r =  r1 a  |  , (30.15)

where a  is a param eter which is as yet arb itrary . I t  is then not difficult 
to  show th a t the equations (30.12) reduee to  the system

d
d | a t + (TV’

f*

d-^ /d f =  — Ax x a rjl£2 , 

dyj/df =  A, a, f 2, 

d i? /d f =  A3 a e | 2,

(30.16)

where the dimensionless param eters are

a
G M k .L

W t
; — c ,)rl r  ’ — 4 . 1  c

Pc
GM 1 -  0e

4 n G3 M2 P c  , , . .  , IT
t'l  (Hj/t)* 1   f3  "3 **> A 3  —  M  A o  ,

(30.17)

and (1 — P c ) ! P c  —  (PitlPa)c- The equations (30.16) have to  be solved 
w ith the boundary conditions (30.13) or

for £ =  0 , o =  l, r  =  1 , rp — 0,
for £ =  1 /a, ct =  0 , t  =  0 , y> =  1 .

v =  ° ;  1 

77 =  1 - I
(30.IS)

The solution of the system  (30.16) contains four param eters: Aj, A2. A3 

and (1 — f t c ) l f i c i  and four arb itrary  constants which are determ ined, for 
example, by the conditions (30.IS) a t the eentre, which enable us to  ex-
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press these four constants in term s of Aj, A2, A3 and (1— $.)//Sc. Thus the 
solution satisfying the conditions (30.18) a t the centre has the form

a, t , y>, }) =  f i(g,(l— (lc)[pc, /-i, A2, Ag) (i =  1 , 2 , 3, 4). (30.19)

This solution, however, m ust also satisfy the conditions (30.18) for 
£ =  1 /a , and this leads to four conditions of the  form

^ ( 1 /a , (1 — fie)IPe, A,, A2, A3) =  0  (i =  1 , 2 , 3, 4) . (30.20)

Solving these four equations for the  four dimensioidess param eters fy, A2, 
A3 and 1/a (the eigenvalues), we find expressions for them  in term s of the 
ratio  (1— fic)lfic- By equations (30.17), these expressions have the form

T\(L, M, rv  Tc, oc, ke, ee, ft) = 0  (i =  1, 2, 3, 4) , (30.21)

since (1— — 3 a  ?'c3/(/f//<)oc. D eterm ining oc and T c from two 
of the equations (30.21), we find

Qc, T c =  VA(L, M, rv  ke, ee, fi) (i =  1 , 2 ) ,  (30.22)

i. e. the conditions determ ining the tem perature and density a t the 
centre of the  star. Substitu ting  these expressions (30.22) in the  remaining 
two equations (30.21), we obtain  two relations of the  form

Fi(L,bA,rv ke,Ee,ii) = 0  (i =  1,2) .  (30.23)

The fundam ental conclusions of the  theory  of the in ternal structure of 
•stars follow from a discussion of equations (30.22) and (30.23).

2. The basic empirical relations. The observer characterises a star 
by th ree physical p a ram eters : its mass M, its lum inosity L  and its radius 
rv  each of which can be determ ined experim entally to  a known degree 
of accuracy. The observations show th a t, for stars of the main sequence, 
giants and supergiants (see the spectrum -lum inosity diagram , Fig. 46), 
there is an alm ost rigorous functional relation between the mass and the 
lum inosity, of the form L  ^  M". According to  the investigations of 
P. P. P a re x a g o  and A. G. M asevich  [120], the form of this dependence 
is different for the various groups of stars m entioned: for the  giants and 
supergiants, n 10/3; for stars of the spectral classes O to  G 4 (first 
part o f the main sequence), n =  3-9; for stars of classes G 7 to M (second 
part of the m ain sequence), n 2-3. For the white dwarfs, the subdwarfs 
and the subgiants, no reliable relation between the mass and the lum ino
sity  has been discovered.

O bservation also reveals a correlation between the radius and the 
lum inosity (or the mass), or between the lum inosity and the effective 
tem perature, since the lum inosity is

L — 71 a c /q2 T , 4 .
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The radius-mass relation is of the form  rx ~  M"‘, where the value of m  
is  ̂ for stars of the  spectral classes 0  to G 4; for stars of I he spectral classes 
G 7 to M, m =  i ; f»r rod giants, in =  3-4; and for supergiants, m - 3-2. 
The suhdwarfs. subgiants and white dwarfs show no correlation of this 
kind. For these stars there is only a single relation, different for each 
group, of the form L — /(M ,rj). A more detailed consideration shows 
tha t the difference in the form of the relations L  =  / ( M) and rx =  / ( M) 
for various groups of the  most widely d istribu ted  stars, and also the 
existence of only one relation for the  subdwarfs, subgiants and white 
dwarfs, is apparently  due to differences in the spatial disposition, kine- 
m atical characteristics and age of these groups of stars. This shows th a t 
the s tructu re of stars belonging to these groups is probably different also.

The theory  of the structu re of stars should yield, in accordance with 
the  observational data , two relations of the form L  =  / ( M) and rx =  / ( M) 
for each group of stars having such relations, and should explain how only 
one relation, of the form 1j =  / ( M, jq), m ay arise in general for some stars.

I t  is seen from the two equations (30.23) th a t the two relations of the 
form L  =  / ( M) and r, =  / ( M) can be obtained (by the successive eli
mination of ?q and L  from the two ecpiations, say) only if we know the 
nature of the sources of stellar energy, and therefore e, the absorption 
coefficient k inside the star, and the chemical composition of the star, 
which determ ines f t .

Since f. k and ft cannot be determ ined directly from observation, 
there is some indeterm inacy in the solution of the problem. Hence, in 
developing a correct theory of the  s tructu re of stars, investigations of 
the possible physical mechanisms of the generation and absorption of 
energy inside stars and investigations of the chemical composition of 
stars are extrem ely im portant. The data on the chemical composition 
of stellar atm ospheres are given in Chapter 5. We have as yet no similar 
data for the internal layers of the stars, bu t the intensive mixing of 
m a tte r which takes place in stars enables us to assume th a t the chemical 
composition of a star is homogeneous deep into its interior. Nevertheless, 
th is docs not rule out the possibility of some differences in the  chemical 
composition of different stars, which is also indicated by the analysis 
of the spectra of stellar atmospheres.

I f  we knew the  quantities f,, and kc, the radius and the lum inosity 
would be unam biguously determ ined when the mass and the molecular 
weight were given (this is sta ted  by w hat is called the Vogt-Russell 
theorem). Since observation shows us completely definite relations 
L  =  / ( M), rx =  / ( M), we can conclude from (30.23). w ithout any physical 
theory of the processes of form ation and absorption of energy inside 
stars, tha t for actual stars the quantities kc and them selves m ust depend 
in some way on a t least one of the param eters r x, L, M and f t  .
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The hypothesis th a t the density  of energy sources depends only on 
the  molecular weight (which m ight be the ease with natura l radio
activity) is in direct contradiction to  the facts, and m ust be rejected.

The generation of energy depends direct ly on the mass and the radius 
in the ease where it occurs by gravitational contraction. Let us consider 
this more closely. I f  cv T  =  U is the internal energy of the gas, then, by 
the kinetic theory of gases, the kinetic energy of the gas is

E k =  l  ( y - l ) U ,

where y =  cp/cr. L et ]V be the 'potential energy of a gaseous sphere (i. e. 
the work which m ust be done against gravity  to disperse a gaseous sphere 
of radius ^  to infinity), and E  — U +  W the total energy of the gas. 
N ext, for an  assembly of particles in a steady state , we have the virial 
theorem

2 E k +  W =  0 (30.24)
or

3 (y — 1) U +  W =  0 ,

and the to tal energy

E =  (3y 4) U =  -  * W . (30.25)

In the contraction, let the potential energy change by A IF (< 0 ) ;  then 
the system  loses the fraction (3y— 4)/3(y— 1) of this in the form of 
radiation, and A U = — A W / ‘i { y — 1) goes to heat the mass. I f  the 
emission of energy by the star is due to  contraction, L  =  — AEjAt.  I f  
the s ta r has contracted from infinity and has reached a radius rx a t  the 
time t , its potential energy is

W =  — q G M2/rj , (30.26)

where q is a factor depending on the  s tructu re of the s ta r and is close 
to unity. Moreover,

L i  = 3 y — 4 G M2 
3 (y -  1) q rl (30.27)

where L  is the mean lum inosity during the tim e t. From  this we can 
estim ate the time t during which a s ta r continuously em its the energy 
L  (what is called the contraction time-scale of evolution). For the Sun, 
it is found to he of the order of 107 years, and for Capella (a Aurigae) it 
is 10r> years, which is a t least 103 times shorter than  the probable 
duration of this s ta r’s existence. It is clear th a t the contraction of gaseous 
stars cannot be a t all a long-continued source of their energy.
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Hence the assum ption .appears most plausible th a t the quantities e and 
k are determ ined by processes which depend on the physical conditions 
inside the star, i. e. on the density and tem peratu re (and possibly on the 
chemical composition). In  this case the conditions (30.22) and (30.23) 
give us two relations containing only L, M. r, and //. The successive 
elim ination of and M from these relations gives us two relations of the 
form L  =  /(M ,//), r} — f(M.fi). For stars of the main sequence, giants 
and supergiants, for which well-defined dependences on one param eter, 
L  =  / ( M) and =  / ( M). are observed, these relations show th a t the 
molecular weight of stellar m a tte r either is constant, or is a function of 
the mass alone. A more careful exam ination of the  problem [120] shows 
th a t the  assum ption th a t the  molecular weight is constant for all the 
stars concerned does not m eet the requirem ents of the physical theory 
of the absorption and generation of energy inside stars (other th an  the 
giants and supergiants). For stars of the main sequence, agreem ent is 
achieved by assuming th a t the molecular weight increases tow ards the 
la te r spectral classes.

For subdw arf and subgiant stars, the two relations L =  f(M,pi), 
rl — to which we are led by the theory of stellar equilibrium  can
give us a single relation of the form L =  /(M ,/q), which is in fact observed 
for these stars. However, a still more detailed investigation of these 
stars is necessary, in order to judge the  influence of the chemical com
position on the relation observed for them  between the mass, the  lum ino
sity and the radius.

The m aterial on white dwarfs is as yet insufficient for us to form any 
reliable opinion concerning the observed relations between the mass, 
radius and lum inosity for these stars.

In  order to decide the physical nature of the processes of absorption 
and generation of energy in the stars, it is necessary to know the conditions 
(i. e. the densities and tem peratures) under which these processes take 
place. A rigorous determ ination of the tem perature and density d is tri
bution in a star, from the surface inwards, dem ands the solution of the 
equilibrium equations, for instance the system  (30.12). and this in tu rn  
requires a knowledge of the sources of energy and of the absorption 
coefficient inside the star, i. e. an impasse is reached. This problem can 
be solved by the method of successive approxim ations.

Chapter 31. The physical conditions inside stars
1. The temperatures ami densities of stellar cores. W ithout any special 

theories of the structure of stars, we can roughly estim ate the mean 
densities and tem peratures inside stars, and this gives us an idea of the 
physical conditions inside stars, to a first approxim ation.
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The mean densities, as determ ined by observation from the mass and 
radius of the star, vary  within very wide limits, from 10~6 g/cm 3 for 
la te-type giants to 10 or 100 g/cm 3 for main-sequence dwarfs. In  the 
white dwarfs, the m ean density  reaches 10Gg/cm 3; this shows th a t the 
m a tte r in white dwarfs is in a peculiar (degenerate) state. The mean 
tem peratures can be estim ated from the general virial theorem (30.24), 
according to which the tem perature is proportional to Mfrv  This gives 
us, for gaseous stars (the m a tte r in which obeys Boyle’s Law), mean 
tem peratures between some millions and some tens of millions of degrees. 
These results determ ine the range of physical conditions w ithin which 
we must study the possible physical processes of generation of energy, 
the nature of emission and absorption, the phase s ta te  of m atter, and 
so on.

Our inform ation about the tem peratures and densities can be refined 
somewhat if we consider the  structu re of gaseous stars in equilibrium, 
with the  simplest assum ptions concerning the d istribu tion  of the sources 
of the s ta rs ’ energy.

In  fact, we have seen th a t, to  solve the  equations of equilibrium 
(30.16), we m ust know the dependence of the functions x  and s' on the 
distance from the  centre of the star. The dependence of the absorption 
coefficient on the density and tem peratu re can be studied fairly sa tis
factorily. We can therefore consider, in the first approxim ation, two 
limiting cases: in the  first we assume th a t the sources of energy are 
uniform ly distributed (e =  constant), or alm ost uniformly in such a way 
th a t

k L(r)/M(r) =  constant , (31.1)

and in the second case we assume th a t all the sources are concentrated 
a t the centre of the s ta r ( e = 0  everywhere except a t the centre). The 
condition ( 3 1 . 1 )  characterises A. S. E d d i n g t o n ’s  star m odel; a particu lar 
case of this is the s ta r model with a constant absorption coefficient k 
and a constant energy source strength  e.

L et u s  first consider E d d i n g t o n ’s  model. I t  is easily seen th a t the 
condition (31.1), by (30.14), can be w ritten

h  k *  11 =  constant ,M c \p

which, since x 1 and ?;/y> -> ec MjL  a t the centre (r —> 0), becomes 
kc ec =  constant, and consequently the condition (31.1) can be w ritten

y. iffy) =  constant =  e je m , (31.2)

where =  LfM is the m ean energy source strength  inside the star.
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Dividing the first equation (30.16) by the second, we obtain, by (31.2),

and hence, integrating, we obtain  from the conditions (30.18) (er =  r  =  0 
a t the boundary)

o r + 1 ~ Pet i =  >  r 4 . (31.3)
Pc /-1 Fc

According to  (30.18), we m ust a t the same tim e have the conditions 
o  =  I ,  t  =  1 fulfilled at the centre, and consequently

Ai =  / W e e - (31.4)

Substitu ting  the expression for Aj from form ula (30.17), we obtain

l — pc =  ke eel47tcG.  (31.5)

Consequently, equation (31.3) can be w ritten

a  =  t 3 ,

and th e  first equation (30.16) takes the form

4 d r  w
pe df =  — r- ■ (31-6)

Substitu ting  y> from this in the th ird  equation (30.16), we have

1 d / „  d r \  _  _  '-tPc 3 
f* d f  ^  <\e} -  4 T (31.7)

We introduce a new variable

V =  l '( i  h P c ) £ -  (31.8)

Then equation (31.7) takes the  form

;  a", « ) ’ - * • •  (31.9)

This is called E m den’s equation with index 3; it is a particular ease of 
E m den’s equations

1 di]2 dij  \  ' d tjJ =  —  T",
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which determ ine the  tem perature d istribution in poiytropic gas spheres, 
i. e. gas spheres in which the gas pressure and the density a t every point 
of the sphere are related by the equation

p  o1+(i/'0 _

Wc require a solution of this equation which satisfies the conditions 
(30.IS): r  =  1 a t the centre (?; = 0 )  and t  =  0 for some rj =  7ft. Such a 
solution exists for any n in the range 0 <  n  <  5, and is characterised 
by values of ?ft and {drjdi]),h which are com pletely determ inate if n is 
given. For n — 3,

?ft — 6-S97 , oj0 - rft2(drjdrj)ni =  — 2-01S . (31.10)

These two conditions determ ine two more eigenvalues, a  and ?.2. For 
a t  the boundary we m ust have ip =  1, and from (31.G) and (31.S) we have

V =  —
4

P c
£2

dr  _  
d£

4 \ 3''2 1 „ dr
P c )  T  ’

and consequently the  condition th a t y> — 1 for 77 =  r]1 gives us

=  (4/&)3 (o02 , (31.11)

or, according to  the  definition of / ,  (30.17),

1 ~ P c  =
1

43 wua
4 rt G3 a 

3 / /  * /  P c 1 M2 (31.12)

This is E d d i n g t o n ’s quartic  equation determ ining fic from the mass M 
and the  m olecular weight p.  Furtherm ore, the condition 77 =  ?ft (31.10) 
a t the  boundary (£ =  l/a )  gives us, by (31.S),

a  =  1 = 4 m 0/7 f t& , (31.13)

if wc take account of (31.11). Substitu ting  a  from (30.17), we obtain, 
instead of the condition (31.13),

7 <• ’h 
4 co0 P c  V

G M
Hr, ’ (31.14)

which determ ines the tem perature a t the centre of the star. The density 
a t the centre is determ ined from the condition

II
I1 Q c  = (31.15)

Thus, instead of four conditions of the form (30.21), wc have obtained, 
essentially, only three, (31.5), (31.12) and (31.14); the param eter / 3

34 Astrophysics
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remains indeterm inate, because there is no definite physical mechanism 
for the generation of energy in Eddington's theory. In  the case of a 
uniform distribution of energy sources, e c =  e m =  LjM, and the  con
dition (31.5) can be rew ritten

so th a t the condition (31.12) will be the required relation between the 
mass and the lum inosity of the s ta r if kc is known. Eddington determ ines 
the value of 1 — fie for one of the stars whose masses arc well known 
(for instance Cape 11a) from equation (31.12), taking /< =  2. Then, from 
the  known lum inosity, he finds kc from equation (31.16) and, taking 
this value of kc to be the same for all stars (of the main sequence), he 
constructs the theoretical m ass-lum inosity relation [from the conditions
(31.12) and (31.16)], which agrees w ith the observed relation for stars
of the main sequence and for giants. 1 f, however, the absorption coefficient 
kc is calculated by means of the expression given by the theory, with 
T c and qc obtained in Eddington's model from form ulae (31.14) and 
(31.15), the value found is 20 times less than  the  previous ‘•'astronom ical” 
value. To reconcile the two values, it has been necessary to take the 
molecular weight /i & 1, i. c. to assume a considerable preponderance 
of hydrogen (about 30%  by weight) inside the star, which agrees with 
the  analysis of the chemical composition of stellar atm ospheres. For the 
centre of the Sun, values of Tc sw 20 x  10fi degrees and oc =  70 g/cm 3 
are then  obtained. The decrease of /i to 1 leads to  the resu lt th a t, for 
stars of mass less than  10 Mg (which form the m ajority), the p a rt played 
by radiation pressure can be neglected in comparison with the gas 
pressure [for such stars /?c 1, as is shown bv calculation from formula
(31.12) ]. Hence, combining formulae (31.16) and (31.12), we obtain

If  we take for kc here the  expression given by a theory of absorption 
processes, for example K ram ers’ Law

then, by (31.14) to (31.16), equation (31.17) becomes one (of the necessary 
two) relations of the form (30.23) between the mass, the luminosity, the 
radius and the molecular weight [instead of E ddington’s simple relation 
between the mass and the luminosity only (7 v ~ M 3)].

B. Stromgken has discovered that this relation can be brought into 
agreement with observation by assuming that the molecular weight 
varies from star to star as we pass along the spectrum-luminosity diagram, 
owing to a change in the percentage content of hydrogen. To sec this,

1 — Pc — kc L j4 7i cG M , (31.16)

L  ~  /i4 M3/ ^  . (31.17)

(31.18)
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it  is necessary to determ ine a by means of (31.17) and (31.IS) for a series 
of stars with known M, r1 and L, i. e. to solve an equation of the form
(30.22) for /i. Such a procedure shows th a t, if we take the helium content 
as zero, the  hydrogen content of the  stars can vary  from 10 % to  50 %, 
lying mainly in the  region of 30 %. It is seen from (31.17) th a t, since for 
actual stars a relation of th e  type L <—■ M:! holds approxim ately, // will 
change only slightly, even for considerable changes in the absorption 
coefficient kc (/<4/ke remains approxim ately constant).

I f  now we take another limiting hypothesis and assume th a t all the 
energy sources are concentrated a t the centre of the star, and th a t the 
absorption coefficient is determ ined by some physical law, such as 
(31.18), the appropriate calculations show th a t  in this case the tem pera
ture  a t  the centre of the Sun is of the order of 20 X  10° degrees, and 
the density  o za 50 g/em 3, i. c. alm ost the same values as for the model 
with a uniform distribution of sources. As with Eddington s model, 
there exists in this case a very similar unique relation between M, L, 
rj and fi of the type (30.23), differing from th a t ju s t considered only in 
the numerical values of the dimensionless param eters. Numerous in
vestigations of star models in interm ediate cases (between the case of 
uniform distribu tion  of sources and th a t of a point source) lead to  results 
similar to  those given by these two limiting cases.

Thus we arrive a t an im portan t resu lt: the d istribution of the energy 
sources inside a gaseous s ta r does no t essentially affect the values of the 
tem perature and density  a t  the centre. The physical conditions insidp 
the s ta r are considerably affected only by the chemical composition 
of the m atter and the mode of generation of energy in the s ta r’s interior.

2. The absorption coefficient of stellar m atter. A t tem peratures of 
the order of 10® to 5 X  10" degrees K , the radiation of the s ta r will be 
largely short-w ave, similar to X-rays. The absorption of rad ian t energy 
in stars may occur by three processes: (1) the photo-ionisation of atom s 
of metals, which re ta in  the K . L, . . . shells, (2) hyperbolic transitions of 
electrons under the action of the radiation field, in the fields of nuclei 
and of ionised atoms, from an orbit with a smaller energy to  one with 
a greater energy, (3) Compton scattering of radiation by free elections. 
To calculate the absorption coefficient, we m ust know the chemical 
composition of the stellar m aterial. Owing to  the high tem perature, the 
light elements inside stars are com pletely ionised, and for to tal ionisation of 
atom s with atom ic weight A and c h a r g e t h e  mean molecular weight will be

fl =  A/(Z +  1 ). (31.10)

Since, for the m ajority  of elements (apart from hydrogen and helium), 
A as 2 Z, the mean molecular weight of com pletely ionised elements is 
approxim ately 2 (for hydrogen it is i ,  and for helium J).

34*
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The high tem perature inside a star, which causes the high ionisation 
of stellar m aterial, also has the result th a t the stellar gas, even a t high 
densities, retains the properties of an  ideal gas-, since the distances 
between free particles (atomic residues and free electrons) are fairly large 
compared with the dimensions of the particles themselves, the interaction 
between them  can be neglected.

However, the ionisation inside stars is incomplete, and the content 
of hydrogen and helium in the stars is very high. L et xz be the concen
tra tion  by weight of an elem ent with atomic num ber Z, so th a t in 1 cm 3 
there are q xz grams of elem ent rZ. The m ean num ber of independent 
particles (ions and electrons) in 1 cm3 is N y =  o xz jmz , where ihz is the 
mean mass of a free particle of elem ent Z, cacli atom  of which is divided 
into nz independent particles; it is evident th a t

Consequently

tnz — wij{ A zjnz . 

]\z =  q xz nz jrnn A z ,

and the to tal num ber of independent particles is obtained by summing 
N z  over all Z.

Since the gas pressure p  =  N  k'T - k o  T / f i  m u , the mean molecular 
weight

p =  \ l l ( x z nz lAz ).  (31.20)

Let the concentration of hydrogen by weight be A”, and of helium be ) r, 
so th a t the concentration of the remaining elem ents is I — A” — Y. Then, 
denoting X n z/Az for the remaining elements by n n (for hydrogen 
nz fAz =  2, and for helium 3), it is easy to see th a t

M =  I/[2  A +  3 Y +  n Yi(I -  A  -  Y)] . (31.21)

The value of n R is calculated from th e  theory of the  ionisation of the 
Iv, L, M, . . . shells of the atom s with the known chemical composition.

The relative content of various elem ents in a s ta r is such th a t, by 
num ber of atom s in unit volume, there is approxim ately  1000 times as 
much hydrogen as metals, and the  relative content of the m etals is 
d istribu ted  as follows:

K  Xa A1 Ca Cr Mg Fe Si
50 I2G 20 40 10 470 120 150

The estim ates of the oxygen and helium eontents are unreliable, but, 
according to contem porary d a ta  for the solar atm osphere, we should ex
pect a high helium content (over 20 % by weight), and for stars of class II 
the helium content may be com parable with the  hydrogen content.
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The theory of the structu re  of stars begins, in the first approxim ation, 
from the  hypothesis th a t the  chemical composition is invariable, and 
takes the relative content of th e  metals to be the same as in Table 1 for 
stellar atm ospheres (sec Section 5.1). This makes it possible to calculate 
the m ean molecular weight and the absoqdion coefficient of stellar m a
terial. Thus, a value very close to 1- is obtained for the quan tity  n !; 
appearing in (31.21), and a somewhat sm aller value if the heavy elements 
are more abundant inside stars th an  in the ir atmospheres. In  general, 
the hydrogen content, followed by th a t of helium, has the greatest effect 
on the value of /i. I f  there is no hydrogen inside the stars, then  /< is 
close to 2; if hydrogen is as abundant inside the stars as in their atm os
pheres, then  /t is close to  unity , since the  hydrogen content is close to 
35 % bv weight (for exam ple, in the Sun’s atm osphere).

The effective cross-sections and the  absorption coefficient for ab 
sorption processes due to bound-free and free-free transitions of electrons, 
and also to scattering by free electrons, are calculated from quantum  
mechanics for hydrogen-like atom s of metals.

The results of these calculations m ay be briefly form ulated as follows 
(for details the reader should refer to S. C i i a n d k a s k k u a r ’s book [2S, 
p. 261]). A lthough the content of hydrogen and helium in the stars may 
be very considerable, the  photoelectric absorption produced by the  atoms 
of these elem ents does not p lay  an im portan t part, owing to the ir alm ost 
to tal ionisation, and the principal cause of absorption is formed by p ro
cesses of photo-ionisation of metals', th is constitutes the  chief difference 
between the absorption processes inside stars and the  continuous absorp
tion processes in stellar atm ospheres, where the  photo-ionisation of hydro
gen plays a leading part. However, hydrogen, helium and the nuclei and 
ions of light elem ents absorb also by means of free-free transitions. The 
am ount of absorption due to these processes is small com pared with the 
absorption by photo-ionisation of metals. A t high tem peratu res, the a b 
sorption due to th e  scattering by free electrons becomes comparable 
with, and even predom inates over, th a t due to the  photo-ionisation of 
metals. A more detailed investigation shows th a t, in th e  density  range from 
0 01 to 10‘ g/cm 3, the absorption is determ ined m ainly by the photo- 
ionisation of the Iv shells of atom s for tem peratures less than  107 degrees Iv ; 
a t tem peratures above about 108 degrees, the  absorption is entirely  due 
to scattering by free electrons. In  the  tem perature range from 107 to 108 
degrees K, the p a rt played by scattering by electrons is the greater, the 
lower the  density. F urther, a t high densities (from 102 g/cm 3 upw ards), 
the absorption coefficient varies according to the law

(31.22)
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and is almost independent of the density  n. For low densities (from 0 01 
to  10) the dependence has approxim ately the form

A -~ p /7 ’7'2 , (31.23)

although the power of T  varies considerably with the tem perature, 
reaching its g reatest value of 0/2 a t tem peratures of about 101’ degrees K. 
At lower tem peratures the absorption is due mainly to the photo-ionisa
tion of the L shells of m etal atoms, and for tem peratures a t which the 
L shell is largely complete the  problem of calculating the absorption 
coefficient becomes extrem ely difficult, since in this case it is no longer 
possible to use the m ethod of calculation based on the analogy with 
hvdrogen-like atoms. Conversely, a t very high tem peratures, as was said 
above, scattering predom inates, and the  absorption coefficient is prac
tically independent of the density and tem perature, so th a t

k fta constant. (31.24)

The effect of the chemical composition on the absorption is due es
sentially to  the hydrogen content alone, and th a t only a t fairly high tem 
peratures: the g reater the hydrogen content, the smaller the  absorption 
coefficient.

Thus the  dependence of the absorption coefficient on the physical 
conditions inside a star cannot be represented by one simple analytical 
function [such as formula (31.23), or formulae (31.22) and (31.24), which 
hold only in restricted  cases, when the  m atter is m arkedly degenerate 
and for very high tem peratures respectively]. We m ust therefore have 
recourse to  numerical methods.

3. The sources of stellar energy. Let us now consider the subatom ic 
processes of liberation of energy which m ust take  place a t the tem pera
tures and densities of stellar interiors considered above. As has been 
said, the generation of energy inside the stars cannot be explained by the 
process of natu ra l radioactivity  (a-decay). There is, however, another 
mode of energy generation, indicated by present-day nuclear physics. 
This consists in nuclear transform ations leading to a synthesis of more 
complex atomic nuclei. This process is well known in nuclear physics, 
a classical exam ple of it being the reaction

"X + iHe 'sO + }H :

the  transform ation of nitrogen into an isotope of oxygen by bom bard
m ent of nitrogen nuclei with a-particles. A nother example of such a 
process is the reaction which led ] rkkk and F rederic  J oliot-Curie 
to the discovery of the neutron:

Jlle -f- ilde —> !oC -f- \n -j- y.
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i.e. the  transform ation of a beryllium nucleus into carbon by bom bard
ment with a-particles (here a y-quantum  and a neutron arc produced). 
Similar transform ations arc also observed when lithium  nuclei are bom
barded by protons, c.g.

lU  +  }H -> 2 tRe .

A t the present time numerous nuclear reactions are known which are 
accompanied by the transform ation of elements. All these reactions re
quire the particles participating in them  to have large energies (thou
sands or hundreds of thousands of electron-volts), which are com muni
cated to charged particles, under the  conditions existing in a terrestrial 
laboratory, by passing them  through the electric fields produced in 
c)Tclotrons. In  N ature, however, particles will acquire such energies if 
they  are p a rt of an extrem ely hot gas.

Let us consider this more closely. For nuclei to  react, it is necessary 
th a t they  should be able to approach one another closely. I f  it is necessary 
for the nuclei to approach to a distance a, the kinetic energy of their 
relative motion m ust be a t least Z { Z2 (‘-/a, where Z x c and Z., e are the 
charges on the nuclei. The mean energy of the therm al motion of the 
nuclei is 3 kT/2,  and the energy of the relative motion of the nuclei as 
they  approach is 3 k rl \  From  the condition

Z x Z 2 e2la 3 k T

(where a sa 10“ 11 cm is the upper lim it to the distance a t  which the 
nuclei can reaet), we find

T  sw 5-5 x  107 -Zj Z 2 ,

i.e. the tem perature a t which reactions can take  place has its smallest 
value for two protons (Z — 1), and is then 55 X 10° degrees. A t such 
a tem perature, the m ajority  of protons approach to a distance of ap 
proxim ately 10- n  cm, bu t such encounters do occur a t lower tem pe
ratures also (of the order of some millions of degrees), since there is 
always a certain num ber of particles w ith energies above the average (the 
velocity d istribu tion  follows Maxwell’s law). Even th is rough estim ate 
shows th a t, in the tem perature range in which wc are interested, nuclear 
reactions should occur, although they  will be predom inantly reactions 
between the nuclei of light elem ents (Z small). I t  is natural to ask im 
m ediately w hether nuclear transform ations can serve as a lasting source 
of the energy of the stars, and if so, w hether such reactions exist which 
give the mean o u tp u t of energy, proportional to LjM, observed for the 
stars. A very simple reaction between light elem ents is the formation of 
helium nuclei from hydrogen. The mass of a hydrogen atom  is 1-00813
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mass units, and th a t of a helium nucleus is 4-00386 mass units. Hence, 
in forming a helium nucleus from four protons, the energy evolved is

A E  =  (4 x  1-00813— 4-00386) c2,

and in transform ing 1 gram of hydrogen into helium the  energy evolved is

AEjm u =  2-57 X 1019ergs/g ;

here c is the  velocity of light and 7na is the mass of a proton. The Sun 
em its approxim ately 2 ergs/g see, and consequently the  transform ation 
of all the  hydrogen in the Sun into helium would take about 1011 years. 
In  th is process the Sun’s mass rem ains practically unchanged. We see 
th a t nuclear transform ations are able to  give the  necessary duration  of 
radiation from the stars, and even one which is a t  least tw o orders of 
m agnitude greater th an  th a t found from geological d a ta .

L et us now exam ine the  question of whieh nuclear processes can give 
the  observed ou tpu t of energ)'; to  do so, we m ust consider somewhat 
more closely th e  mechanism of these reactions.

For th e  probable num ber of collisions per un it tim e of nuclei whose 
energy of relative m otion is in the  range E  to  E  +  dE  and of whieh i\’j 
and iV2 are contained in un it volume, kinetic theory  gives the formula

dZ 2 ^ ^
(A T )3'8 M

— E jkT
E  d E  =  JV, N ,  a(E) W(E)  d E, (31.25)

where il/ =  wq +m .,), and a(E)  is the  effective collision cross-
section. I f  the  collision is accompanied by a reaction, then  a{E) is the 
effective cross-section for the corresponding process, i.e. the probability  
of th ree events: the collision of the two particles (probability l i2, say), the 
penetration of one particle through the  potential barrier surrounding the 
nueleus of the o ther particle (probability G, say), and the reaction fol
lowing the  incidence of the  particle on the  nueleus (probability F, e.g. 
the probability  of jd-deeay or of the emission of a y-quantum ). Thus

o(E) =  l l 2 G F. (31.26)

The to ta l num ber of reactions in 1 em 3 is

CO

p =  .V, iV, /  a{E) W{E) d E . (31.27)
o

The probability  of the  penetration of a charged partielc into the nueleus 
is calculated by means of the equations of wave mechanics applied to the 
theo ry  of a-deeay.
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I f  we assume th a t the  interaction potential of the two nuclei has the 
value

F(r) =  Z x Z 2 e2/r for r >  r0,

=  F 0 for r <, r0,

so th a t F0 =  Z x Z., r 2/r0 is the  “heigh t” of the poten tial barrier, then  
calculation gives

G
— I F

F =_  M) z xZ2
1 E 9{x) (31.28)

where x =  E jV 0, and g(x) is very close to I n  for energies E  <<; 106 eV 
(the energies w ith which we are concerned). Substitu ting (31.25), (31.26) 
and (31.28) in (31.27) and effecting the  integration, we obtain  for the 
num ber of reactions in 1 g of m atter

P =
0 3/j ! rz r

35/2 m2 h a E 2 exp [4 ]/ (2 R/a)] r 2 e (31.20)

where a is B ohr’s radius

a =  h2/4 7i9- M Z l Z 2 ,

x x and x2 are the  concentrations of the  reacting nuclei by weight 
(A7 =  x/A  m n ), and E  is the to ta l radius of the reacting particles

E  =  1-6 x  10-13{Ax +  -do)1̂3 cm •

The q uan tity

r  =  3 (27tl M  e4 Z x 2 Z . 2jh2 k  T)1''3 . (31.30)

For the number of thermonuclear reactions we can use the formula given 
by H. A. B etiie ,

where

p =  5-3 x  1023 o Xj x2 r 0 ( Z v Z2) r 2 e~T, (31.31)

0  = 1
A xA2{ZxZ2A?

8 R'j2 1 (8Rla)

r  =  42-7 (ZXZ2)213 (A jT )1!3 , A =  Mjmn (31.32)

The probability  F  can be determ ined from experim ental data  [2S, 
Chapter X II]. By means of these formulae and the experim ental data, 
B eth e has carried out a detailed study of nuclear reactions in a m ixture 
of all the elem ents a t tem peratures of from 20 to 40 million degrees; 
here it was sufficient to consider only the light elements, since the greater
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repulsive forces between the nuclei of the heavy elem ents give rise to 
a negligible probability of reactions involving them  [see (31.28)]. It must 
be m entioned a t once th a t, for the density and tem perature range which 
we are considering, the synthesis of elements heavier than  helium by 
nuclear reactions is impossible, since 5Li and 5He are unstable with re
spect to radioactive decay. Hence the heavj' elements now existing in 
the stars must have been there in the early life of the stars also.

T1 ic simplest reaction is the form ation of deuterium  from two protons:

iH  + } H - I H  + e + ,  (31.33)

where e+ is a positron. [The positron rapidly combines with an electron 
to  give y-quanta, so th a t two protons and an electron, as a result of the 
reaction (31.33), give a deuteron and y-quanta .] Tf a star, a t the tim e of 
its form ation, consisted entirely of hydrogen, the reaction (31.33) would 
be the first- stage in the synthesis of elements. The num ber of deuterons 
formed, however, is very small, as is shown by calculation, until the 
tem perature reaches several million degrees. Furtherm ore, the deuterons 
formed enter alm ost instantaneously into a reaction w ith other protons, 
leading to the form ation of a-particles according to the reactions

}H +  [H  —> oHe -j- y , (a) |
(31.3-1)

}H +  ;>He —> oHe +  e+‘. (b) I

Calculations of the duration of the reaction (31.33) and (31.34), by means 
of formula (31.31), show th a t reaction (a) occurs 1018 times faster than  
the reaction (31.33), so th a t each deuteron produced will have an ex
trem ely short life, and  only about one deuteron will be in statistical 
equilibrium  with 1018 protons. A further com bination of protons with 
He is impossible, since the GLi formed is unstable. The subsequent for
m ation of 2He occurs much more rapidly than  the reactions (31.34), ac
cording to the following chain of reactions:

iH c +  .tHe -> jB c +  y , (e)

^Be —> ^Li +  e+ , (d)

}H +  ^Li —> 2 oHe . (e)

(31.34)

The ra te  of transform ation of protons into a-particles by the fivc-inem- 
bered chain (31.34) (a) to (c) depends entirely  on process (c).

If p is known for the react ions, then, by calculating the ehangc in the 
binding energy in the reaction, we obtain the energy from one reaction 
AK =  Am c2, and hence the  energy per grain

e. — j> A m c- .
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For the reaction considered, a t a tem peratu re of 20 X 10r’ degrees 
and  a density of about 100 g/cnr1, £ is found to be about 2 ergs/g sec, if 
no o ther reactions contribute to the value of e. Thus the  form ation of 
helium nuclei by means of the reactions (31.34) [and (31.35) below] can 
make a considerable contribution to the mean value of e for the Sun 
(2 ergs/g sec), although the actual ou tpu t of energy in the central parts 
of the Sun m ust be appreciably greater, owing to the increase of the 
tem perature tow ards the centre.

I t  has been m entioned above th a t, a t tem peratures below a million 
degrees, dcuterons arc formed in very small am ounts, and a t tem peratures 
of several million degrees, as is shown by calculations of the probability  
p of the reactions, the most efficient reactions are those of th ree light 
elem ents, lithium , beryllium and boron :

“Li +  j H - ^ H c  +  42He;

73U  + } H - ^ 2  oHe ;

°Be +  \ R  -j^Li +  2 He ;

'OB + \ K ^ naC + y ;

“ B + } H ^ 3 o H e ;

(31.35)

the last reaction begins a t T  =  20 X 106 degrees. However, all these are 
short-period reactions (about 10:l years), and are capable only of conserving 
the s ta r’s energy in the early stages of a rise in its tem perature, for 
exam ple by contraction; none of th e  reacting elements is renewed here: 
they  are all “ burn t u p ” , in the central p a rt of the  s ta r first of all.

After hydrogen and helium, when lithium , beryllium and boron are 
exhausted, carbon and nitrogen are the lightest elem ents; each of these 
has two stable isotopes. All the four nuclei can capture a pro ton; in two 
cases, the resulting nucleus is radioactively unstable. The corresponding 
reactions are

(“ ) ’SC +  }H - 137X + y (2-5 million years)

(b) 13-X-*-7l\ - s ’SC +  e+ (9-9 minutes)

(c) “ C +  -> “ N +  y (50 thousand years)

(d) +  }H ^ ’| 0  +  y (4 million years)

(«) 13X +  e+ (2-1 minutes)

(f) “ X +  }H " 0  +  y  ° r

(g) " X  +  }H ^ ’Sc - f o l le (20 years)

(31.36)
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Consequently, if the  reactions (a) to (e) lead to reaction (f), an oxygen 
nucleus *§0 is formed from a carbon nucleus with the  emission of 
three y-quanta and two positrons; if reactions (a) to (c) lead to reaction 
(g), the carbon nucleus is restored and the  net result is th a t a He nucleus 
is form ed from four protons w ith the  emission of th ree y-quanta and 
two positrons.

The reaction (g) is a million tim es more probable than  (f), so th a t, 
out of a million carbon nuclei, only one is lost by reactions following the 
sequence (a) to (e). In  all o ther cases the carbon nucleus is restored and 
takes p a rt in a new cycle of the same reactions.

Such a cycle of reactions, in which one o f the reagents is restored, is 
called catalytic: the reagent in the  cycle (31.36) only “ assists” in the 
synthesis of a helium nucleus from the  protons, i. e. it is a catalyst. We 
may notice th a t all the  reactions in the  cycle (31.36) have been discovered 
in the  laboratory, and the ir probabilities can be estim ated experim entally 
also. The mean intervals between successive reactions, a t  tem peratures 
of the order of 20 x  106 degrees Iv and a density  of abou t 100 g/em 3, 
are given in parentheses. Thus, the tim e for the whole cycle under these 
conditions is approxim ately 6-5 X 10G years.

In  order th a t the o u tp u t of energy from this cycle of nuclear reactions 
(called the  carbon cycle) should be o f the order of 100 erg/g sec (with 
th is energy ou tpu t a t  the  centre of the Sun, th e  mean energy output 
per gram  of mass would be of th e  order of several ergs per gram  per second), 
i. c. should be sufficient to conserve the Sun’s energy, it is necessary 
th a t  nitrogen and carbon should each form abou t 0-5 % (by weight) of 
the  to tal composition of stellar m atter. This agrees quite well w ith the 
results on the relative abundance of these elements in the Sun’s atm os
phere.

Similarly, we can consider the  duration, under the same physical 
conditions, of the reactions for th e  capture o f a pro ton  by oxygen and 
by heavier elements. Calculations of the value o f p, carried ou t by
H. A. B e t k e , show th a t for oxygen the duration  of the  reaction is 
1012 years, for fluorine about 3 x  107 years, for neon approxim ately 
2 x  1013 years, and for heavier nuclei even longer. The energy output 
in these reactions is in general lower than  in th e  carbon cycle, and all 
the reactions involve the disappearance of elem ents; consequently they 
cannot be of im portance.

Thus the source o f the energy of the main-sequence stars m ay be 
the carbon cycle of nuclear reactions. In  the  early stages of a s ta r ’s 
evolution, the reactions of hydrogen w ith the light elem ents Li, Be and 
B may be a source of energy, though a very short-lived one. Contem 
porary  theory has not yet given a satisfactory explanation o f the  sources 
of energy in g ian t stars.
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1. The structure of stars of the main sequence. We can now a ttem p t 
to solve the problem of th e  structu re  of stars the  source of whose energy 
is nuclear reactions of the  type considered above, and in which the ab
sorption is caused by the photo-ionisation of m etals and scattering by 
free elections. The system of equations (30.12) now contains no unknown 
param eters or functions: the absorption coefficient is determ ined, for 
exam ple, by formula (31.23), or by tabu la ted  values, for the whole range 
(of tem peratures, densities and relative abundances of metals) in which 
we are in terested , and the strength  of the energy sources is determ ined, 
for instance, by formulae (31.31) and (31.32) for the carbon cycle of 
nuclear reactions. The solving of the system  (30.12) in this case is a 
laborious process of numerical integration, which often has to be re 
peated until a value is found for the molecular weight ju for which the 
calculation, w ith th e  given mass M, gives the  correct values of the lum i
nosity L  and the radius i\ observed for the given star. I t  is found th a t 
such an agreem ent cannot be a tta ined  only by a change in the  percentage 
content Ar of hydrogen; it is necessary also to  take into account the con
ten t Y  of helium. This circumstance is a t once clear if we consider the 
two fundam ental conditions (30.23): since kc and ec in this case depend 
on oc and T c, i. e. they  are functions of L,  M and t\, the two conditions
(30.23) are two relations between M, L  and only, which in general 
cannot be sim ultaneously satisfied for a given set of th ree values of L, 
M and r,, with only one param eter /<. The solution becomes possible only 
if the relations (30.23) are two relations of the form

F(L,  M, rv X , Y) =  0.

I f  the stars were not all formed simultaneously (a supposition which 
is strongly supported  by observation), it is unreasonable to  expect the 
same relative content of hydrogen and helium in stars in very different 
stages of evolution, if only beeause the  conversion of hydrogen into 
helium is the only source of stellar energy.

The analysis of the chemical composition of stellar atm ospheres shows 
a considerable abundanee of helium there also (sometimes as much as 
00% ), and there is no reason to suppose th a t the  chemical composition 
inside the stars differs m arkedly from the composition of the stellar atm os
pheres, since there is strong mixing of the m aterial in stars. Moreover, 
calculations show th a t it is possible to  construct a model of a main- 
sequence star, with the carbon cycle, only for a perfectly definite content 
of hydrogen and helium. The theoretical estim ates of the hydrogen and 
helium contents thus obtained are in agreem ent with direct estim ates of

541
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the content of them  in stellar atm ospheres. For the Sun, in particular, 
values are obtained for the hydrogen content from 35 to 00% , and for 
helium from 25 to 50%, the content of m etals being from 5 to 12%,.

Here, however, it is found th a t close to  the centre of the star the 
condition of radiative equilibrium  is violated, since the tem perature 
gradient calculated from the equations of radiative equilibrium exceeds 
the adiabatic tem perature gradient (an effect similar to the appearance 
of a hydrogen convective zone beneath the s ta r ’s photosphere). 'Phis is 
due to the concentrat ion of the energy sources close to the centre of the 
star, which is very m arked for therm onuclear reactions, owing to the 
great sensitivity  of the energy ou tpu t to  changes in tem perature [sec
(31.20)]. The approxim ately steady s ta te  in such a central convective 
zone can be described as a s ta te  of convective equilibrium  in which the 
system  of convective currents established does not destroy the radial 
sym m etry of the d istribution of physical variables. In  this case, the d e 
pendence of the pressure on the  density and tem perature is determ ined 
by the adiabatic equation of the stellar “gas” with some ratio  of specific 
heats. This ratio  of specific heats of the stellar gas can be obtained from 
the  adiabatic equation

dE  +  p  d r  =  0,
where

P =  It Q T l fi +  I a T* ,

E  = c „  T  +  v a 7'4;

here v is the specific volume. Substitu ting  the values of p  and E  in the 
adiabatic equation, we have, after some elem entary transform ations,

d T j T  +  (/%— l)dv/v =  0
or

dp/p +  I \  dv/v =  0,,
where

r a =  i + (4-3# (y - 1)
0 + 12 (y — 1) (1 -0) ’

/ ’ _ o \ ( 4 - 3  0)» ( y -  1)
1 P P + 12 (y - 1) (1 - P) ■

I f  0 =  1 (stars of the  main sequence), F 3 =  1\ =  y = cpjcv, the ratio 
of specific heats of the  gas, and we have an adiabatic change of sta te  
of a single gas w ithout radiation. I f  0 — 0, /% =  7% =  4/3, and we 
obtain  the well-known expression for the adiabatic expansion of 
a single radiation along the adiabatic of index 4/3. Since hydrogen and 
helium predom inate in the chemical composition of the  stars, the 
value of y  (for 0 =  1) will be very close to 5/3.
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The argum ents given here eonecrning the central convective /one 
in the  stars are, of course, very rough, since they  are based on a simpli
fied conception of adiabatic convection. In  reality, the convective 
phenom ena inside stars are considerably more complex, since they 
m ust be accompanied by heat exchange and turbulence. If  these factors 
are taken  into account, a different criterion of the onset of convection will 
be obtained. However, this question has hardly been investigated as yet.

In  conclusion we
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above by A. G. 
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and the to ta l energy distribu tion  rj =  L(r ffL^.  (The row m arked with 
an  asterisk gives the values a t the boundary of the convective core.)

Table 28

A

1
o
3
4
5
6
7
8 
9

10
11*

12

rIrQ T  X 10-« (?(g/cm3) M(r)/M0

1000 0 006 0-000 1-000 1-00
0-932 0-044 0-000177 1-000 1-00
0-79.7 0-18 0-0129 1-000 1-00
0-676 2-20 0-110 0-993 1-00
0-472 5-06 1-91 0-911 1-00
0-358 7-78 7-84 0-743 1-00
0-295 9-77 15-7 0-586 1-00
0-262 11-00 22-0 0-482 1-00
0-204 13-40 36-1 0-294 1-00
0-169 15-03 45-5 0-189 1-00
0-148* 16-11* 49-9* 0-133* 0-99*
0-000 20-70 71-6 0-000 0-00
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I t  is seen from this table th a t all the energy is produecd in a very 
small region a t the centre (about 15% of the radius and 13% of the 
mass of the star). Fig. 74 shows graphically the dependence of n, 
M and T  on r.

For giant stars, as we have said, a num ber of difficulties arise in 
determ ining the energy sources; it is no t necessary to discuss here the 
a ttem p ts th a t have been made to evolve a theory of the  s tructu re of 
these stars. The situation  is different for the  w hite dwarfs, the  theory 
of whose s truc tu re  is given in the nex t section.

2. The theory of the structure of the white dwarfs. The w hite dwarfs 
arc stars with very high mean densities, up to the order of 106 g/cm 3. 
Owing to  the  high ionisation inside the  stars, the gas retains the p ro 
perties of an ideal gas, obeying Boyle’s Law, up to  densities of about 
102 or 103 g/cm 3; at higher densities a degeneracy sets in, a t first of 
the electron gas, and la ter (for densities greater than  105 or 10s g/cin3) 
of the heavy particles. In  this case the gas obeys Ferm i statistics. 
In  conditions where both the  electrons and the heavy particles are 
degenerate, the pressure of the electron gas is a t least 1840 times the 
pressure of the heavy particles. A t densities of approxim ately 106 g/cm 3, 
relativistic effects also begin to appear in the degenerate electron gas.

Let us consider a degenerate electron gas, i. e. a gas of a density 
for which all the lower quantum  sta tes are occupied. All possible energy 
sta tes of the electrons in a volum e can be enum erated by means of 
quantum  num bers in much the same way as are the  quantum  states 
of the electrons in an  atom.

The num ber of quantum  sta tes with m om enta between p and p +  dp 
is determ ined by the expression

2 V • 4 7i p-  dp//t3 ,

where A3 is the volume of a un it cell in m om entum  space, and the factor 2 
takes account of the two possible spins of an electron. N ext, according 
to Pauli's principle, only one electron can be in each quantum  state. 
This means th a t, if N(p) dp  is the num ber of electrons in a volume V 
whose m om enta lie between p and p +  dp,

A’ (p) dp  <  V • 8 7i p 2 dpjh3 .

Let us consider the equation of s ta te  of a completely degenerate gas. 
In  this case

AT(p) dp — F • 8 7i p2 dp/A3 . (32.1)
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I f  the volume V contains N  electrons whose m om enta do not exceed p0,

V o
lY =  v  J  p* dp =  Po3V , (32.2)

o

and the electron concentration is

n  =  N j  V =  8 n  p03/3 /i3 . (32.3)

The gas pressure pa, by definition, is the m ean value of the m om entum  
flux through 1 cm 2 surface, and consequently

p„

Pa V =  I J  N  (p) p v d p  , (32.4)
o

or, from (32.1),
Po

Vo =  /  P* %  a p  , (32.5)
6

where E  is the kinetic energy of an electron w ith m om entum  p. F rom  
relativistic mechanics we have

E  =  m  c2 { v7 [1 +  (p2/»n2c2)] -  1 } ,

and hence

dE _  p _____ 1 _
dp m y  [1 +  (p2fm2c2)] '

Substitu ting  this expression in (32.5), we obtain

Po
__ 8 a  f  p 4 cl/)

3 mA3 J  y [ l  +  (p2fm2c2)J • 
o

We introduce a new variable 0 by the  relation

sink 0 =  pjm c , sinh 0o =  p j m  c ,

and equation (32.7) then reduces to

:i5

8 n ui* c5 
=  3 h3

o.
^ sinh4 0 dO ,

o
A s t r o p h y s i c s

(32.6)

(32.7)

(32.8)
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whence, by integrating, we obtain

8 n mA c5 
Va =  3 h3

sinh3 0„ cosh 0O 3 sinh 2 0„ 3 0O
4 16 ' 8

p j m  c =  x ,
Pu tting

we finally obtain

pCr =  (,im 4c5/3A3) /(x ) =  6-01 x  1022/(x ) ,

f{x) =  x ( 2x 2— 3) 1 (x2 +  1) +  3 s in h -1 x .
where

(32.0)

(32.10)

(32.11)

(32.12)

On the other hand, from (32.3) and (32.10) we have for the density of 
the gas the expression

p =  n /.i mp =  (S 7i m 3 c3/3 h?) /i inp x3 , (32.13)

where mp is the  mass of the proton and fi is the molecular weight. 
The equations (32.11) to (32.13) are the  equations of s ta te  of a degenerate 
gas in param etric form. These equations are valid generally, and in 
particu lar for the eases of extrem e non-relativistie (p0 m c) and 
extrem e relativistic {p0 m c) degeneracy. In  the  former ease, where x 
is small (p0 < m c), we obtain, by elim inating x from (32.11) and (32.13),

Vg =  K t p5'3, A", = 20
2/3 h*

7ii (p mpf b ( * - > 0 ) .  (32.14)

A t very high densities, the value of the m axim um  m om entum  p0 begins 
to exceed m  c, and in the lim iting ease p0 > m e  we obtain  the  following 
asym ptotic expression:

Vo =  K t  , A-2 =  ( I ) 1'3 8 (/ (* -  oo) . (32.15)

Let us now consider the problem of the  equilibrium  of white dwarfs. 
To do so, we first discuss the p a rt played by radiation pressure in a 
degenerate gas. O rdinary degeneracy begins when the  electron pressure, 
calculated from formula (32.14), is considerably g reater th a n  the ordi
nary value of the gas pressure pe = ne k T . I f  we write down this 
inequality, we obtain a criterion for the degeneracy of the gas in the 
form

A  =  n h3j(2nm  k T )312 > 1 (32.16)

(if factors of the order of unity  are disregarded).
Let us find the ra tio  of the gas pressure to  the radiation pressure. 

According to formula (32.14) we have (pn =  i a T %, a  =  8 tv1 A"4/15 c3 /t3)

Pc; _  3 8 ' L 4 , 5'3 / m c * \ 3/2 
p R ~  a1*'" 25'2 \  kT )
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In the ease of non-relativistie degeneracy, however, the mean energy 
of the electrons is k T  < m e 1, and A 1 $> 1; consequently, ’PalVn ^  1- 
Relativistic degeneracy evidently begins when the pressure (32.15) 
considerably exceeds the  gas-kinetic pressure i\t k T , This leads to 
a condition of the  form

A —  ̂ n{hc)3 . .
— 83 n {kT)3 ^  1 ’ (3-. 17)

Form ing the ratio  PqIPr , we bave by (32.15) and (32.17)

PalPa ** A 2*13 >

whence it again follows th a t pG p I{. Consequently, radiation pressure 
can be completely neglected in a degenerate gas, in both the relativistic 
and the non-relativistie ease.

Let us now consider the gravitational equilibrium  of a degenerate 
Ferm i gas. We shall take the equations of sta te  in the m ost general 
form (32.11) to  (32.13) or

p(; — A f(x) , a =  B x3 , (32.18)
where

A =  7i m4 c5/3 h3 , B  =  8 7i m 3 c3 mp fij3 h3 , (32.10)

and f(x)  is defined by formula (32.12). The equation of hydrostatic 
equilibrium  (30.7) and the mass equation (30.0), in the case of a degener
ate  gas {pa > p n), give

L lK /e  t j  = - * * O e . (32.20)

Substitu ting here the expressions for pG and n from (32.18), we obtain

(32.21)A 1 (1 r  d /( i)    4 t  G B x 3
li A dr {x3 dr ) ~  4 711 J X '

Putting  here

y =  )/(l + x 2) =  t/0 0  , r =  )!(2AItiG) • if/B y0 , 

and noticing th a t, by (32.12),

i d,dix) = s t V l * '  +  D .

we obtain  the  fundam ental equation of the problem :

1 (1 
V1 d >l >]'

(10 =  _  02 _ 1
Vd

3/2

(32.22)

(32.23)

(32.24)

3’A
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The quantities x {) and y Q are the values of x  and y  a t the centre of the  
star, determ ined by the central value of the density. The solution of 
equation (32.24) m ust

for r]

so th a t the expression 

M(r) =  4 7i
6

The solutions of equation (32.24) which satisfy the  conditions (32.25) 
contain the  param eter y 0 =  ) ( l + x 02), which depends only on the 
density  qc a t the  centre and on the molecular weight. Of the  possible 
solutions, we m ust select the one which satisfies the conditions (30.IS) 
(the density vanishes a t the boundary, and the mass M (r) =  M, the 
mass of the  star).

Investigations have shown th a t, for every value of oc, there  is a 
unique solution, i. e. the  function 0  vanishes for some rj =  The 
second equation (32.22) (with r/ =  ^ ,) determ ines the  radius of the 
degenerate s ta r as a function of oc and ft, i. c. it gives an equation of 
the  form (30.22):

clearly satisfy the conditions 

-  0 , 0  =  1 and d 0 /d  i] =  0 , 

for the mass has the form

(32.25)

q r2 dr — 4 7i ( 2 ' ^ 3'" L  rr  <10 . (32.26)7i g ) n 2 r r  d/j •

r i =  /1 (&•/“ ) ■

The second condition a t the  outer boundary, M (rJ  =  M, gives us, by 
(32.26), a second relation of the  form (30.22):

M =  f-z(Qof1)-

Elim inating oc from these two relations, we obtain  one relation of the 
form (30.23), i. e.

F(rv  M, ft) =  0 ,

so th a t, if the mass is given (together w ith the  molecular weight), the 
radius of the  white dw arf is uniquely determ ined. Table 20 gives the 
values of the  mass M (in units of the Sun’s mass), the central density 
q c , the  mean density  n m , and the radius r lt  according to  S. C h a n d r a 
s e k h a r ’s calculations. (These results were obtained for ji =  1; for a  
molecular weight o ther than  unity, the values given in the table for M 
should be m ultiplied b y /t~ 2, those for r} by /t-1, and those for oc and om 
by fi.)
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Table 29

541)

M /M q
Central density 

(g/cm3)
iUean density 

(g/cm3)
Radius

(cm)

5 -7 2 8 D O O O 0
5 -4 8 4 9 -7 3 7  X 1 0 9 4 -7 1 6  x  1 0 7 4 -1 3 6  x  10 8
5-294 3-391 1-578 5-4 4 3
4 -8 5 2 8 -1 8 7  x  1 0 7 5-111  x  1 0 6 7-6 9 9
4 -3 1 0 2 -6 6 9 2 -1 1 4 9-9 3 6
3 -5 2 8 7 -9 0 8  X 1 0 6 7 -9 6 0  X 10 5 1-287  X 10»
2 -9 3 4 3 -5 2 3 4 0 6 5 1-514
2 -4 4 0 1-816 2 -3 0 2 1-721
2-007 9 -8 8 5  X 1 0 s 1-345 1-929
1-612 5-381 7-741  x 1 0 1 2 -1 5 5
0 -8 7 7 1-236 1-936 2-7 9 3

0 0 0 O O

\V e see th a t there cannot be gravitational equilibrium  of a degenerate 
gas w ith mass

M >  5-7,3 M0 //*2 =  My .

For stars of mass M <  2-5 M0 //.t2, Ch a n d i i a s e k h a k ’s calculations have 
shown th a t the m ain mass of the gas has ordinary degeneracy, while 
for M ^  2-5 M0 //.t2 relativistic degeneracy plays the chief part. The 
radius of the equilibrium configuration continually decreases as the mass 
increases, and becomes vanishingly small as the mass approaches the 
critical value My. A lthough the observational d a ta  on the masses and 
radii of the w hite dwarfs are not plentiful, they  show th a t the values 
given in the table are of the same order as those observed.

W e see, however, th a t, in solving the problem  of tlie equilibrium of 
the w hite dwarfs, the question of their luminosities has rem ained in 
abeyance. I t cannot be solved unless we know the sources of energy 
and the molecular weight inside the  star. For the w hite dwarfs we as 
yet have no reliable d a ta  on which to base an account of their luminosity. 
I t  is possible th a t the gravitational contraction of such dense stars may 
be the  source of their energy, bu t the problem of the sources of the 
energy of white dwarfs still requires detailed study.



PART VIII.
THE SCATTERING OF LIGHT IN PLANETARY

ATMOSPHERES

Chapter 33. The theory of radiative transfer 
in planetary atmospheres

1. Radiative transfer in planetary atmospheres. The imlieatrix of 
scattering. I t  is well known th a t the planets Venus. Ju p ite r and Saturn, 
and also apparently  U ranus and N eptune, are surrounded by atm o
spheres so dense th a t we do not see the surfaces of the planets. The 
radiation reaching us from these planets is the Sun’s radiation scattered 
by the ir atm ospheres. Hence the laws obeyed by the light reflected 
from the planets (the d istribution of brightness over the disc, the change 
in the to ta l brightness with phase, the numerical value of the  albedo) 
can be obtained only from a study  of the processes of scattering in 
p lanetary  atmospheres. Since the atm ospheres of these planets are 
opaque, i. e. they have a very large optical thickness (t 1), a light 
quantum  entering the atm osphere of a p lanet has a fairly large probability  
of undergoing, before leaving the atm osphere, no t one bu t m any sca tte r
ing processes, i. e. we are essentially concerned with m ultiple scattering 
of light in the atm ospheres of the  planets.

The study  of the laws of optics in the E a r th ’s atm osphere has also 
led to  a consideration of scattering processes. L e o n a r d o  d a  V i n c i  
explained the blue colour of the sky as being due to the scattering of 
sunlight by the air and the more intensive scattering of blue light than  
of red light. I t  is true  th a t the optical thickness of the E a r th ’s a tm os
phere is, in the absence of cloud, considerably less than  unity. However, 
numerous investigations have shown th a t, even in explaining the 
d istribu tion  of brightness over the sky, scatterings of orders higher than  
the first play a certain  part. (We are not speaking of the ease where 
a layer of cloud is present, when the sunlight undergoes a large num ber 
of scatterings in this layer before reaching the  surface of the E arth .) 
Thus, the problem of the scattering of light in the E arth 's  atm osphere 
is also, in general, one of m ultiple scattering in a medium. The problem 
of the multiple scattering of light in p lanetary  atm ospheres is solved 
by the study of radiative transfer. Here, since the geometrical thickness

f>f)0
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of the atm osphere is in every ease small in comparison with the radius 
of curvature of the  atm ospheric layers (this is always valid for the 
thickness of th a t p a rt of a p lanet’s atm osphere from which any ap 
preciable fraction of the quanta scattered  tow ards us actually  reaches 
us directly), we can assume in our calculations th a t the  atm osphere 
consists of plane-parallel layers.

I f p  roccsses of pure scattering alone took place in a p lanetary  atm os
phere, then, for a sufficiently great optical thickness, it would to tally  
reflect all the energy incident on it. In  o ther words, the  albedo of the 
p lanet would be unity  in this ease. However, observation shows th a t 
the albedo of m any planets having opaque atm ospheres is considerably 
less th an  unity . I t  follows from this th a t the  energy absorbed in the 
visible and photographic wavelengths by some elem ent of volume of 
the p lanetary  atm osphere is not com pletely scattered  by it, bu t is 
partly  transform ed into o ther forms of energy, such as therm al energy. 
In  accordance w ith the usually accepted notation in the theory  of 
p lanetary  atm ospheres, we shall here denote by ?. the fraction of the 
energy in a given frequency that is scattered immediately, after being 
absorbed in a single process, in the same frequency. Then 1 — /  is 
the fraction of the energy which, after being absorbed in a single process, 
is converted into o ther forms of energy, and is not re-em itted  im m ediately 
in the same frequency, i. e. undergoes true absorption. (In  the  theory 
of stellar photospheres, this quan tity  is denoted by e„.)

I t  is evident th a t each elem ent of volume in the atm osphere not 
only causes scattering of the light passing through it, bu t is also a source 
of therm al radiation, since the  tem perature of the  atm osphere m ust be 
fairly high, because of the processes (mentioned above) of the partial 
conversion of the  absorbed energy into heat (true absorption). However, 
it ean be shown th a t the therm al radiation of p lanetary  atm ospheres, 
a t the tem peratures existing in them , m ust be m ainly in the far infra-red 
region of the spectrum , where the w avelength exceeds 40,000 A. The 
therm al radiation in the visible and photographic parts of the spectrum  
m ust be negligibly small a t the tem peratures existing in planetary  
atm ospheres. Hence, although we find true  absorption here (A <  I), 
the true emission in visible and photographic light can be neglected. Thus, 
in each of these frequencies, each elem ent of volume scatters only 
some definite fraction of the absorbed energy, and em its nothing in 
addition. This means th a t, since we are concerned with the  visible 
and photographic parts  of the spectrum , the radiation field in each 
frequency ean be considered independently of the rad iation  field in 
other frequencies. I f  the energy scattered by each elem ent of volume 
in a single process were d istribu ted  isotropieallv, independently of the 
direction in which it was propagated before this process (in this ease
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we say th a t the elem ent of volume has a spherical indicalrix of scattering), 
the  condition of radiative equilibrium  could be w ritten  in the  following 
fo rm :

4 zr. j v =  /. <xy J I y dm , (33.1)

where 4 zt jy is the energy em itted  in all directions by un it volume in 
unit frequency interval, ccv is the coefficient of attenuation of light in 
the given frequency or coefficient of extinction, /„  is the in tensity  of 
radiation, and  dm is an  element of solid angle.

The quan tity  sy =  ?. a„ is often called the scattering coefficient, and 
the quan tity  ky =  (1 — /)  a v is the true  absorption coefficient. In  
general, the value of ). depends on the frequency v.

A quantum  going in any given direction has in general, after sca tte r
ing, a different probability  of being em itted  in different directions. 
We denote by 0 and <f> the angles defining the direction of m otion of 
the quantum  before scattering, in some system  of spherical co-ordinates. 
A fter scattering, the quantum  is em itted  in a direction defined by the 
angles O' and </>', say. We take an  elem ent of solid angle dm' about the 
direction (O', <j>'). W hat is the  probability  th a t, a fte r scattering, the 
quantum  has a direction lying within some dm' ? I t  is evident th a t 
this probability  is proportional to dm', and m ust depend, in general, 
on the angle between the  original direction (0, <f>) of the quantum  and 
its final direction (O', ef>'). We denote this angle by y. Then

cos y  =  cos 0 eos O' +  sin 0 sin O' eos (<f> — ef>') . (33.2)

For the required probability  we obtain  the expression

d P — x(eos y) dm '/4 zi . (33.3)

The function x(cos y) is called the indientrix of scattering or the phase 
function characterising the scattering process. Since the sum of the 
probability  over all directions m ust be equal to unity , we have from (33.3)

J  x(cos y) dm '/4 zi =  1 . (33.4)

In  the case m entioned above, where the probability  of scattering 
in any  direction is the  same (a spherical indicatrix  of scattering), we 
m ust have x(cosy)  =  constant, and we then have im m ediately, from
(33.4),

x (cosy) =  1 . (33.o)

In  general, x (cosy) is some positive function of cos y, which can 
be expanded in a series of Legendre polynom ials:

x (cos y) =  X0 4- Xj 1\  (eos y) -f  x2 P ,(eos y) +  . . . . (33.G)
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Here it follows directly  from (33.4) th a t

*„ =  ! •  (33.7)

F or a spherical indicatrix of scattering, the expansion (33.G) is evidently 
lim ited to  one term .

I f  the indicatrix of scattering is given, the condition of radiative 
equilibrium  can easily be w ritten  down under the conditions described 
above. The energy em itted  in un it frequency in terval by unit volume 
in the solid angle d a /  in unit tim e m ust be

jv a v j  * (cos y) I v (0, <f>) ^  d a / , (33.8)

since, out of each elem ent of solid angle da>, an am ount of energy 
a v Iv (0, <f>) da> is absorbed by un it volume; of this, /. a„ f v{0, <f>) dco is 
scattered , and  to find the fraction of this scattered  inside d a / we must 
m ultiply this qu an tity  by x(cos y) d o //4  rr, in accordance w ith (33.3).

D ividing (33.8) by d a / ,  wc obtain  the  condition of monochromatic 
radiative equilibrium  in the  form

j„ =  /. a„ J x (cos y) I„(0, <f>) da>/4 zi  . (33.9)

This equation m ust be considered together with the  equation of transfer, 
which, in th e  case of plane-parallel layers with the angles 0 and O' 
measured from the outw ard norm al, has the form

cos 0’ d/„/dz =  — a„ /„ +  j v , (33.10)

where j v depends not only on the height z in the atm osphere, bu t also 
on the direction (O', (/>').

Substitu ting  for j v the expression (33.9) and introducing the optical 
dep th  rr in the frequency concerned, we obtain  the integro-diffcrcntial 
equation

cos O' d / v/d rv =  /„ — /. J x (cos y) J„(0, <f>) da>/4 tc , (33.11)

which contains only one unknown function 1 y, depending on r„, 0 and <f>.
We shall introduce the following simplification of the  notation. Primes 

denote angular variables over which wc in tegrate ; those over which we 
do not integrate will be w ritten  w ithout primes. The suffix v will generally 
be om itted. Since the radiation field is calculated independently for 
each frequency, this cannot lead to any m isunderstanding.
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E quation  (33.11) is then  w ritten  in the form

cos 0 d / /d r  = I — /. j  x(cos, y) I  (O', <f>') d a //4  rr . (33.12)

where cosy  is defined by (33.2).
For the problem here considered, we have, besides equation (33.12), 

the following boundary condition. The in tensity  of the incident radiation 
is given a t the outer boundary of the atm osphere ( r = 0 ) ,  and it is zero 
for all directions except those in which the direct rays of the Sun are 
incident.

The flux of direct solar rays, m easured by the q uan tity  of energy 
incident on unit area perpendicular to  the rays in un it time and unit 
frequency interval, is denoted by ti S. Since, in this case, we are con
cerned with radiation concentrated in one direction, it is convenient, 
in order to avoid the use of discontinuous functions, to exclude the 
direct radiation of the Sun from the in tensity  of radiation I,  introduced 
above, and to understand  by I  only the in tensity  in the field of diffuse 
rad iation  scattered  by the medium itself. Then the to ta l in tensity  of 
radiation is equal to the  sum of the scattered  radiation /  and some 
function which differs from zero for all directions, bu t is infinitely large 
in some direction (O0.<f>0), nam ely th a t of the d irect rays of the  Sun.

As a result of this, botli these com ponents m ust appear in the integral 
on the right-hand side of (33.12), and since we have retained the notation 
I  only for the in tensity  of the diffuse radiation (the first component), 
we m ust write instead of th is integral the sum

1 j  x(cos y) 1(0', (f>') d a / /4! rr +  A (rr£/4:r) 2(eos y0) e**™0',  (33.13)

where y0 is the angle between the directions (0, </>) and (0o, <f>0), since 
the to ta l in tensity  of sunlight outside the atm osphere is ti S  (i.e. the 
integral of the in tensity  of the d irect solar rays over the solid angle 
subtended by the Sun’s disc is ti S), bu t a t an optical dep th  r  this 
intensity , owing to  the a ttenuation  (extinction) of the direct rays, is 
reduced to ti S  eTSt‘c °*. Since 0o is the angle to the  outw ard normal to  the 
atm ospheric layers a t which the Sun’s rays are incident, sec 0o is negative.

Under these conditions regarding the meaning of the function 1(0, <f>), 
we m ust write, instead of equation (33.12),

cos 0 d / /d r  — I  — ?. J x (cos y) 1(0’, </>') d a //4  ti — [ /. S  x(cos y0) eT9,'r0*.

(33.14)

where wc have for I  the simple boundary condition /  =  0 for r  =  0 
and 0 ^  •'i n, i.e. the in tensity  of* incident diffuse lad iation  nt the 
boundary of the atm osphere is zero.



2. The principle of invariance and its application 555

By solving equation (33.14), we find the value of l(0',<f>’) for all t,  
i.c. for all depths in the atm osphere and, in particular, for r  =  0. By 
finding the value of l(0'.<f>') for r  =  0, we determ ine the d istribution 
of brightness over the  p lanet’s disc. The results obtained can then be 
directly com pared with observation.

2. The principle of invariance and its application. The integro-diffe- 
rential equation (33.14) is usually replaced by the integral equation 
obtained from it by using the boundary condition; the  unknown function 
is
B (t,0, <f>) = / .  J r(cos y) / (O' ,  <£') da»'/4 rr +  } A x(cosy0) eTSec0°. (33.15)

If, by solving this integral equation, the function B  (r, 0, <f>) is found, 
then  equation (33.14) is converted into an ordinary inhomogeneous 
linear differential equation soluble by quadratures, and, in particular, 
the value of I  for outw ard directions (0 <  I ^) a t r  =  0 is found. The 
value of B  determ ines the emission coefficient j, since, according to
(33.9) and (33.15),

j =  a  B(r,0,<f>) . (33.16)

Thus it is found th a t, to determ ine I  even a t the boundary and to 
compare this result w ith observation, it is necessary to  determ ine the 
value of the unknown function B(T,0,<j>) or j  a t all depths and for all 0 
and  <f>. Hence, if we are in terested  only in th e  d istribution of brightness 
over the p lanet’s disc, this m ethod is extrem ely clumsy.

In short, whilst we are interested only in some function of two 
variables, i.e. the values of l{0.<f>) for r  =  0, the m ethod of reducing 
the problem to an integral equation compels us to  find a function 
B(r,0,<f>) of th ree variables. The question arises w hether one can con
struc t an equation from which the values of I  (0, <f>) a t the boundary 
r  =  0 would be obtained directly.

I t  is found th a t  such an equation can be constructed. Only I  (0,0,<f>), 
i.e. the angular d istribu tion  of the em ergent radiation, will appear in 
it as an unknown function. Moreover, the equation obtained reveals a t 
once (w ithout a detailed solution) the s tructu re of the function I  (0,0, <f>).

To derive the required equation, we shall begin from the principle 
of invariance, which has been widely used in recent years in problems 
of the theory of scattering of light. The problem under discussion am ounts 
to the following. A flux of parallel rays in a direction defined by the 
angles (0„. rf>0) is incident on the outer boundary of a medium of infinite 
optical thickness. As a result of scattering processes occurring in the 
medium, some fraction of the rays are, as it were, reflected by the medium, 
this reflection taking place in all directions. Such reflection is called 
diffuse reflection. Wc require the in tensity  of the diffusely reflected
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radiation. I t  is evident th a t the in tensity  of the diffusely reflected light- 
is a function both of the angles of incidence 0U. <f>0. and of the angles 
of reflection 0,<f>. We can therefore write

I t  is also evident th a t th e  reflected in tensity  is proportional to th a t of 
the incident radiation, i.c. to  the  quan tity  S. Hence

The quan tity  r(0, <f>\ 0o, <f>0) m ay be called the diffuse reflection coefficient. 
Unlike w hat has been done above, we shall from now on measure the 
angle 0o from the inward normal, since this is more convenient and 
cannot lead to any m isunderstandings. The angle 0 will be measured 
from the outw ard normal as before.

The principle of invariance, as applied to the problem  in question, 
consists in the following: the diffuse reflecting power of a medium of 
infinite optical thickness, consisting of plane-parallel layers, cannot be 
changed if we add to  the outer boundary a plane layer of finite optical 
thickness whose elements have the same optical properties as those of 
the original medium. The la tte r  condition means th a t the coefficient A 
and the indicatrix of scattering in the added layer are the same as in 
the original medium. Here, for simplicity, we shall first consider the 
case of a spherical indicatrix of scattering, where a*(cosy) — 1.

We denote the boundary of the medium, before the addition of the 
layer, by A , and the new boundary, after the  addition of the layer, 
by A'.  The optical thickness of the  added layer we denote by A r. Since 
the choice of A r  is a t our disposal, we shall take  it so small tha t its 
square can be neglected in comparison with A t  itself. We shall find the 
changes in the  in tensity  of the radiation diffusely reflected from the 
medium which occur when the layer z lr is added, and equate the algebraic 
sum of these changes to  zero.

Let us enum erate these changes:

(1) The radiation from the Sun,  in passing through the  additional 
layer, is a ttenuated  by a factor 1 — (Zlr/cos 0o). After being diffusely 
reflected from the boundary A it is again a tten u a ted , by a factor
1 — (/Ir/cos 0). Hence, instead of the in tensity  I(0,0o), an in tensity

I =  I {0,<f>; O0,<f>0) .

!{0,<f>; 0o. <f>0) =  S  r(0, <f>\ 00,<f>0) . ( 3 3 - 1 7 )

emerges.
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\V c notice th a t, in consequence of the spherical indicatrix  of sca tte r
ing, the in tensity  of the reflected light does no t depend on the  azim uthal 
angles of the incident and em ergent rays, and consequently, instead of 

O0,(f>0), we write simply I{0,0o).
Thus, as a result of the  a ttenuation  of the incident and diffusely 

reflected rays in the additional layer, the in tensity  of the diffusely 
reflected lad ia tion  is dim inished by

I (0,0o) A t  ^C()s0 +  cosoo)  •

(2) The additional layer zlr scatters directly into the direction 0 
a part of the  d irect radiation of the Sun incident on it. On account of 
this intensity , the diffusely reflected light is increased by

A At 
4 rt 71 k cos 0

(3) The additional layer A t ,  in scattering the direct rays of the Sun 
incident on it, directs p a rt o f the energy of these rays on to the  boundary 
A a t  different angles 0' to the normal. They undergo diffuse reflection from 
the boundary A  ; as a result, additional rad iation  is obtained of intensity

n

/  <*«' /  ‘I f  HO. O' ) / „  A t ,
6 o

which, after integrating over <f>', gives
n

1 1  At f w < n ± & « r .
0

(4) The additional layer, in absorbing some fraction of the light 
diffusely reflected from the boundary A,  scatters p a rt of this light in 
the given direction 0. 'flic in tensity  of this radiation is

n 2 n

f  <>f /(«',0.)si„«- = U
0 0 0

(5) The direct solar rays arc diffusely reflected from the  boundary A,  
are scattered  by the additional layer zlr back in the direction of A,  and 
are again diffusely reflected from the surface A.  This gives an additional 
radiation

n .i 2n
1(0,0") sin 0" dO' d<f>" A f  ]f], 

n S cos 0" 4 n y aU
o

X A t  J  I(° j  I  (O', 0o) sin O' dO' .
0 0

d<£' I  (O', 0o) sin O' =

J  I (0 ' ,0o) sin O' d O'.

0 0
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All remaining additions to the  rad iation  are of the  second or higher 
order in A t .

The last fonr contributions, which are positive, m ust balance the first 
contribution, which is negative, in order th a t the in tensity  of the diffusely 
reflected light should rem ain unchanged despite the  addition of a layer. 
Hence, neglecting quantities of the  second order in A t , wc find

/  (0, 0O) A t  (  1 n +  1 „ )  =  I /  -S’ A \  +v ’ 0/ ycos 0 cos Q0j  4 cos 0 '

71 71

+  A I  A t  J  1 ( 0 , 0 ’)

0 0 
71 71

+  ?' s T f  / (°>0' ) ScosO 'd0 ' / - H O 'A l s i n  O’ d O’ .
0 0

We divide both sides of this equation by A t , and introduce, instead of 
the angles 0 and 0o, the ir cosines:

cos 0 =  7], cos 0o =  f  , cos O’ =  7] . (33.18)

Then we find th a t the condition of invariance gives

i

1 [*}>$) ( j  +  Jt) =  i ^ S fT ]  +  A X J  1(7], 7]’) d.7]’l 7]’ +
0

1 1 I

+  2\ , f  +  s  [  J i ( v ' ’Z ) 4 v ' - (33.10)
o b o

Finally, wc introduce in th is equation, instead of /(? ;,£ ), the function 
r(?7,£) according to equation (33.17), i.e. we pu t

I(7h Z) = S r ( 7 h £).  (33.20)

Wc then have the functional equation for r ( 7],£)

lr(y,£) ( j  +  J )  =  ] J-ly + H  J  r(y,y')&y'l7]' +
0

1 1 1

+  2 V j  r (7l’,Z) dr]' +  /  J  r(r],r]")d£  J  r (t]', f) dt]' , (33.21) 
0 0 0

sin 0 ’ dO'
icos O' +  M cos 0 I  ( O ’ , 0o)sinO'dO'
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which can also be w ritten  in the form

1 1

+  f ) = 4V 1 +  2 11 j  r ^ ’ V ' ) ^ l ' h ' ]  [1 + 2  / r (? / , | )d  +  ] .
0 i)

(33.22)
I f  wc write also

r(rj,$) =  Z q(V,Z) , (33.23)

then we have for the function £> (?;,£), usually called the brightness 
coefficient of the reflecting layer,

1 i
£?( +  £) ( n  +  f) =  1 A [1 +  2 Tj J o(f],  7]’) dr]'] [ 1 + 2  £ J o(r}' ,£)  dr]’] .

o o
(33.24)

I t  is easy to see th a t, if equation (33.24) is satisfied by some function 
o (?;,£), it m ust also be satisfied by the  function q (+?;). However, 
since equation (33.24) can have, from its physical significance, only 
one solution, the function q {t],£) m ust be sym m etrical:

{?(+£) =Q(S,y) ■ (33.25)

In  this case, however, it is evident th a t the right-hand side of (33.24) 
is the product of some function of r] and the same function of f. We 
denote these functions by <j>{rf) and tj>(£) respectively. Thus

i

=  1 +  2?) J Q(rj,r]') dr]' , (33.2G)
o

and

(?( +  £) =  + . (33.27)

Form ula (33.27), though it does not give an explicit expression for the  
function o(r],£), reveals the structu re  of this function.

I f  wc can determ ine the auxiliary function tj>(r]), we shall thereby 
find th e  brightness coefficient o{r],£) also. To obtain  an equation for 
<f>{r]), wc substitu te  (33.27) in (33.26), which gives

i

<Hv) =  1 +  I A v J  d f  . (33.2S)
o

This is a functional equation for the function <f>{r]). Thus the  solution 
of the functional equation (33.24) has been reduced to th a t of the simpler 
functional equation (33.2S), which is easily effected numerically. In
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doing so, it is most convenient to use the  m ethod of successive approxim a
tions, which consists in substitu ting  an  approxim ate value of the func
tion on the  right-hand side; th e  left-hand side then  gives the next 
approxim ation. As an initial zero-order approxim ation it is best to  take 
the  mean value of <£(??) in the interval (0,1), i.e.

1
<f>0 =  /  4>{n) d V ■

o

The exact value of this integral is easily obtained. To do so, we integrate 
(33.28) over ij:

l l l

j  M  dV = i + i j  j  tw+f'd,]  df = 
0 0 0

1 1

1 + \ >. j f  + f  f .
0 0 0 0

sinee th e  last two integrals are equal, differing only in the nam ing 
of the  variables of integration. Adding these integrals, we obtain

l l l
/  4 > ( t ] )  d r j  =  I  +  \  X  f  <f>(rj) d r )  J  </>(£) d f  ,
o o o

or

^o — 1 +  1 ^ </>o2 >
whence

l
<f>o=j 4>{t))di) =  [2 — 2 V(1 — A)]/A.

o

Substitu ting  this value instead of <£(?;) on th e  right-hand side of (33.2S), 
we obtain  the  next approxim ation for ef>{i]), and so on.

For exam ple, in the  first approxim ation we have

4>iv) — I +  2 * 6>2(*) »; loge[(l +  ??)/»;] .

Table 30 gives the  numerical values of the auxiliary function <£(?;) 
for A =  0-4, 0-3, . . ., TO. For small values of A. it is sufficient to use 
the first approxim ation, and the numerical values of <£(?;) in this range 
are therefore not given.
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Table 30

/.

0
0-4

0-0 100
0-1 1-06
0-2 1-09
0-3 M l
0-4 113
0-5 114
0-6 115
0-7 116
0-8 1-17
0-9 1-18
1-0 1-18

i

0-5 0-6

1-00 1-00
1-07 109
M l M o
114 119
117 1-22
1-19 1-25
1-20 1-27
1-22 1-29
1-23 1-31
1-24 1-32
1-25 , 1-34

0-7 0-8

100 1-00
M l 1-14
MS 1-23
1-24 1-30
1-28 1-36
1-32 1-41
1-35 1-46
1-38 1-50
1-40 1-54
1-42 1-57
1-44 1-60

0-9 10

1-00 1-00
117 1-25
1-29 1-45
1-39 1-64
1-48 1-83
1-56 2-01
1-63 2-19
1-69 2-38
1-75 2-55
1-80 2-73
1-85 2-91

Table 30 is to be used in the following m anner. From  (33.20), (33.23) 
and (33.27), we have, in th e  ease of a spherical indicatrix of scattering,

Krj, £ ) = i l S £ + l] ) + isS) . (33.29)

For each point of the p lan e t’s disc, the  cosine £ of the angle of incidence 
of th e  Sun’s rays is calculated, together with the  cosine rj of the zenith 
angle a t  which the E a rth  is seen from this point on the  planet. The 
value of S  ean be determ ined, since the  distance of th e  p lanet from 
the  Sun is always known. Taking some X, we can then  calculate the 
in tensity  I  and com pare it w ith observation. If, for some X, the values 
calculated from formula (33.29) and Table 30 are in fairly good agreem ent 
with the brightnesses of the various points on the p lan e t’s disc, we may 
conclude th a t the hypothesis of a spherical indicatrix of scattering is 
valid, a t  least w ithin the lim its of observational accuracy.

We notice th a t, for the rem ote outer planets, beginning with Jup ite r, 
it can be assumed th a t the angles 0 and 0Q arc equal, i. e. i] =  £, not 
only a t opposition, but also a t  a considerable distance from opposition. 
In  this case, formula (33.29) reduces to

/(? ,) =  J XS[cf>(v )r- , (33.30)

and we see th a t the  greatest contrast theoretically possible between 
the  centre of the disc (i] =  1) and the limb (?/ = 0 )  is for /. =  1, when

7 (1 )// (0) = 8 -4 1  .

In  reality, the contrasts observed for the outer planets are not so great; 
this is due to the fact th a t /. <  1.

•10 Astrophys ics
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3. Generalisation to the case of a lion-spherical indicatrix of scattering.
In  the case of a non-sphcrical indicatrix  ot scattering, the diffuse reflection 
coefficient r and the brightness coefficient q, which are related by

r =  f  Q ,

will both depend not only on the  angles of incidence and reflection, 
bu t also on the difference of the azim uthal angles of the  reflected and 
incident rays. Thus

e = e (v,Z\<f>-<f>o)- (33.31)

The application of the principle of invariance in this general ease is 
m ade in the  same way as in the ease of a spherical indicatrix  of scattering. 
The formulae in the general ease are merety more complex. The tran s
form ations m ade are, however, the same in principle. Wc shall therefore 
not give these transform ations here, bu t only the final results.

The brightness coefficient q is represented as a sum :

n
QiV’Z’ t  —  t ,)) =  Z f m i V ’t)  cos m { t  —  to) >

m = 0

where the num ber n  is equal to  the  degree of the  highest Legendre 
polynomial, in the expansion (33.6) of the indicatrix  of scattering, 
whose coefficient is not zero.

The functions fm(rj,£) are expressed in term s of some auxiliary 
functions ti.miy) (i =  tn, m 1, each of which depends on
only one variable. These auxiliary functions are determ ined from 
system s of functional equations. For eaeh function w ith a given m 
we have a separate system  of functional equations which is solved 
independently of the others.

The various have, in fact, the following structu re :

,  , „  _  , 3 *0 .0 fo) -  *1 * ll0 fo) +  • • •  +  ( -  l ) n * n ^ . , o ( l ) U «

fmiV’%) Km ('?) Km (£) 
V +  I

x  (i -  m) !
* (l +  Ml) !

/»(»?>£)
Jt» *n,nfa)*»,n_(S) 

■* "(-«)! V + f
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The auxiliary functions appearing in these expressions are determ ined 
from the following system s of functional equations:

1 l

4,o (y )  = 1 +  a i  y  4,o (y )  I  f  df — i X x r f  4 ,0 (v )  I  d£ +  • • • +
6 6

i

+  (— l)n*n v K o i v )  f  ^ + £ d4
0

i i<f>i,o(y) = y— 12 * 4 ,0  (y) I d f +i * xi y 4 ,o  (y) f  ̂ ’° r r  d £ + •  • • +

+ ( - i ) H- 1 *ny tn ,o (y )  / V + " l
4,o(£)* , ,

-e d 4

i

4,0 (y )  =  P n (y )  +  (— i )n 2 * y  4,o (y )  f  *0,0̂ )̂ (-  d£ +
0

, / i\n + l A  I \ f  4,o(«^«(f) 1[ , ,+  (— i)  + x iy ? i f i ( y )  I  -  n +  e - d f  +  . . . +
6

j, , x f+ n ,o M Pn M  „  +  *n V <f>n,o(y) J  — d4

Sim ilar system s exist for th e  functions with other values of the 
second suffix to; instead of the Legendre polynom ials we have the 
associated Legendre polynomials Pn(y)-  In  particu lar, <j>nn (r)) satisfies 
the equation

n,n(y) =  (! — V2)n!2 +  2 * (2 n)! 4,n(*?)
4,n(-)(1- ^ ) " 2 

»/ +  £ d 4

Although these systems of functional equations a t first sight appear 
very complicated, it is easy to  solve them  numerically by the m ethod 
of successive approxim ations, and in any particu lar case they  give 
com paratively simple results. Thus, in the  case of the  simplest lion- 
spherical indicatrix of scattering,

36*
a; (cos y) =  1 -j- x l cos y  ,
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the brightness coefficient is

^  o) =  1
_ , . $0,0 ('A ^0,0^) ■ a l ^l,Odd ^l.O ^

. . . <h'i>l) <f>i'(;) .,
+  #/ +  t COS (<£ — <£„) ,

where the first two auxiliary functions (£00 (??) and (f>li0(?;) are de ter
mined from the svstem

i i

</>G,o(»;) -■■■ 1 +  2 /  ^ ° ’̂ t  d f  — J A x j  i]<t>uo(>l) f  J ’̂ d f  ,

i i

^i.o(»7) =  »/ — 2 V to.oiv) [  ^ ’0+ t S d£ +  2 ?; <£i,0(»/) J d £ ,
0 0

and the  function </>/(?;) is found from the equation

<t>i'(y) = Y{i~v) + \-?'xi I V^1 - f 2) d f  •

These equations are easily solved, and the auxiliary functions 
tabulated  by means of the numerical solution enable us to calculate 
the brightness coefficient a t once.

We m ay add th a t the  theory  shows th a t not only the diffuse reflection 
coefficient of the atm osphere but also the diffuse transm ission coefficient 
for a very large optical thickness of the  atm osphere arc determ ined 
in term s of the same auxiliary functions.

The systems of functional equations given here for the auxiliary 
functions <£,„,(?;) arc system s of non-linear equations. However, it 
has been shown in the work of V. V. S obolev  th a t these auxiliary 
functions satisfy certain linear integral equations [157].

The calculations given above do not take into account the phenom enon 
of polarisation of light in individual scattering processes or the conse
quent polarisation of the diffusely reflected and diffusely transm itted  
radiation. The exact theory of the scattering of light in a foggy 
atm osphere, taking polarisation into account, was developed by V. V. .So 

b o l e v  in 1945. The results of his investigation were la ter published 
[156], ' .
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1. The albedo of a planetary atmosphere. I f  we know the in tensity  
of the diffuse radiation em ergent in every direction from a p lanetary  
atm osphere, we can calculate the to tal flux of diffusely reflected light 
from 1 cm2 of the boundary of the  atm osphere. This is clearly

1 2.T

71 H =■ J fh] J I —  <f>0) v d<f> .
0 0

In  the case of a spherical indieatrix of scattering, I  does not depend 
on the  azim uthal angle, and lienee

l l
7i II  =  2 7i f  I  (rj, £) rj d?y =  2 71 S  J r( t7, £) i] di] .

6 0

Introducing the brightness coefficient a instead of the diffuse reflection 
coefficient r, we have

1
71 II =  2 7i S  ^ J o(i],£) t] dr] .

0

On the o ther hand, since the  in tensity  of th e  direct rays of the 
Sun is 7T S, the  flux of these rays incident on 1 cm 2 of the boundary 
of the atmosphere is 71 S  f , where £ is, as before, the cosine of the angle 
of incidence of the solar rays. D ividing the flux of em ergent radiation 
7 1 II  by the  flux of incident radiation, we obtain  the  albedo of the plane
tary atmosphere:

1
A =  71 II f71 S  £ =  2 J Q(r],tj) rj dp  . (34.1)

0

Let us calculate the albedo A,  which will in general depend on the 
angle of incidence, for the ease of a spherical indieatrix of scattering. 
To do this, we substitu te  (33.27) in (34.1):

1
A ;  j  *(>!)*& (34.2)

u
Putting

'' =  1 — *
' i r ?  » /-!-£ ’

we find
1 1

.4 -  i /  *(£) I  <£(,]) d/y — \ /. |  f  d >] . (34.11)
6 6

btif)
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The second term  on the right-hand side of (34.3) can be found directly 
from (33.28) by renam ing the variables, and is </>(£) — 1. Taking this

l
into account, and using the  value of J  d 77 which we calculated

o
from (33.28), we obtain

A  =  1 -« £ (£ )  ( ' ( I - / . ) .  (34.4)

I t  is easy to calculate from this formula the num erical values of 
the albedo for various £ and rem em bering of course th a t </>(£) depends 
on the param eter Similar calculations can be perform ed for a non- 
spherical indicatrix  of scattering. In  Table 31 we give the  numerical 
values of the  albedo for the case of a spherical indicatrix  of scattering.

Table 31

tb
0-4 0-5 0-6 0-7 0-8 0-9 10

0 0
1

0-23 0-29 0-37 0-45 0-55
1

0-68 100
01 018 0-24 0-31 0-39 0-49 0-63 100
0-2 016 0-21 0-28 0-35 0-45 0-59 100
0-3 014 019 0-25 0-32 0-42 0-56 1 00
0-4 013 017 0-23 0-30 0-39 0-53 100
0» 012 016 0-21 0-28 0-37 0-51 100
0-6 Oi l 015 0-20 0-26 0-35 0-49 100
0-7 0-10 014 0-19 0-25 0-33 0-47 1-00
0-8 010 013 0-17 0-23 0-31 0-45 , 100
0-9 009 012 016 0-22 0-30 0-43 100
10 0-08 012 015 0-21 0-29 0-41 100

I f  we know the  albedo A  for light incident on a given part of the p lan e t
ary atm osphere a t a given angle, we can easily calculate w hat is called 
the  spherical albedo also. By the spherical albedo is m eant the ratio 
of th e  am ount of radiation reflected by the  whole p lanet (from its 
atm osphere) to  the am ount incident on the  planet (at the boundary 
of its atmosphere).

The to ta l am ount of rad ia tion  incident on the p lanet is clearly 
l l 2 • it S, where It is the p lanet’s radius. The diffusely reflected energy 

is given by the integral
n

2 7i I t2 f  7t II (r) d  l ;[ l - ( r / / { ) 2] , 
o

where r is the  projected distance from th e  centre of the  illum inated 
disc to  some point on the  p lan e t’s surface. B u t

r / It =  sin 0o =  1/(1— £2) ,
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and

71II  (r) =  A  (£) £ 71 S  .

Hence the to ta l am ount of reflected energy is

l
2 71 112 71 S  I  A (£) £ d£ ,

0

whence we have for the spherical albedo (denoting it by A*)

l
A* =  2 /  A (£) £ d£ . (34.5)

o

In  the case of a spherical indieatrix  of scattering, we thus have, from
(34.4),

l
A* =  1 — 2 v '(I— A) /  <£(1) £ d£ . (34.6)

o

The values o f the spherical albedo A*  calculated from this formula, 
are given in Table 32.

Table 32

A 0-4 0-5 0-6 0-7 0-8 0-9 1-0
A* O il 0 15 0 19 0-26 0-34 0-48 1 0

Thus we can determ ine the spherical albedo from X and, conversely, 
if the  indieatrix  of scattering is known, ). can be found from A*.

2. Comparison with observation. A comparison of th e  theoretical 
calculations, given above for a spherical indieatrix of scattering, w ith 
the results o f absolute determ inations of the diffuse reflection coefficient 
for Ju p ite r  m ade by V. V. S iiaiion ov , has shown th a t the observed 
brightness d istribu tion  over Ju p ite r 's  disc is in good agreem ent with 
the theory for /  =  0-969.

However, it m ust be rem arked th a t, w ithin the limits of observational 
accuracy, the same brightness d istribu tion  over J u p ite r ’s disc can be 
explained by assuming any other, non-sphcrical, indieatrix of scattering, 
though for some o ther value of / .  This exam ple shows th a t, for the 
planets whose phase angle hardly varies (Jup ite r, Saturn , etc), it is 
difficult to determ ine the indieatrix o f scattering from single observations 
of the brightness distribution.

The situation  is quite different for Venus, which we observe a t all 
possible phase angles. In  this case the form of the indieatrix of scattering 
has a fairly im portan t eifect even on the light curve of the planet. 
V. V. S o bo lev , using the observed light curve constructed by
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H . X. R u ssel l , was able to  find the indicatrix of scattering for the 
atm osphere of Venus by comparison w ith the  approxim ate theory of 
diffuse reflect ion which he had devised for an arb itrary  indicat rix of 
scattering. It was found th a t the  param eter ). for the  atm osphere of 
this planet is 0-9S9, and the  indicat rix of scattering is a function whose 
numerical values arc given in Table 33.

Table 33

y 0° lf)° 30° 45° 60° 75° 90° 105° 120° 135° 150° 165° 180°
a: (cos y) 7-2 6 0 2-7 1-5 1 0 0-07 0-51 0-40 0-35 0-41 0-56 0-65 0-70

I t  is interesting to com pare the indicatrix  of scattering in the atm os
phere of Venus w ith th a t in the  E a r th ’s atm osphere. The scattering 
properties of th e  E a r th ’s atm osphere are estim ated not from the  p ro 
cesses of diffuse reflection, bu t by investigating those of diffuse tran s
mission. Here, despite the com paratively small optical thickness of the 
E a r th ’s atm osphere (when free from cloud), which is of the  order of 0-3 in 
the  visible p a r t of the spectrum , it is nevertheless, im portant, as V. V. S o
bolev  has shown, to  take  into aecount scattering not only of the first order, 
bu t also of higher orders, i. e. to use a fairly rigorous theory. The 
determ ination of the indicatrix of scattering in the E a r th ’s atm osphere 
has been carried out by m any authors. The m ost interesting results 
haarn been obtained by E. V. P yaskovskaya-F esexkova  and V. V. So
b o lev . The la tte r  m ade his determ ination from observations on the 
brightness d istribution over the sky, carried out in the summer of 
1943 a t Yelabuga by workers from th e  astronom ical observatory of 
the Leningrad S ta te  U niversity. The results of his determ ination  are 
given in Table 34.

Table 34

y 0° lf)° 303 45° 60° 75° 90° , 105° 120° 135° 150° 165° 180°
x (cos y) 4-6 3-3 1-9 1-3 0-94 0-75 0-64'0-65 0-72 0-85 1-03 1-1 1-2

A comparison of Tables 33 and 34 shows th a t the  indicatrix  of 
scattering in the atm osphere of Venus is more elongated in the  forw ard 
direction (small angles of deviation) th an  th a t in th e  E a r th ’s atm osphere.

I t  is easy to  sec th a t an idea of the degree of elongation of the  ind i
catrix of scattering in the  forw ard direction is given, first of all, by 
the coefficient z, of the polynom ial P l (cosy) =  eosy  in the  expansion 
formula (33.G). For a spherical indicatrix, or for one satisfying the 
condition x(y) =  a“(lS 0 o— y), i. e. sym m etrical about the direction 
y  =  90°, we have =  0. F or an  indicatrix elongated forwards a^ >  0, 
and for one elongated backwards a*j <  0. For an indicatrix  which is
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very sharply elongated forwards, like a needle, i. e. when the seattering 
is confined to small deviations from the original direction, z l =  3. For 
a similar elongation backwards, x x =  — 3. Thus the value of x x gives 
a first rough conception of the elongation of the indicatrix.

I f  the scattering in tire atm osphere of the E arth  or Venus were 
p u r e l y  m o le c u la r ,  the indicatrix  of seattering would have the form, 
deduced by Lord R a y le ig h ,

£(cos y) =  -J (1 +  cos2y) .

For R a y l e ig h ’s indicatrix, the coefficient x x is zero, i. e. there  i s  n o  
o n e s i d e d  e lo n g a tio n .  The considerable elongation of the indicatrices of 
scattering in the atm ospheres of the E arth  and Venus indicates th a t 
in both cases, besides purely molecular scattering, which of course 
always occurs, there is additional scattering of light by larger liquid 
or solid particles suspended in the atm osphere. Since the num ber of 
suspended particles in different parts  of the  atm osphere may not be 
proportional to the num ber of scattering molecules of gas, the indicatrix 
should vary  with height in the atm osphere, which greatly  complicates 
the theory. In  particular, on the E arth  the haze due to fine suspended 
particles is more concentrated in the lower layers of the atm osphere.

The degree of elongation of the indicatrix of scattering depends on 
the dimensions of the scattering particles. In  particular, transparen t 
particles (drops of w ater and of other liquids) have an indicatrix  of 
scattering which is the more elongated forwards, the greater their 
diam eter. This is why, on comparing Tables 33 and 34, we can say 
th a t the scattering in the atm osphere of Venus is due to larger particles 
than  th a t in the E a rth ’s atmosphere. Here, however, we m ust rem em ber 
th a t, in deriving the indicatrix of scattering for the E a r th ’s atm osphere, 
the  case  w h ere  c lo u d s  a re  a b se n t  was considered. However, fairly large 
w ater drops are found in clouds. In  the case of the atm osphere of Venus 
we have continuous cloudiness, and the indicatrix found is characteristic 
mainly of the properties of the particles in these clouds.

The theory of scattering of light, developed above for the  case 
of a medium of infinite optical thickness, can be generalised to media 
of finite optical thickness. Hen;, besides the coefficients of diffuse 
reflection of light, we have to  deal also w ith those of diffuse tran s
mission. For this reason the num ber of auxiliary functions of one variable, 
from which the functions giving the values of these coefficients are 
constructed, is doubled. The num ber of equations in the system of 
functional equations for these auxiliary functions is correspondingly 
doubled also.

The limiting case of large optical thicknesses occupies a special 
place. The diffuse reflection coefficient tends, as r  -> oo, to the coefficient
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of diffuse reflection for an infinitely thick layer. The diffuse transm ission 
coefficient tends to the product / ( r 0) u(0), where u(0) depends only 
on 0 and not on the direction of the original radiation entering the 
m edium  from the other side. Thus, in the lim it, the relative distribution 
in direction of the transm itted  rad ia tion  becomes constant.

We are concerned with such a case of diffuse transm ission of radiation 
through a medium of very great optical thickness when wc consider 
th e  E a r th ’s atm osphere w ith uniform and fairly heavy cloud. Obser
vation shows th a t the  relative d istribu tion  of brightness over a cloudy 
sky, when the cloud is continuous and uniform , varies little from day 
to day, if we om it the  effect of such agencies as the covering of the 
E a r th ’s surface w ith snow. I f  the E a r th ’s surface is no t snow-covered, 
the  reflection from it can be neglected in rough calculations. Thus the 
conditions of sum m er and w inter m ust be distinguished in considering 
the d istribu tion  of radiation in the  atm osphere. A certain constancy 
of the  brightness d istribu tion  over the  sky in each set of conditions 
shows th a t certain  optical properties of the w ater particles forming 
th e  clouds are constant. These properties m ust include the nearness 
of X to unity . In  other words, we are concerned here w ith alm ost pure 
scattering. The fact th a t X is close to un ity  is confirmed in the  following 
ways.

(1) The daytim e illum ination from a cloudy sky varies com paratively 
little, despite the fact th a t the optical thickness of the  cloud is sometimes 
very  great. Any noticeable true  absorption (i. e. a noticeable deviation 
of X from 1) would necessarily cause, a t such great optical thicknesses, 
a very g reat decrease in the daytim e illum ination a t the E a r th ’s surface, 
and th is is not observed.

(2) The albedo of th e  cloud is shown by observations from aero
planes to be high.

(3) In  the  presence of snow, the  d istribu tion  of brightness over 
the sky approaches uniform ity. In  th is case the  snow, being a scattering 
medium, forms, roughly speaking, an  extension of the  cloud, and the 
observer is a t the boundary of two semi-infinite scattering  media. I t  
can be shown th a t the  brightness d istribu tion  in various directions will 
appear isotropic to  such an observer if X =  1 in both media.

The indicatrix  of scattering in clouds is very elongated in the forward 
direction.

As we have said above, the  clouds in  our atm osphere consist of a 
collection of w ater drops of spherical shape. For drops of spherical 
shape, the indicatrix  of scattering can be calculated theoretically. I t  
depends on the radius of the  drop. The greater the ratio  a/X of the 
radius of the drop to the  w avelength of the light, the more elongated 
is the indicatrix. Since, according to present data , the clouds consist
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of droplets the m ajority  of which have radii a few times the wavelength 
of visible light, the  theoretical indicatrices for this particle radius m ust 
be used. Laboratory  investigations on the determ ination of the indicatrix 
of scattering for fog particles have confirmed th a t it is very elongated, 
and  have resulted in good agreem ent w ith the  theory.

In  an actual cloud and in fog, there are particles of various diam eters. 
For this reason, the  indicatrix  of scattering in a cloud is some weighted 
m ean of the indicatrices for droplets of various sizes. This mean indicatrix 
will depend on the droplet dimensions which predom inate in a given 
assem bly of clouds.

W hat is valid for w ater droplets d istribu ted  in the E a r th ’s atm os
phere holds also for droplets of o ther liquids, which probably play 
a  large p a rt in the  atm ospheres of o ther planets (methane, ammonia).

I t  m ust be noted, however, th a t, although very elongated, the 
indicatrix  of scattering in m ost clouds is such th a t deviations by a t 
least two or three degrees are more probable than  smaller deviations, 
i. c. alm ost rectilinear propagation. I f  this were no t so, we should 
usually find the limb of the  Sun’s disc obscured on observing it through 
th in  layers of cloud. N evertheless, the  limb of the  Sun’s disc continues 
to rem ain sharp, in the  m ajority  of cases, when observed through such 
cloud layers.

3. Absorption bands. The scattering of light, as -.veil as the  true 
absorption accompanying it, which phenom ena we have been discussing 
hitherto , take place in all th e  visible and photographic parts  of the 
spectrum , and are slowly varying functions of the wavelength. However, 
in the spectra of the m ajor planets we observe absorption bands corre
sponding to definite molecules. These arc due to  monochromatic ab
sorption in the  lines of the band.

The results of observations of these bands are usually expressed 
as the pa th  length which a ray  m ust traverse in the  gas concerned 
a t atm ospheric pressure in order to  produce a band (or line) of the same 
equivalent w idth. I f  we observed the  passage o f the  direct rays of the 
Sun through the  atm ospheric layers of the outer planets, such d a ta  
would have an  im m ediate physical significance. We observe, however, 
only the diffuse reflection of the continuous spectrum  of the Sun’s 
radiation from the p lan e t’s atm osphere. Hence we m ust a ttem p t to 
decide more exactly the physical significance of the “ equivalent p a th s” , 
expressed in kilom etres a t  atm ospheric pressure, which arc obtained 
from observations of the spectra of planets.

The answer to this question depends on the in terrelation between 
the factors causing the absorption bands and the scattering in the 
continuous spectrum .
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Here two possibilities m ust be borne in m ind:
(1) The scattering of light m ay be due to the gases forming the 

p lanet’s atm osphere. I t  is then of the same nature as the Rayleigh 
scattering which brings about the blueness of the sky on the  E arth . 
In th is case the m edium  causing the  m onochrom atic absorption is 
the same as th a t causing the  scattering in the continuous spectrum , 
since the  m onochrom atic absorption can be due only to the gases which 
are mixed with one another in th e  atm osphere. Assuming th a t there 
is complete mixing, we can suppose th a t the presence of absorption 
lines merely shows th a t there are minima in the  curve giving the 
dependence of the param eter X on the frequency. The table above which 
gives the dependence of the albedo on X shows th a t even a small decrease 
in the  value of X can lead to  a m arked dim inution in the albedo.

In  this ease, the  in terpreta tion  of the observations m ust consist, 
first of all, in determ ining the variation o f X w ith frequency from spectro- 
photom etric data . I f  the values of X for various frequencies have been 
found (including frequencies inside and outside a line), then, neglecting 
the ratio  kv/sy, we can find ky jsy from the formula

X„ =  svl(s„ +& „ +  &„'),

where sv is the scattering coefficient, kr the true absorption coefficient 
in the  continuous spectrum , and ky the additional true  absorption 
coefficient in the line. The value of ky , referred to  one molecule per cm 2, 
is a quan tity  which can be determ ined from experim ent. Knowing the 
ratio  ky jsy, ive can then  find sy referred to one molecule per cm'-. The 
determ ination of the value of sy referred to  one molecule of the absorbing 
gas, on comparison with our considerations on the mechanism of sca tte r
ing, m ay help to determ ine the  fraction of molecules which absorb 
radiation in the given line, out of the to ta l num ber of molecules of 
the gaseous m ixture forming the atm osphere.

(2) The scattering m ay be due to liquid particles (drops) or to solid 
particles (small crystals) forming clouds lying in a cloudy layer bounded 
in altitude on both sides. Then the Sun’s rays, before undergoing diffuse 
reflection from this cloudy layer, m ust reach it  by passing through 
the overlying layers of the atm osphere, and they  m ust again traverse 
these overlying layers before reaching the observer. The form ation of 
an absorption band m ay occur in these overlying layers. In this case, 
the equivalent path  lengths obtained from observation are actually 
characteristic of the mass of the gas concerned which lies above the 
cloudy layer.



PART IX. 
INTERSTELLAR MATTER

Chapter 35. The dust com ponent of 
interstellar matter

The investigation of the in terstellar m a tte r which causes the absorp
tion of the light of d istan t stars is linked with the name of the celebrated 
Russian astronom er V a s il i! Y akovlevich  St r u v e , who, in the first 
half of the  n ineteenth  century, made an a ttem p t to determ ine the 
am ount of this absorption. In  the  tw en tie th  century, the problem of 
the in terstellar absorption of light has a ttrac ted  the atten tion  of several 
Russian astronom ers, and has been investigated w ith particu lar vigour 
during the last th ir ty  years. Many of the im portan t ideas which have 
arisen in this branch of science in recent years are due to Soviet as tro 
nomers.

The existence of in terstellar m a tte r in our stellar system and in the 
o ther galaxies can be seen from a large num ber of facts. We shall discuss 
some of these below.

The discovery of the speetral line of hydrogen with the radio 
wavelength of 21 cm has been of very great im portance in the study 
of in terstellar m atter. The possibility of observing this line was predicted 
by H. C. vax dh H u lst , and it was independently discovered by 
C. A. M u ller  in Holland and by H. I. E w ex  and E. M. P u rcell  in 
A ustralia. Numerous observations of the in terstellar radiation in this 
line th a t have been made recently in H olland and the U nited S tates 
have considerably extended our knowledge of the d istribution of in ter
stellar m atter.

1. Some basic fads. The following simple fact indicates the existence 
of m atter which absorbs light in the in terstellar spaces of our Galaxy. 
The num ber of o ther galaxies (extra-galactic nebulae) brighter than  
some m agnitude m found in one square degree has its greatest value 
in the direction of the galactic poles. As we approach the galactic 
equator, this num ber V m decreases, and in the directions lying in the 
zone of the Milky W ay no extra-galactic nebulae a t all are observed, 
as a rule. Only in some sections of the Milky W ay, called “galactic 
windows’’, are a small num ber of o ther galaxies observed. Thus the zone 
of the Milky W ay is a “ zone of avoidance” for the extra-galactic nebulae.

5 7 3
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Since the other galaxies are systems independent of our Galaxy, 
this dim inution in the num ber of other galaxies as we approach the 
galactic equator m ust be regarded as a spurious phenom enon, caused 
by the presence of a layer of absorbing m a tte r near the plane of sym 
m etry  of the Galaxy. We can suppose th a t the ex ten t of the layer of 
“d a rk ” absorbing m a tte r in the direction perpendicular to  the galactic 
plane is very  small in comparison with its ex ten t in directions along 
this plane, i. c. th a t the dark  m a tte r is concentrated about the plane 
of sym m etry of the Galaxy, as arc g ian t stars and ordinary dwarfs, 
and th a t i t  consists of plane-parallel layers, i. c. th a t  the density  of 
the absorbing m a tte r is a function only of the distance z from the plane 
of sym m etry of the Galaxy. I t  is then not difficult to explain the  observed 
variation in the num ber N m of extra-galactic nebulae w ith galactic 
latitude.

U nder these conditions, if wc denote by r  the optical thickness of 
the  galactic absorbing layer for the rad ia tion  of those cxtra-galactic 
nebulae which lie a t the galactic pole, then  the light of the extra-galactic 
nebulae observed in galactic la titude b will pass through an optical 
thickness r  cosec b, and consequently will be a tten u a ted  by a factor 
e~icosec6_ j f  we determ ine, for various galactic la titudes b, the  num ber N m 
of extra-galactic nebulae down to a given apparent m agnitude m, there 
will correspond to our counts a t various la titudes various eorreeted 
lim iting stellar m agnitudes,

m0 =  m  +  2-5 log10 e“ TCOsec6

or
m0 =  m  — 2-5 M r  cosec b =  m —  1-09 r  cosec b , (35.1)

where M is the modulus of natu ra l logarithm s.
On the other hand, counts of cxtra-galactic nebulae down to various 

apparent m agnitudes in a fixed direction show th a t N m increases with m  
approxim ately according to  the law

N m =  N t X 100 Cm , (35.2)

where N 1 is a constant for the  given region of the sky; this relation 
holds a t  least as far as 20m.

The relation (35.2) means th a t the num ber of extra-galactic nebulae 
N B down to some value of the to ta l lum inosity B  is inversely proportional 
to 7J3'2 (by the  definition of stellar m agnitude, the to ta l lum inosity is 
proportional to  10-04m). This, however, can only be regarded as an 
indication of a more or less uniform large-scale d istribu tion  of the other 
galaxies in cxtra-galactic space.
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I f  the spatial d istribu tion  of the extra-galactie nebulae is uniform or 
nearly so, we m ust have for the stellar m agnitudes, corrected ou 
account of absorption, a d istribution

N m =  N 0 x 1000m° , (35.3)

where N 0 is a constant which is the same for the whole sky. Substitu ting  
the value of m0 from (35.1) in (35.3), we find

N m =  N 0 x io ~ ° 'C5TC03ec4 x  10O Gm . (35.4)

Comparing (35.4) and (35.2), we see th a t

iV1 =  N 0 X ]0- n‘or'rcosec6 . (35.5)

Thus, if we plot on the axes of co-ordinates log10 A7’, and cosee b, 
the relation obtained between these quantities should be a straight line, 
the slope of which should be 0-65 r. The counts of extra-galactic nebulae, 
on being reduced in this way, therefore make it possible to determ ine the 
optical thickness traversed by the radiation from the  extra-galaetic 
nebulae observed a t the pole of the Galaxy. I t  is evident th a t the value 
obtained (assuming th a t the E arth  lies close to the plane of sym m etry of 
the Galaxy) will be equal to  ha lf the to ta l optical thickness of the wrhole 
absorbing layer. On m ultiplying r  by 1-09 we have the same half-thiekness 
expressed in stellar m agnitudes.

A determ ination carried ou t by E . P. H u bble  has given t — 0m-25 
for this half-thiekness. However, an investigation by P. P. P a iienago , 
based on a detailed analysis of counts of extra-galactic nebulae, has led 
to a more reliable value, t =  0m,34. The la tte r estim ate shows, in particular, 
th a t a t a galactic la titude b =  10° the absorption should reach two 
m agnitudes, and this means th a t a t this la titude the average num ber of 
extra-galactic nebulae of a given m agnitude in one square degree should 
be sixteen times less than  a t the poles.

W hen | b | becomes less th a n  five degrees, i.c. when the ray  lies alm ost 
in the plane of the  Galaxy, the optical thickness o f the  layer becomes so 
g reat th a t we sec hardly any extra-galactic nebulae in such low latitudes.

For the  plane of the G alaxy itself, th is conception of the absorbing 
layer allows an interesting conclusion to be draw n concerning the 
surface brightness of the  Milky W ay. Assuming th a t, as well as the 
layers o f absorbing m atter, those of radiating m atter, i.e. the distribution 
o f stars, are plane-parallel, we can say th a t the plane of sym m etry of 
the Galaxy (z =  0) is characterised by a constant macroscopic absorption 
coefficient a  and a constant macroscopic emission coefficient j. T hat is,
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4 7i j  i.s the am ount of energy em itted by all the stars in unit volume in 
this plane, in unit tim e and in all directions. Then we have as usual for 
the in tensity  of a ray coming to  us in the plane of the Galaxy

CO

I  =  J e~T j  d r , (35.6)
o

where d r is an elem ent of the path  of the ray  and r  is the optical thickness 
of the absorbing layer m easured from the observer to r. For t thus 
introduced we can write

r  =  a  r , (35.7)

where a  is the mean volume absorption coefficient. P u tting

j d r =  (j[a) d r  , (35.8)

we have instead of (35.6)
OO

I  =  (j[a) J e-T d r  =  j/a. . (35.9)
o

We have extended the integration in (35.9) from 0 to  oo, since the 
optical thickness of the absorbing layer in the directions where 5 = 0 °  
is so great th a t the replacem ent of the finite upper limit by infinity is 
un im portant. The value of j  can be found by adding the luminosities 
of the stars in some volume, and then  dividing the  sum by this volume 
and by 4 71. For the volume concerned we can take a sphere centred at 
the Sun, of radius 5 parsecs. I f  there are any faint stars inside this 
sphere which are still unknown to us, they  cannot cause a notieeable 
error in the calculation of the sum of the luminosities. Thus j  ean be 
reliably determ ined. On the o ther hand I ,  th a t is the mean brightness of 
the  stellar com ponent of the Milky W ay, ean be determ ined from 
observation. We ean hence find the mean value of a, which, as calculation 
shows, is approxim ately one stellar m agnitude per kiloparsee.

We notice th a t, by introducing the  macroscopic emission coefficient j 
for any stellar system, we ean generally establish an im portan t relation 
concerning the surface brightnesses of the galaxies, which holds in eases 
where the optical thickness of the system  is small in the given direction, 
and cannot be equated to  infinity:

T,
I  =  f  e~r (jfy.) dr =  P ( l —  e " 7-) , (35.10)

0

where r 0 is the optical thickness of the system  in the direction concerned. 
Here P  is some mean value of jfy. over the path  of the ray in the system.



1. Some basic /acts 577

I t  is in te re s tin g  th a t  th e  c e n tra l  p a r ts  o f th e  e llip tic a l ga lax ies, like 
th e  c e n tra l p a r ts  o f  th e  n u cle i o f th e  sp ira l g a lax ies , h av e  a su rface  
b rig h tn ess  ( in te n s ity )  w hich  in  m a n y  eases ex ceed s by  a  fa c to r  o f a h u n d 
re d  th e  o b se rv ed  m ean  su rfa ce  b r ig h tn e ss  o f th e  M ilky  W ay . T h is 
m ean s  th a t  th e  ra tio  / / a  in th e m  is, on  th e  av e rag e , a h u n d re d  tim es  
g re a te r  th a n  i t  is in  th e  p a r t  o f th e  G a la x y  co n ta in in g  th e  S u n  a n d  th e  
n e a re s t  s ta rs . I n  o th e r  w ords, in  th e  e llip tic a l n eb u lae  a n d  in  th e  nucle i 
o f  th e  sp ira l n eb u lae , th e  p a r t  p lay ed  by  th e  ab so rb in g  m a t te r  is neg lig ib le  
in  co m p ariso n  w ith  th e  e x te r io r  p a r ts  o f  o u r  G a lax y  (w here th e  S u n  lies).

A s we shall see below , th e  d is tr ib u tio n  o f ab so rb in g  m a t te r  in  th e  
p a r t  o f th e  G a la x y  w h ere  th e  S u n  is, a n d  in  th e  e x te r io r  p a r ts  o f  th e  
o th e r  sp ira l g a lax ie s , a n d  also  in  g a lax ie s  o f ir re g u la r  sh ap e , is n o t  o n ly  
n o n -u n ifo rm , b u t  c a n n o t ev en  be su p p o sed  co n tin u o u s . In  o th e r  w ords, 
th e  v o lu m e a b so rp tio n  coefficien t a  ch an g es d isco n tin u o u s ly . T h is  m ean s  
t h a t  th e  in te rs te lla r  m a t te r  h as  a  p a t c h y ,  c l o u d y  s t r u c t u r e ,  a n d  if we can  
sp ea k  o f an  ab so rb in g  la y e r  in  th e  G a la x y  i t  is a  l a y e r  o f  a b s o r b i n g  c l o u d s .

I n  th e  l ig h t o f  th ese  c o n s id e ra tio n s  i t  is easy  to  u n d e r s ta n d  w hy , in  
cases w h ere  we v iew  a sp ira l n eb u la  “ ed g e-011” , i.e . w hen  we a re  o u rse lv es  
close to  th e  p rin c ip a l p la n e  o f  sy m m e try  o f  th e  sy s tem , w e sec t h a t  its  
b r ig h t n u c leu s  is crossed  b y  (a d a rk  b an d . T h e  reaso n  is t h a t  th e  e x te r io r  
p a r ts  (in c lu d in g  th e  sp ira l a rm s), fo r  w h ich  th e  m ean  v a lu e  P  —  / / a  is 
of th e  sam e o rd e r as in th e  n e ig h b o u rh o o d  o f th e  S un , a rc  in th is  ease 
p ro je c te d  o n  th e  n u cleu s, w hich  h a s  a  h igh  su rfa ce  b rig h tn ess . T h e  
su rfa ce  b rig h tn ess  in  th e se  p a r ts  o f  th e  p ro je c tio n , w h ich  is d u e  m a in ly  
to  th e  l ig h t o f  th e  e x te r io r  s ta r s  ( th e  l ig h t o f  th e  n u c leu s  is g re a tly  
a t te n u a te d ,  in  eo n seq u en ec  o f th e  la rg e  o p tic a l th ic k n e ss  o f th e  ab so rb in g  
lay er), sh o u ld  be  o f th e  sam e o rd e r  as th e  su rface  b r ig h tn e ss  o f th e  M ilky  
W ay , i.e . less th a n  t h a t  o f  th e  n u c leu s b y  a  fa c to r  o f th e  o rd e r  o f te n . 
T h u s , th e  fa c t  t h a t  su ch  d a rk  b a n d s  a re  o b se rv ed  su p e rp o se d  on  th e  
b r ig h t n u c le i o f  n eb u lae  seen  “ ed g e-011” needs 110 specia l h y p o th es is  
th a t ,  say , ab so rb in g  m a t te r  is p re s e n t a ro u n d  th e  g a la x y  in  q u es tio n , 
b u t o n ly  th e  a s su m p tio n  t h a t  th e  co n d itio n s  in  th e  o u te r  p a r ts  o f  th is  
g a la x y  a re  s im ila r to  th o se  w h ich  e x is t in  th e  e x te r io r  p a r ts  o f  o u r ow n 
G a lax y . F o r th e  sam e reaso n , th e  o rd e r  o f  m a g n itu d e  o f  th e  b rig h tn ess  
o f  th e  M ilky W ay  in  th e  d ire c tio n  o f  th e  n u c leu s  o f th e  G a la x y  (in th e  
c o n s te lla tio n  o f  S a g itta r iu s )  is th e  sam e as in  o th e r  d ire c tio n s  in  th e  
M ilky W ay .

A n o th e r  v e ry  im p o r ta n t  fa c t re la te d  to  th e  in te r s te l la r  m a t te r  in th e  
G a la x y  is th e  re d d en in g  o f  th e  lig h t o f  d i s ta n t  s ta rs . T h is  p h en o m en o n  
is d u e  to  th e  fa c t  t h a t  th e  coeffic ien t o f  in te r s te l la r  a b s o rp tio n  a lw ay s 
in creases  as th e  w a v e len g th  d ec reases , a n d  th is  b rings a b o u t  a red d en in g  
o f  th e  s ta rs  co m p ared  w ith  th e  n o rm al co lo u r fo r th e  sp e c tra l c lass 
co n cern ed . S ince th e  lig h t p e n e tra te s  th ro u g h  g re a te r  o p tica l th ick n esses
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in traversing long segments of its path  close to the plane of sym m etry 
of the Galaxy, it is natu ra l to expect the greatest reddening for stars 
observed at very great distances and a t low galactic Latitudes. Among 
such stars, those of elasscs 0  and B and the  long-period cepheids are 
suitable from the point of view of the possibility of determ ining their 
colours.

The colour indices of stars of classes 0  and B have been studied 
by J . St e b m x s , C. M. H u ffeu  and A. E. W iiit f o r d , and the colour 
indiees of a large num ber of long-period cepheids have been determ ined 
by G. S. B adai/ v a x , and independently by M. A. Y a sh a k id z e . From  
results on the colour indices of nearer stars of these types, the  normal 
colour indiees (C,)0 (i.c. the colour indices free from th e  effects of a b 
sorption), have been determ ined for each sub-elass from 0  to B 0 (and 
for cepheids). By subtracting these norm al colour indices from the 
observed ones, the colour excesses C, were obtained:

Ce =  Ci —  (Ci)0 . (35.11)

The appearance of the  colour excesses is th e  resu lt of the  unequal 
absorption of photographic and visible light. I f  the  absorption, in the  
photographic range, of the light of a given star, expressed in stellar 
m agnitudes, is denoted by A p, and th a t in the visible range, expressed 
in the same way, by A r, then

Ct = A p —  A e , (35.12)

provided th a t the  colour indiees themselves, from which the colour 
excesses are determ ined, have been found by comparing the photographic 
and  visual m agnitudes.

On the other hand, the absorption A p can also be expressed in term s 
of the  optical thickness traversed by the  s ta r ’s radiation in the pho to 
graphic w avelengths:

A p =  1 -09 rp , (35.13)

since both A p and rp are characteristic of the  absoqjtion. For the 
transm ission of the thickness traversed is expressed in term s of these 
quantities hv

(2-512)-j p =  e~Tp . (35.14)

Similarlv

=  109 r,, (35.15)

where r,. is the optical thiekness traversed by the light of the s ta r  in 
the visible frequencies.
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Hcnec we can write instead of (35.12)

Ce =  1-09 (rp— r,.) . (35.10)

On the other hand, introducing the absorption coefficients xp and a t, for 
the two regions of the spectrum , we can write

r

T,> — T,. =  /  ( a ,— a,.) d?

r i> =  f  x p d r  >
0

whence, by (3/). In) and (35.1G),

r
Ce =  1-09 /  (a , — *,) d r , (35.19)

0
r

A p =  1-09 f  a„ d r . (35.20)
6

I t  is very unfortunate th a t we do not a t  present have any method, 
o ther than  statistical ones, of d irectly  determ ining A p. Hence a direct- 
determ ination of A p for individual stars is extrem ely difficult. For 
A p appears in the equation relating the apparent and absolute pho to 
graphic m agnitudes:

in =  M  +  5 log10 r —  5 +  A p . (35.21)

and to find A p we m ust be able to determ ine independently the absolute 
m agnitude and the distance. For instance, the expression (35.21) could 
be used in cases where the parallax has been determ ined trigonom etrically 
and the absolute m agnitude spectroscopically. U nfortunately, however, 
the trigonom etric parallaxes have not been determ ined a t all accurately 
for distances over 100 parsecs. The absorption a t  smaller distances is 
very small. Hence another possibility is widely used, nam ely to calculate 
A p from the colour excess, which is obtained, as we have said, from 
observation.

Thus, provided th a t the ratio  of the absorption coefficients fi =  a,,/ap 
in the two regions of the spectrum  is constant in space, we have by (35.19)

r
Ce =  1-09(1 — ft) I  a ,  d r .

o
3 7 *

(35.17) 

(35. IS)

(35.22)
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whence, on comparing w ith (35.20), we find

Ce = ( \ - , c ) A p. (35.23)

Thus, in this case, the to tal absorption in photographic light for each 
star would be obtained from its colour excess by m ultiplying by the 
same constant

y =  l / ( l - / 0 .  (35.24)

This method is the most frequently  applied a t present to determ ine the 
total absorption of the photographic light of a given star. The questions 
of the physical conditions under which the ratio  p, can be constant, 
and w hether these conditions are in fact fulfilled, are very  closely connec
ted with the problem of the nature of the m a tte r which absorbs light.

As we shall point ou t below, the in terstellar m atter produces some 
absorption lines, belonging to the atom s and ions of certain  elements, 
in the spectra of individual stars lying close to the galactic plane. Thus 
the presence in the composition of the in terstellar m a tte r of gaseous 
masses producing these lines is indubitable. However, the question arises 
w hether m a tte r in the gaseous s ta te  can cause both selective and general 
absorption of the ivhole continuous spectrum such as we observe, i.e. more 
intense in the  region of short wavelengths and less so in the region of 
long wavelengths.

To answer this question, we m ust decide w hat is the cause of the 
opacity of the in terstellar gas in the  continuous spectrum . As we have 
seen in the early P arts  of this book, there are three main sources of 
opacity  of a gas. One of these is the bound-free transitions of the electrons, 
another is the free-free transitions, and the  th iid  is the scattering of 
light by free electrons. The first two of these, which depend in a com
plicated m anner on the wavelength, for a given tem perature, give a mass 
absorption coefficient which is proportional to the electron pressure. The 
th ird  source gives, for the alm ost to ta l ionisation which m ust exist in 
the interstellar gas, a mass scattering coefficient which is practically 
constant. Hence, when the to tal density, and therefore the electron 
pressure, decrease, the p a rt played by the first two sources of opacity 
diminishes m arkedly in comparison with th a t of the th ird  source. Even 
in the solar corona, the radiation in the continuous spectrum  is entirely 
due to the scattering of light by free electrons, and the bound-free and 
free-free transitions of electrons do not produce any noticeable absorption 
(with subsequent re-emission) of the Sun’s radiation by the corona in 
the visible and photographic regions of the spectrum .

This is even more true of the in terstellar gas, which m ust have a density 
m any millions of times less than  the solar corona. This means th a t the 
opacity  of the interstellar gas in the continuous spectrum  m ust be entirely
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due to the scattering of light by free electrons. This scattering, however, 
is independent of the  wavelength, and hence it cannot explain the 
in terstellar absorption, which, as we have seen, is selective. Thus we 
can assert th a t the existence of the in terstellar gas cannot account for 
the observed general absorption of starlight in the continuous spectrum . 
The question may arise w hether the scattering of light by free electrons 
cannot explain a t least a part of the observed a ttenuation  of the  light 
of the stars, while the rem ainder is due to some other very selective 
agency. In  order to answer this question, let us first a ttem p t to estim ate 
the mass of gas necessary to bring about the attenuation  of the light of 
the stars th a t is observed in photographic wavelengths, assuming th a t 
the attenuation  is due to this scattering of light by free electrons. We 
can suppose th a t the mass of in terstellar gas in the entire G alaxy m ust 
be equal to  the cross-section tc R 2 of the  G alaxy in its plane of sym m etry 
(where R  is the  radius of the Galaxy) m ultiplied by the  mean mass in 
a column of cross-section 1 cm2 perpendicular to the galactic plane, i.e.

OO

=  7i R 2 j  o dz ,
—no

where the integration is over the z co-ordinate, which is measured 
perpendicular to  the galactic plane. Introducing the  scattering coefficient 
s referred to unit mass, we obtain

OO

M, =  ti R 2 I j '  s o  dz =  2 7i R 2 r  Js  , (35.25)
—  OO

where rz is the optical half-thickness of the Galaxy. H ere we have 
supposed 5 to  be constant. We  can take hydrogen as the principal con
s titu en t of the interstellar gas; the overwhelming m ajority  of the 
hydrogen atom s are ionised. Hence

s - Mu $0 ,

where s0 is the scattering coefficient when there is only one free electron 
in unit volume, and n u is the num ber of hydrogen atom s (ions in this 
case) in one gram. Both these quantities are not only constants, bu t 
universal constants:

?i„ =  1 /mu , *0 =  (8^/3) (i,!/m c2)2 -  0-7 x  lO"21 cm 2 .

The q uan tity  *• can therefore be regarded as constant also. The electrons 
detached from atom s of other elements do not add much to the value 
of s thus calculated. Thus, instead of (35.25), we can write

Ma =  win • 2 r z ji R 2/s0 . (35.26)
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Taking R =  10,000 parsecs =  3 X 1022 cm and 2 t z =  0 7 . we obtain, 
for the mass of absorbing gas in the Galaxy, a value of the order of 
1Q*5 g Mhich is several tim es the to ta l mass of the  G alaxy itself. Hence, 
even w ithout taking into account the  observed selective a ttenuation  of 
light, we can saj- th a t free electrons cannot be responsible for even an 
im portant p a rt of the optical thickness of the  absorbing layer in pho to 
graphic wavelengths.

Thus we m ust com pletely abandon the idea th a t the gaseous com
ponent of the  in terstellar m a tte r can play any noticeable p a rt in the 
general observed phenom enon of the  a ttenuation  of the radiation of 
the  stars over the whole spectrum .

Since, however, the  independent existence of liquid particles in in ter
stellar space is ruled out, because the  tem perature of a solid or liquid 
particle in interstellar space, far from any star, m ust be extrem ely low 
(less th an  10° K). the conclusion can only be draw n th a t the inter
stellar absorption is caused by solid particles. H ere it m ust be borne in 
mind th a t the chief part in the absorption of light cannot be ascribed 
to large particles, exceeding (say) 1 mm in linear dimensions. In  fact, 
ju s t as in the hypothesis th a t free electrons play a p a rt in this phenomenon, 
th e  assum ption th a t the dimensions of the particles arc so large leads to 
a very large value for the  mass of absorbing m a tte r in the Galaxy, which 
is inadmissible in galactic dynam ics. Moreover, in this case the absorption 
would be not selective bu t neutra l: when the dimensions of the particles 
are m any tim es the  w avelength, the ir effect appeal’s as a screening of 
the  light of th e  stars. F or in this case geom etrical optics is valid, and 
particles of this kind projected on a star 's  disc will eclipse separate, 
though of course very small, parts of th e  disc. W hen the  num ber of 
particles is sufficiently large, the  light of the s ta r will be noticeably 
attenuated , and this will occur, in all wavelengths which are small 
com pared with the dimensions of the particles, in th e  same proportion, 
nam ely the  ratio  of the p a r t of the  disc covered by the particles to  the 
whole disc. In  fact, however, we observe selective absorption. This can 
be caused only by particles whose linear dimensions are small in com
parison with the wavelength of the light, or a t m ost of the order of the 
wavelength of visible light.

The physical theory  of the scattering of light bj- such small particles 
was developed b jr G. M i e . I t  was found th a t not only the dimensions of 
the  particles, bu t also the ir physical properties (e.g. their electrical 
conductivity), arc of im portance.

I f  we were able to  form any  definite idea about the statistics of 
the dimensions and other properties of the particles of in terstellar 
m atter, or, as one generally says, of the cosmic dost, then, on the  basis 
of M ik’s thcoiy . we could calculate the absorption coefficient as a function
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of wavelength. However, since such an idea would be purely conjectural, 
it is necessary to  determ ine the absorption coefficient as a function of 
wavelength empirically, and only then  to  form an idea of the compo
sition of the eosmie dust by a ttem pting  to explain the observed depen
dence of the absorption coefficient on the wavelength.

The determ ination of the absorption coefficient as a function of 
w avelength over the spectrum  is in principle a  simple problem. We 
have to  take two stars with the same physical properties th a t can 
be ascertained from the ir spectral lines. They m ust no t only belong 
to the same spectral sub-class, b u t have the same lum inosity, and it 
is therefore necessary th a t the actual form of the spectral lines (their 
width) should be the same. W hen stars similar in their p h j’sieal properties 
have been carefully selected in this way, we maj" expect th a t not only 
are their colour tem peratures the same, bu t the energy distribution in 
the continuous spectrum  is also exactly  the same. I f  one of these stars 
is d is tan t and its light undergoes considerable absorption, the difference 
in the apparen t relative energy d istribu tion  in their spectra m ay be 
regarded as being due entirely to  the selective in terstellar absorption.

L et 70(/.) be the  relative energy7 d istribution in the spectrum  of 
the near star (free from absorption), and / 1(A) the  observed d istribution 
in the spectrum  of the more d istan t star. I f  there were no absorption, 
we should have

I x(?.) =  C I 0(k),  (35.27)

where C is a constant depending on the ratio  of the distances of the 
stars concerned. H owever, since the  light has undergone absorption in 
the second ease, we have, instead of (35.27),

I ,  (a) = C e - 'A / o(;.) , (35.28)

where z x is the optical thickness of the p a th  traversed by the light in 
w avelength / .  From  (35.2S) we have

Ta =  -  logo [ / , ( ; . ) / /otf)] +  loge C . (35.29)

For zx, however, we have
r r

Tx =  [  d r =  j  a Ai d r =  r A, , (35.30)
0 0

where /.x is some chosen wavelength, and it is assumed th a t the ratio  
;xxl^x, is constant, i. c. independent of distance. Introducing (35.30) in
(35.29), we find

' a, lo=t‘ li\%  + lo« « 0



584 Chapter ,%r>. The dust component ot interstellar matter

Since the constant- C is usually undeterm ined, we can say th a t the 
ratio  a(A)/a(Aj) is determ ined from observation apart from an additive 
constant.

The use of observational da ta  has shown th a t, in the m ajority  of 
eases, a (A )/a(/,), and therefore a(/.) itself, is a linear function of ?~l, i. e.

a(/.) =  c , / - 1 -f  c2 , (35.31)

where c„ is, so to speak, the neutral component of the absorption curve. 
M i l ' s theory  leads to  the  conclusion th a t such a dependence of the 
absorption coefficient on the w avelength in the photographic part of 
the  spectrum  is given by metallic particles (the calculations were made 
for iron and nickel) with diam eters of the order of 10~5 cm, i. e. less 
than  the  wavelength. I t  is clear th a t the in terstellar dust is composed 
of particles of very different diam eters. The statistics of these diam eters 
ought to be investigated more fully, bu t the result obtained shows 
th a t diam eters of the order of 10~5 cm are the most effective in in ter
stellar absorption.

I t  may be m entioned th a t some authors have attem pted , starting  
from the assum ption th a t a(/„) has the general form

a(/.) =  cr ? ~ k +  Co , (35.32)

to determ ine the value of k which best agrees with the speetrophoto- 
m etrie results. However, the  values of k thus determ ined do not deviate 
greatly  from unit}’. 0. A. Mel'nikov has shown th a t it is be tte r to 
take k as varying with the wavelength, since the  same particles give 
various exponents k for different wavelength ranges. Thus, when the 
wavelength is several times less than  the diam eter, each particle absorbs 
neutrally , i. e. k =  0. F u rther investigations are necessary to derive 
the variation of k with the wavelength range. Only the establishm ent 
of the change of k with wavelength makes it possible to  draw some 
prelim inary conclusions on the  statistics of the dimensions of the cosmic 
dust particles.

A t present, formula (35.31) is generally used in practice. However, 
the value of the constant c.> (or, more precisely, of the ratio  c0/c,) cannot 
be determ ined from speetrophotom etric observations alone. To de ter
mine it, we m ust have a t the same tim e data  on the to tal photographic 
absorption A p and the selective absorption Ce in some direction. Extra- 
galactic nebulae can be used for this purpose. Wo have seen how the 
counts of these nebulae give the optical half-thickness of the whole 
galactic absorbing layer in the  direction perpendicular to the galactic 
plane. However, direct observations of the colours of extra-galactic 
objects (or of galactic objects lying outside the absorbing layer) can
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give us the ‘ selective” optical half-thickness of the absorbing layer, 
i. e. the difference — r^. Such a determination of the selective half
thickness has been made, for example, by the Soviet astronomer 
N. F. Flokya, using the colour indices of globular clusters found by 
Steubixs and W hitfokd. Jt is evident that wc can obtain c.Jcl from the 
ratio of the selective half-thickness to the half-thickness in one of 
the wavelengths used:

tA, _  ci (̂ -i 1 ') _  -̂i 1 1
rAi cl iq-1 +  Cn / -r 1 +  c2/c, '

It has been found that the observations are in accordance with the 
assumption that c2 can be neglected, so that, within the limits of accuracy 
involved, they can be satisfied by the formula

a (A) =  A-1 . (35.33)

Conversely, if wc assume (35.33), it is possible to find, for any system 
of colour indices based on two given effective wavelengths, the factor y  
whereby the directly observed colour excesses can be transformed 
into the values of the total absorption, in the photographic region, as 
far as the object concerned :

C1 V 1 V 1"Ij ---- r    rf c 7 _ / —iC j / . j  C j  /»2 / . j  / .o

This has made it possible to use the comprehensive existing data on 
the photoelectric and photographic colour indices in order to ascertain 
the nature of the distribution of the absorbing matter in the Galaxy.

From a study of these data, P. P. Pakenago has shown that previous 
estimates of the mean absorption coefficient in the galactic plane were 
too low. since the authors who made them used stars with galactic 
latitudes which, though small, were not zero, and they did not take 
into account the decrease in the absorption coefficient as we move 
away from the galactic plane. Having established that the “equivalent” 
linear half-thickness of the galactic absorbing layer is =  100 parsecs, 
and taking as an interpolation formula an exponential law of variation 
of the density of the layer with altitude, wc find that, if o() is the (photo
graphic) absorption coefficient in the plane of the equator, and r and b 
are the distance of the object and its galactic latitude, then the total 
photographic absorption of the light of this object is

A (r,b) =  («0 pi sin b) ( 1 — e-rsi“b!P) , (35.34)

and only in the particular case of an object for which b =  0 exactly 
do wc have

(35.35)
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Hence the authors who have applied formula (35.35) directly to objects 
in la titude b have found, not the coefficient n0, bu t the quan tity

(«0 /5/r sin b) (1 — c~ rsilli^) ,

which is close to u0 only if r sin b <g ft.
The correct s ta tem en t of the problem has led to mean values of aQ 

for various directions as follows:

a0 =  3m • 4 per kiloparsee (Parenago),

=  2m • 4 per kiloparsee (Florya).

We note th a t  N .  F .  F l o r y a  takes (3 =  1 3 0  parsecs.

Thus a considerable divergence is found from the  value of a0 obtained 
from form ula (35.9). Since the la tte r  formula assumed th a t j/a. is every
where the same as in the neighbourhood of the Sun, the discrepancy is 
to be explained, a t least in part, by the fact th a t ;'/a a t large distances 
from the  Sun (thousands of parsecs or more) is, in some regions of 
space, large com pared with its value near the  Sun (the la tte r  is in a 
region of the G alaxy lying between the spiral arms, where stars are rare).

In  conclusion, we m ust particu larly  emphasise the resu lt which 
has been reached by all investigators of the absorption in interstellar 
space, nam ely th a t the absorbing m a tte r is d istribu ted  extrem ely 
irregularly, and the absorption coefficients obtained for different direc
tions are themselves different.

2. Diffuse nebulae. We have already rem arked above th a t the value 
of the absorption coefficient, even in the galactic plane itself, varies 
considerably from one direction to another, am ounting to  four stellar 
m agnitudes per kiloparsee in some directions. The impression obtained 
from this of the extrem e irregularity  of the spatial d istribution of the 
•absorbing m a tte r is reinforced by the  facts relating to dark  nebulae.

I t  is well known th a t there are certain  regions where dark areas 
are seen against the  bright background of the Milky W ay. Such, for 
exam ple, arc the dark  nebula around q Ophiuchi, th e  Coal Sack in the 
southern sky, and m any o ther objects. Similar regions, which are 
sometimes very small in d iam eter (less than  a degree), arc found, for 
example, in Cassiopeia and in Cygnus. S tar counts on photographs 
show an extrem e paucity  o f stars in these regions, and especially of 
faint stars. Since it is unlikely th a t this paucity  of stars is due to an 
anomalously low density of stars w ithin the cone formed by the 
lines joining the observer to the  boundaries o f this region, because 
this would mean assuming the existence of em pty  tunnels, alm ost 
devoid of stars and sometimes very narrow, in the stellar system , we
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must draw the only possible conclusion, th a t there is absorbing m a tte r 
near the observer in the direction concerned, which strongly attenuates 
the light of d is tan t stars. The absorption, i. e. the optical thickness, 
of such dark nebulae, and the ir distance from us, can be approxim ately 
estim ated. In  some cases the  optical thickness am ounts to two or three 
stellar m agnitudes. In  order th a t a large dark  nebula should be fairly 
d istinctly  seen against the background of th e  Milky W ay, its distance 
m ust be not more than four hundred parsecs. At g reater distances the 
num ber of stars which are nearer, and whose light is unaffected by 
the nebula, is so large th a t we cannot speak of an exceptional paucity 
of stars observed in the region of th e  nebula.

The eross-seetional diam eters of dark  nebulae can be estim ated 
from the ir distances and angular dim ensions; they  are found to be of 
the order of ten  parsecs. There arc, in fact, more dark  nebulae with 
sm aller eross-seetional dimensions, bu t they  are less noticeable. I t  is 
clear also th a t the  linear ex ten t in depth  is usually of the same order 
as the eross-seetional dimensions, since there is no reason to suppose 
th a t all the dark  nebulae arc elongated in the direction of the  line of sight.

The dark  nebulae arc similar to the  “globules” , which are dark 
regions o f the  sky w ith angular diam eters of the  order of a m inute or 
less, and arc m ostly found against the background of bright diffuse 
nebulae.

A part from the  globules, whose nature is as yet by no means clear, 
it m ust be supposed th a t the dark  nebulae, like all the absorbing m atter 
in the Galaxy, consist o f solid particles of cosmic dust. Since observation 
reveals some selectivity in the ir absorbing properties, we m ust conclude 
th a t the diam eters of these particles do not exceed th e  wavelength 
in the  m ajority  of eases. Using more or less plausible hypotheses con
cerning the density of these particles, we find a mass of the order of 
50 Mq  for the  largest of the dark  nebulae. The dark nebulae of smaller 
dimensions have masses not exceeding 10 Mq .

The shape of the regions screened by the  dark  nebulae is usually 
quite irregular. Moreover, the boundaries of these regions arc fairly 
indefinite. These facts indicate th a t the dark  nebulae themselves usually 
have irregular diffuse shapes. This links them  to the  bright diffuse 
nebulae having a continuous spectrum , the investigation of which has 
shown th a t they  also arc clouds of cosmic dust, like the dark nebulae, 
the only difference being th a t they are illum inated by stars of high 
luminosity.

I t  is well known th a t the bright diffuse nebulae which we observe 
are divided into two groups. Some of them  have spectra composed o f 
bright lines of various light elements (nebulae with emission spectra) 
whilst the others (reflecting nebulae) exhibit continuous spectra ivith ah-
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sorption lines, identical with those of stars of one of the fam iliar spectral 
types. The question has naturally  arisen of the  source of the radiation 
of each type of diffuse nebula.

In the spectra of diffuse nebulae with emission, the same lines are 
found as in the spectra of the  p lanetary  nebulae. The chief difference 
lies in the fact th a t, in the  la tte r  spectra, the Nj and X 2 lines of 0  MI 
are dom inant, being much more intense than  the ad jacent line. In  
the  spectra of the diffuse nebulae with emission, however, they  are not 
brighter than  The ratio  of brightnesses of the lines of 0  I I I  and 
0  I I  is also much less than  in the  case of th e  p lanetary  nebulae. This, 
together w ith the absence of lines of ionised helium in the spectra of 
the diffuse nebulae, shows th a t the  difference between the two cases 
lies only in the degree of excitation and ionisation of the atoms, which 
is less for the diffuse nebulae. On the o ther hand, the features of sim ilarity 
in the spectra indicate th a t the mechanism of excitation of the spectra 
is the same in each case, i. c. in the case of the diffuse nebulae also the 
spectra are excited by the ultra-violet radiation of a hot star. E. 1 \ II u i i i i l k  

has shown th a t in fact, close to alm ost every diffuse nebula with emission, 
a giant star of class O or B 0 can be found, or else a group of such giants, 
which can be regarded as exciting th e  radiation in accordance with the 
mechanism of which the theory has been explained in detail in P a r t IV, 
in connection with the p lanetary  nebulae. An a ttem p t to determ ine 
the tem peratures of these giants by Z a n s t r a ’s method, on the assum ption 
th a t they  are in fact the source of the  lum inosity of the corresponding 
diffuse nebulae, has led to estim ates which agree well with present- 
day views on the tem peratures of stars of classes 0  and BO (30,000° to 
2b,000°), as obtained bv o ther methods. Thus each diffuse nebula with 
emission is illum inated by a hot s ta r or by a group of ho t stars which 
cause it to radiate. There are only a few exceptions to this statem ent.

In  the case of diffuse nebulae having a continuous spectrum , there 
may always be found, near the nebula, a supergiant of spectral type 
la ter than  B 0, whose spectrum  is similar to th a t of the nebula (if the 
la tte r  is known). In this case it can be assum ed th a t the nebula, which 
consists of solid particles, reflects the  light from this supergiant, or, 
more precisely, scatters it.

IIuism.K has shown th a t, if we determ ine, for each diffuse nebula, 
the greatest distance a from the  illum inating sta r (i. e. from the super
giant mentioned above) to  points of the nebula having some previously 
fixed standard  surface brightness, it is found em pirically th a t a is 
related to the apparent m agnitude m of the illum inating s ta r by

m +  5 log10 a =  constant. (35.36)
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If  we construct a graph of m against log10«, the points corresponding 
to the individual nebulae arc concentrated around the straigh t line
(35.36) with only a small dispersion. On the o ther hand, it can be shown 
th a t the relation (35.36) follows im m ediately from the hypothesis th a t 
the  diffuse nebulae are illum inated by stars. Thus, let us denote by b 
the light from the star which reaches the  E arth . H ere we refer to the 
illum ination of areas perpendicular to the s ta r ’s rays. The illum ination 
of a dust nebula whose particles lie in some plane perpendicular to 
the direction of the s ta r ’s rays is

b r 2/A 2 ,

where r and A are respectively the distances from the star to  th e  E arth  
and to  the point in the nebula considered. I f  the reflecting power of 
the nebula is constant (for example, if it reflects practically all the  light 
from the  star), the observed surface brightness is proportional to  the 
illum ination, i. e. b r 2fA 2. Moreover, as is well known, it is independent 
of the distance between the nebula and the observer (neglecting ab- 
soqition).

Consequently, if we select points, in various nebulae, which correspond 
to some standard  surface brightness, the distance A a t these points 
satisfies the equation

A 2 = Cbr2 , (35.37)

where C is a constant. On the  o ther hand, we have for the  angular 
distance a from the s ta r to  the point considered in the nebula

a =  (Ajr) cos 0 , (35.3S)

where 0 is the angle made by the radius vector draw n from the star to 
the point in question with the tangen t plane to the sky. From  (35.37) 
and (35.38) we obtain

a2 — C b cos2 0 ,

or, taking logarithm s,

2 lo&io « — logio b = logio C + 2 logio cos 0 .
M ultiplying by 2-5 and taking into account the relation

— 2-5 log|Q b = m +  C' , 

where m is the apparen t m agnitude of the star, we find

5 log10 a +  m — 5 log10 cos 0 =  c o n s ta n t. (35.30)
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The angle 0 is usually unknown, and the relation (35.39) cannot 
be exactly tested. However, replacing log10 cos 0 by its mean value, 
we obtain  equation (35.36), which is in good agreem ent with observation. 
The slight dispersion of the  points, on the  graph of m against log]0 a, 
about the straight line (35.36) is due, firstly, to the  fact th a t log10 cos 0 
differs from its mean value in different nebulae and, secondly, to the 
fact th a t different nebulae have different albedos.

The approxim ate fulfilment of equation (35.36) not only confirms 
the hypothesis th a t the radiation of the diffuse nebulae with a continuous 
spectrum  is the result of the scattering by the nebulae of the  light of 
the illum inating stars, bu t also shows th a t the  illum inating supergiant 
stars have, in the m ajority  of cases, been correctly identified by as tro 
nomers. This is reasonable, since the num ber of supergiants in the 
Galaxy is relatively small, and the iden tity  of the spectral types of 
s ta r and nebula is a criterion which makes im probable any error in the 
identification of the  illum inating stars.

The proved fact th a t in th is case we are concerned with the scattering 
of the light of th e  star by a dust nebula indicates th a t th e  physical 
sta te  of the m a tte r in the dark  nebulae is the same as in the bright 
diffuse nebulae w ith a continuous spectrum .

I t  is interesting th a t  the relation (35.36) is fulfilled, not only for 
diffuse nebulae with a continuous spectrum , bu t also for emission 
nebulae. This fact is somew'hat unexpected, since in th is case we do 
not have simple reflection, bu t, as was said above, a process sim ilar to 
th a t which occurs in the p lanetary  nebulae. The fulfilment of th e  relation
(35.36) for the  emission nebulae indicates th a t, from unit surface of 
the  nebula, an am ount of energy is em itted in all the emission lines 
together which is proportional to  the am ount of energy incident on 
this un it surface in the usual photographic p a rt of the spectrum . We 
know, however, th a t the am ount of energy em itted  in the spectral lines 
by unit surface of a nebula depends on the  am ount of radiation from 
the star, beyond the limit of the Lym an series, th a t is incident on 1 cm 2 
of the surface of the nebula.

Hence the fulfilment of the  relation (35.36) indicates th a t the  ratio 
of the  am ount of energy incident on 1 cm 2 of the  nebula in photographic 
w avelengths to th e  am ount of energy incident on the  same area in 
the far ultra-violet region of the spectrum  is approxim ately constant 
from one nebula to another. This, however, means th a t the surface 
tem peratures of the illum inating stars arc the same. We know that 
the stars which illum inate the  diffuse nebulae having an emission 
spectrum  do in fact belong to a very narrow range of the spectral se
quence. nam ely the classes 0  and B 0 with absorption lines. As a rule, 
no diffuse nebulae are found which arc illum inated by W olf-Kayet
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type stars. Thus the tem peratures of the stars which illum inate the 
diffuse nebulae having an emission spectrum  lie in the in terval from 
20,000° to 30,000°. I t  is by chance th a t  the constant on the right-hand 
side of equation (35.3G) is approxim ately the same for reflecting and 
emission nebulae. These constants would be different if the tem peratures 
of the stars which cause the radiation of the emission nebulae were 
different.

The distances of the nebulae from the  stars which illum inate them  
is often several parsecs. The question arises w hether there is a genetic 
relation between the diffuse nebulae and  the illum inating stars, or 
w hether their association is purely casual. In  other words, do the star 
and the nebula have a common origin and motion, or have they ap 
proached by chance and  come close together a t the p resen t time, only 
to separate again? H u b b l e  himself, on comparing the radial velocities 
of several nebulae and the stars illum inating them , noticed discrepancies 
between them , and hence concluded th a t their relation is purely tem por
ary. H u b b l e ’s  conclusion, however, was based on the radial velocities 
of only five stars, and needed to  be carefully tested. This has been 
carried out by S h . G .  G o r d e l a d z e  and V. A .  A m b a r t s u m y a n  in the 
following manner.

I f  the nebulae m eet the ir illum inating stars only by chance, the num 
ber of nebulae illum inated a t any tim e by the stars of some spectral 
class should be proportional to  the  probability  th a t a nebula is w ithin 
the  volume illum inated by one or o ther of th e  stars of th e  spectral type 
in question. This is due to the obvious circum stance th a t each star 
having a given lum inosity can produce an illum ination exceeding some 
limiting value only if the object illum inated is w ithin some spherical 
volume. If, in addition, the reflecting power is given, we can draw' 
round each sta r a sphere such th a t, if the nebula is w ithin the sphere, 
it will have a surface brightness exceeding some definite value. Here 
we can take as the minimum surface brightness the  value detected  by 
astronom ical instrum ents of a given focal ra tio  (say 1 : 5) for a given 
exposure (say one hour) and a given p la te  sensitivity. The radius of 
this sphere is proportional to the square root of the s ta r ’s lum inosity, i.e.

logi0 A — C — 0-2 M  ,

where M  is the absolute m agnitude of the star. The volume of the sphere 
is proportional to the  cube of the radius, i.e.

logI0 V =  Cl — 0-6 M  . (35.40)

Thus, for exam ple, calculation shows th a t, for the above conditions of 
observation, stars o f absolute m agnitude M  =  0 illum inate about I cubic 
parsec around them , while those of absolute m agnitude M  =  — 5
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illum inate about 1000 cubic parsecs. Outside these volumes, the nebula 
would not be accessible to instrum ents of the given focal ratio  w ith an 
hour's exposure, since its surface brightness would be too small.

I t  is evident also th a t the fraction of the to tal volume illum inated 
by all the stars of some spectral type is n F, where F is the mean volume 
illum inated by a s ta r of th a t type and n is the num ber of stars of th a t 
type per un it volume. Here the mean volume F can be obtained by 
averaging, over all values of the absolute m agnitude M,  the volume V {M) 
calculated from form ula (35.40):

OO CO

V =  f  <f>(M) V(M)  d Mj  J  <f>{31) d M  , (35.41)

where <f>{M) is the lum inosity function for a given spectral type, which 
shows the  fraction of stars of the type in question which have absolute 
m agnitudes between J /  — I and M  +  -F Thus the probability  th a t a 
nebula is illum inated by a s ta r of the given spectral type can be calculated 
from  d a ta  of stellar statistics only. I f  the relation between the nebulae 
and the stars illum inating them  is in fact one of chance, the  num ber of 
observed nebulae illum inated by stars of some type should be proportional 
to n F. Table 35 gives, for each spectral type, the num ber N  of observed 
nebulae illum inated bv stars of th a t type, according to  H u b b l e , and the 
fraction n F of galactic space illum inated by stars of the  same type, 
as calculated from form ula (35.41) and from the d a ta  of stellar statistics 
concerning the lum inosity functions and the  frequency of occurrence of 
the various types of stars. Wc see th a t the  hypothesis of a chance relation 
excellently explains the predom inance, among the reflecting nebulae, of 
those associated with stars of types B I to  B 9, and is generally in good 
agreem ent with observation.

T a b le  35

S p e c t r a l  c la s s ,V n V V

0 11 0-2 x  10-4 0-2x 10-4
BO 7 0-0 0-2

B 1 - B  9 f>4 2-9 2*2
A .3 0-8 0-6
V o 0-25 0-5
G 1 018 01
K o 0-2.3 0-4
M 0 0-02 0-0.3

Wc note th a t, instead of using the lum inosity functions for the 
various spectral types in accordance w ith (35.41), the results for which 
are still insufficiently reliable, the same quantities n F can be obtained
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as follows. In  our calculations, wc have not taken into account the 
change in the  num bers n as wc move away from the Sun along the 
galactic plane. Hence we can bring the constant n under the integral sign 
in the formula

CO

p = n  I  V0 • 1 C d M  ,
“ OO

which, by (35.40) and (35.41), gives the fraction of a un it volume which 
is illum inated by stars of a given type. H ere VQ is the volume illum inated 
by a s ta r of absolute m agnitude zero. Thus

OO

p =  v 0 J  n <f>{M) • 1 0 - ° 8^  d J J  . (35.42)
— CO

On the  o ther hand, according to  the fundam ental integral equation of 
stellar statistics, we have for the  num ber of stars of apparen t m agnitude 
m in any direction in th e  galactic plane

OOA (m) =  co J  n<f>(M) r- d r . (35.43)
o

Expressing r by means of

5 log10 r — 5 — m — M  , 

we can rewrite (35.43) in the form

OO

A (in) =  f  n-  io°-o(»> -J/)+ 3^(j/)d il/. (35.44)

The absorption of light in in terstellar space has not been taken  into 
account in formulae (35.43) and (35.44). However, if we restric t ourselves 
to stars above the fifth m agnitude, i.e. to the nearest stars, this is quite 
permissible. Then, comparing (35.44) and (35.42), we find th a t

H(;/0 =  (cojo.M) 10°'0m+3 p ,

from which the values of p can be calculated, using the values of A(m)  
for various spectral types with any in. Thus wc arc enabled to  obtain 
these values d irectly  from observation. The values of p thus found 
arc given in the last column of Tabic 35.

As we see, the relative values of /) in this ease also correspond to  the 
relative values of the observed numbers of diffuse nebulae. Thus the 
statistics of the spectra of the illuminating stars is in good agreement ivith

48 Astrophysics
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the hypothesis of casual connection. We notice th a t, for the types O and 
B 0, where we are concerned with gaseous nebulae, despite the presence 
of some deviations the same agreem ent with observation is obtained. 
However, as we shall see below, the  problem of the gaseous nebulae 
is more complex than  appears a t first sight. Hence we shall a t present 
draw some conclusions regarding only the  dust nebulae.

The most im portan t result which follows from the confirmation of the 
hypothesis of casual connection is th a t, besides the dust nebulae 
illum inated by stars, there m ust also exist in the  stellar system  a very 
great num ber of nebulae which are not illum inated.

In  fact, the num bers p denote the fractions of any volume of galactic 
space which are illum inated by stars of a given spectral elass. The sum of 
all the p, however, not only is not equal to  unity , bu t is only of the  order 
of 1/2000. In  other words, the  stars of all the  spectral classes together 
illum inate only one tw o-thousandth part of in terstellar space. I t  then  
follows, from our conclusion regarding the  casual connection between the 
dust nebulae and the  stars illum inating them , th a t the  to tal num ber of 
ncbidae m ust be approxim ately two thousand tim es the  num ber of 
illum inated nebulae. Consequently, only a few representatives of the 
dust nebulae are illum inated by stars.

On the  other hand, ju s t as, among the illum inated diffuse nebulae, 
there are objects of various sizes and brightnesses, among the  nebulae 
th a t arc not illum inated there are objects of various diam eters and 
optical thicknesses.

Those which are not far from us and have particu larly  large optical 
thicknesses will a tten u a te  the  light of the  stars lying behind them , and 
produce regions of the sky in which there are few stars. We observe them  
as “ d ark ” nebulae. Thus we see th a t both the bright and the dark 
nebulae are particular cases of a very numerous class of diffuse nebulae.

If we take into account the  fact th a t, with instrum ents of focal ratio 
1 : 5 and exposures o f one hour, upw ards of a hundred illum inated 
diffuse nebulae can be photographed with present-day plates, and th a t 
the great m ajority  o f these are a t distances from us of less than  1500 
parsecs and lie w ithin a galactie layer of thickness 200 parsecs, we m ust 
suppose tha t upwards of two hundred thousand unillum inated nebulae ac
tually  lie in this volume (since Z p =  1/2000). Assuming th a t the radius of 
each nebula is of the order of three parsces, we can calculate the num ber 
of such nebulae which in tercept a ray in the galactic plane over a distance 
of 1000 parsecs. We obtain  a num ber of the  order of four nebulae per 
kiloparscc of light path . Since these nebulae (or clouds, as wc shall now 
call them) m ust have a certain absorbing (or scattering) power, as is 
shown, in particular, bv the considerable albedo which they exhibit when 
illum inated, we m ust suppose th a t each of these clouds brings about
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a noticeable attenuation  of the light of the stars lying behind it, i.c. has 
a considerable optical thickness. If we further assume th a t this thickness, 
expressed in stellar m agnitudes, is about 0m-3, it is found th a t the 
non-illum inatcd clouds together should bring about an absorption of 
more th an  l m per kiloparsec. Thus we can draw the conclusion th a t the 
general and selective absorption of which we spoke in the last section 
is, if not entirely, a t least in p a rt the to tal effect of the absorbing clouds 
whose, existence has been established above. We shall discuss below the 
consequences of assuming th a t the  absorbing layer consists entirely of 
an  assembly of separate clouds. The case where p a rt of the absorption 
is due to a continuous medium can be reduced to this, since we can 
suppose th a t the continuous medium has the same effect as an infinite 
(or very large) num ber of clouds, each of infinitely small (or very small) 
optical thickness.

The discrete structu re of the absorbing layer causes certain  deviations 
from uniform ity in the  apparent d istribution of stars and of extra-galactic 
nebulae. We shall begin by considering the  irregularities in the d istri
bution of extra-galactic nebulae.

3. Fluctuations in the numbers of extra-galactic nebulae. We have 
seen above th a t, if we assume the absorbing m atter to be d istributed in 
the G alaxy in continuous plane-parallel layers parallel to th e  plane of the 
galactic equator, the  num ber of extra-galactic nebulae down to  some 
apparent m agnitude m  in one square degree is a function only of galactic 
latitude. Thus in these conditions N m should not vary  for a given 
galactic latitude. However, if the absorbing layer consists of separate 
clouds, the num ber of clouds intersected by rays from two neighbouring 
directions, even with the same galactic la titude, will in general be different. 
Hence the absorption in these two directions will be different, and con
sequently iVm will be different also.

As before, wc shall s ta r t from the supposition th a t, if there were no 
absorption in the Galaxy, AT,„ would be the same in all directions, nam ely

. V m =  A V  1 0 0 0 m - ,  ( 3 5 . 4 5 )

where ?n0 is the apparen t m agnitude th a t would be observed in the 
absence of absorption. Let us consider rays reaching us from extra- 
galactic nebulae lying in some direction a t galactic la titude b. A fter 
entering the Galaxy, they traverse a series of absorbing clouds, as a result 
of which their in tensity  is dim inished by a factor Q. I t  is evident th a t

Q =  e “ r , ( 3 5 . 4 0 )

where r  is the to tal optical thickness of all the clouds intersected by the 
ray. Then the nebulae which would have an  apparent m agnitude m0 if there 

:is*
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were no absorption in the Galaxy will be observed with an apparent 
m agnitude

ni =  m0 —  2-5 log10 Q . (35.47)

Substitu ting  the expression for m0 from (35.47) in (35.45), we find

N m  =  i V 0 - 1 0 ° 0 ,n  Q 3 2 . ( 3 5 . 4 8 )

The quan tity  Q is a random  variable. We can study  the statistical 
law of distribution of various values of N m a t a given galactic la titude, 
using the observed values of N m in various directions. Hence it is con
venient to form an idea of the properties which this d istribution should 
have as a function of the statistical param eters characterising the 
absorbing clouds.

Let us rew rite (35.48) by introducing the value of Q from (35.46). 
We then have

N m =  N 0 • 100 6”' e~ 3r “ . (35.49)

Thus the  law of d istribu tion  of N m depends on th a t of r , i.c. on the 
to tal optical thickness traversed by the ray. The optical thickness r  
traversed by the ray  is composed of the optical thicknesses traversed 
by it in the separate clouds:

r  =  I  <7; , (35.50)

where both the num ber of term s in the sum and the optical thickness 
traversed by the ray in each cloud, i.c. the value of each cq, are random  
quantities. This is due to the fact th a t the clouds m ay differ among 
them selves; moreover, the ray m ay intersect a cloud along lines corre
sponding to various values of the optical thickness.

Let F(a) be the probability th a t a cloud intersected by the ray has 
an optical thickness less than  a along the line of intersection. We suppose 
th a t the function F(o) is independent o f the distance from the galactic 
plane.

We have to find the law of d istribu tion  of r  (the optical thickness 
of the whole layer of clouds in a given latitude, from the  observer to 
the outer boundary of the layer). However, in order to solve this problem, 
we shall take at first only the part of the cloud layer up to an  a ltitude 2 
from the galactic plane, and then increase z. We denote by t the optical 
thickness of this layer in the direction of la titude b, and desire to find 
the d istribution function of t, i.c. the probability  <f>(t) th a t the optical 
thickness traversed by the ray in this layer is less than  t.
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Let us add to  the layer of clouds some linear increm ent of thickness 
dz. Then the  path traversed by a ray  in this layer is increased by the 
segment dz cosec b. H ere two cases are possible: cither a cloud is 
encountered in this segment, or it is not. The probability  of finding a eloud 
is proportional to  the lengt h dz cosec b of the segment , and is k  dz cosee b, 
where k is the mean num ber of clouds intersected in unit path  of the 
rav a t the given a ltitude z. The probability  of no t finding a cloud is 
1 — k dz cosec b. The distribu tion  functions before and after the 
increm ent will differ by the ir param eters z and z +  dz. Then, by the 
theorems of composition and m ultiplication of probabilities, we have

<f>z + j z {t) =  (1 —  k  d z  c o s e c  6 )  <f>z (t) k dz cosec b j  ^ ( t — a) d F ( a ) .  ( 3 5 . 5 1 )

Transferring ^  (<) to  the left-hand side and dividing by k dz cosee b, we 
obtain  the differential equation

t

,sin b kt\z =  — & (0  +  J  <f>z (t— a ) d F ( a ) .  (35.52)
0

We introduce instead of z the independent variable

z

v =  f k d z .  (35.53)
o

Then equation (35.52) can be rew ritten  in the  form

t
sin b =  — <f>v(t) +  J  <f>v{ t— a ) d F ( a ) .  (35.54)

(i

From  this equation it is easy to obtain the expectations of various 
powers of t. However, in order to  proceed with the  problem of the 
fluctuations of the num bers of extra-galaetie nebulae, we do not need 
these expectations, bu t those of various powers of e—3r'2. To calculate 
these, we m ultiply equation (35.54) by e_/<and integrate from 0 to co. 
Then

CO *

*i n h d v f  e~ U dt =
u

CO  CO  t

—  J  e~“ (f>v (t) dt + J  e~li dt J  <f>v (t— o-)dF(o-).
o o o
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B jr changing the order of integration we obtain, a fte r a slight tran s
form ation of the second term  on the right-hand side,

R in b d l  j  e “  & M dt =
0

B ut

OO OO COJ e~u <f>v{t) dt +  J e~ladF{o) J  <f>v{x) e“ 'xdx .
0 U 0

(35.55)

J  e U dt =
0

) +  J j  e-"d<f>D(t) =  [« -« ] ,
o o

since <f>(0) =  0 and <f>(co) =  1. Hence we obtain  from (35.55), on 
m ultiplying by I,

sin b{d[e-n]/dv) =  — [e~lt] +  [c“ '°] [e~u] . (35.56)

Here, and in future, \vc denote the expectations of quantities by placing 
square brackets round them . The quan tity

q =  e~a (35.57)

is the  transparency of one cloud. Hence

[e-'°] =  [</]

denotes the m ean value of the  Ith. power of the transparency of one cloud 
when it is random ly oriented with respect to  the ray  traversing it. We 
also p u t

[e-u] = g v(l). (35.58)

Then equation (35.56) can be rew ritten  in the form

sin b dgv{l)ldv =  — gv +  [(/] gv ■ (35.59)

In tegration  of this equation gives

gv(l) -  C e - vil- r f mnb  .

Since, for v — 0, i.c. z — 0, g„{l) =  1, we have C — 1. Hence

(35.60)
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Jn particular, we can apply this formula to the limiting value of v 
when c increases and we have the  entire layer of clouds. We denote this 
value of v by v0. Then we have for the expectation of e~lt

gVt(l) =  . (35.G2)

This result can now be used to calculate the expectations of various 
powers of X m. According to (35.49) we have

[ N J ]  =  N 0k ■ 10oe*"‘ [e-3kT>2] =  N 0k • 10o,°*m (3ifc/2) . (35.63)

Hence, from (35.62),

[Nmk] =  N 0k ■ 10°'otm e-v ^ i - i r ulsmnb  _ (35.64)

In  particular, we have for the mean value of N m

[ATm] =  A70 • 1000m e- t .( i - [ ? 3/2))/sin6 ; (35.65)

and for the  mean square deviation

[(ATm — [iV„(])2] =  AT02 • 101’2"1 { c -,,l(1- lf3l)/sint — J

(35.66)

In  calculations of this type the relative value of the mean square deviation, 
i. e.

[(iVm -  [Arm])2]/[iVm]2 =  e,,“l(1~ ?3/2'2)/sin6 -  1 (35.67)

is of greatest interest.
Form ula (35.65) shows th a t the relation between the observed values 

of log10 [ATm] and coscc b should be linear. A fter finding th is relation 
from observational data , we can determ ine the slope of the line represent
ing it, i.c. the numerical value of

/, = v 0 \l - q * ' - ] .  (35.6S)

H aving found from observation the  mean square deviation from the 
mean over various galactic latitudes, we can also determ ine, from (35.67), 
the numerical value of

/o =  ^o [ ( 1 - 7 3/2)2]- (35.69)

However, in the two equations (35.6S) and (35.69) three quantities 
appear which characterise the assembly of absorbing clouds and arc 
to be determ ined. These arc v0, [1 — q3l~] and [(1 — It is evident 
th a t we cannot determ ine them  all a t once. I f  we assume, however, th a t
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the values of 7, for instance, have only a small dispersion, i.e. th a t all 
the  values of the transparency q are equal to  the same value q0, 
we find th a t the th ird  of these quantities is equal to the square of the 
second, and so all th ree are determ ined. L et us find q0 and v. In  other 
words, let us determ ine q0 from the  relation

fo lfi =  [(I- q 31T-]/[l -  qV'~] =  1 -  7o3/2 • (35.70)

N o v  the mean value of a square is always greater than  the square 
of the mean value. Hence

1 -  7o3/2 =  [(1 - 7 3/2)2] /[ l  ~  73/2] >  [1 -  73/2]
or

[73/2J >  7o3/2 •

Thus the q03l~ determ ined above, which can be calculated directly from 
observational data , is less than  the mean value of q^~.

Although, as we see, the  q0 calculated according to  (35.70) is not 
exactly  equal to  [7] or to  ([?3/2])2̂ 3, it nevertheless gives some idea of 
the value about whieh the  actual values of q are concentrated. I f  we 
use, to  find [AT] and [JV2], the eounts m ade by E. P. H u h b le  and 
H. S h ap le y , a value of the  order of O S is obtained for q, i.e. each 
cloud transm its SO % of the light incident on it. Thus the a ttenuation  
of the  starlight caused by an average individual cloud is usually small, 
and therefore, instead of noticing the  effect of each cloud separately, 
we observe the  to ta l effect due to  all the clouds, in the form of an 
absorption which increases with distance. Only if q deviated considerably 
from q0 tow ards smaller values, reaching values of 0-2 or 0 3 , should 
we observe the absorbing clouds in the form of individual dark  nebulae.

We note th a t, if p a rt of the absorbing m a tte r is d istribu ted  in the 
form of a continuous medium, or consists of a large num ber of clouds 
of very small optieal thiekness, the  probability  is high th a t 7. and 
consequently 73/2, will be close to  unity . To explain the  observed value 
of / ,/ / ,,  it  is then  necessary to  assume th a t the mean absorption in the 
rem aining clouds is considerably greater than  when the presence of such 
a continuous medium is no t assumed in explaining this value of f . J f j.

The theory  developed in this chapter takes no account of the natura l 
fluctuations in the  numbers of galaxies. I f  this is allowed for, there will 
be some decrease in the effective value of [7]. The “ clustering1’ tendency 
of the  galaxies may have a still g reater effect. Since 1952 there has 
appeared a series of papers by C. D. S h a n e , J . N e y m a x  and E. L. S c o t t , 
who consider a model of the spatial d istribution of galaxies based on 
the hypothesis th a t all galaxies belong to  one of a num ber of clusters
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[113], R ecent results concerning the d istribu tion  of galaxies indicate th a t 
the clustering tendency has a very great effect. In  this case, a considerable 
p a rt of the  apparen t fluctuations m ust arise from this tendency, and 
th e  value of [5] m ust be still smaller.

On the  o ther hand, T. A. A gekyan  [1] has shown th a t, starting  
from the  hypothesis th a t the observed fluctuations are entirely  due to 
variations in the galactic absorption, and trea ting  the  existing data 
more carefully, we find tha t the value of [g] m ust be increased. I t  
would be desirable to re-exam ine the existing observational data  on the 
basis of a theory which takes account of both factors a t the same 
tim e.

4. The polarisaiion of starlight. One of the most interesting astrono
mical discoveries in recent years has been th a t of the polarisation of 
the light from rem ote stars, made by W. A. H i l t n e r . by J . S. H a l l , 
and by V. A. D o m r r o v s k i i . The observations show th a t the stars in 
any particu lar small area of the sky usually have nearly the same plane 
of polarisation. A study of this phenom enon has led to  the  conclusion 
th a t it is due to the fact th a t the cause of the polarisation is interstellar. 
Since the  degree of polarisation, a t least a t not very  great distances 
from th e  observer, shows a clear correlation w ith the  colour excess, the  
idea has been p u t forw ard th a t the polarisation is due to the same 
in terstellar m a tte r as causes the reddening of starlight.

In  order th a t dust particles should be able to bring about such an 
anisotropic effect as polarisation, it is necessary th a t these particles 
should be extended or compressed, and also th a t there should be some 
agency eausing a predom inant orientation of the particles in some 
direction. This agency m ay be the action of a magnetic field, and this 
should cause also a m agnetisation of the  particles.

Two different theories have so far been advanced to account for the 
orientation of particles in a magnetic field. Both, however, meet with 
certain  difficulties.

A lthough the existence of interstellar magnetic fields of intensity 
between 10~c and 10~4 gauss is now undoubted. V. A. D o m i i r o v s k j i  has 
discovered a num ber of interesting facts which indicate th a t, besides 
the in terstellar mechanism, a local (perhaps circumstellar) mechanism 
also sometimes acts. For exam ple, cases are known where the  components 
of a binary s ta r exhibit different polarisation. Similar results have been 
obtained by H a l l .

In  the region of the Milky Way, the electric in tensity  vector is very 
nearly in the plane of the Galaxy, and this is regarded as evidence 
th a t the m agnetic lines of force are approxim ately parallel to this 
plane.
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5. The general radio omission. The hypothesis th a t in terstellar 
m agnetic fields exist in the G alaxy has been very fruitful also in ex
plaining the general radio emission of the Galaxy. V. L. G i n z h u h g  has 
explained this radio emission a t m etre wavelengths by the well-known 
emission of electrom agnetic waves by relativistic charged particles 
moving in a magnetic field.

Theoretical calculations show th a t the  energy lost by a relativistic 
electron when it moves in a magnetic field II  is given by the  formula

where E is the energy of the electron, and the other quantities are known 
universal constants.

The in tensity  of the radiation em itted  by particles of a given energy E  
increases with frequency for small frequencies, reaches a m aximum , 
and then  decreases exponentially. Thus the  spectrum  is lim ited quite 
sharply on the short-w ave side. The frequency of the m aximum is 
given by

I f  we take the magnetic field to  be of the  order of 10~5 oersted, then 
the emission of the  G alaxy in the m etre w avelength range can be 
explained by supposing th a t there exist in the in terstellar medium 
electrons w ith energies of the order of 109 cV.

The hypothesis th a t there are relativistic electrons in interstellar 
space m ight in itself seem artificial, were it no t for the fact th a t cosmic 
rays furnish us with a d irect proof of the presence there of a large 
num ber of high-energy particles.

On the above theory, the radio emission of the G alaxy is lion-therm al 
and non-equilibrium . The high tem perature of the  radio emission of 
the G alaxy in the m etre wavelength range has always been regarded 
as a dem onstration of non-equilibrium  in the mechanism th a t gives 
rise to it.

Chapter 36. The gaseous com ponent of 
interstellar matter

1. The interstellar gas. Besides the general a ttenuation  of the 
light of the stars, as a result of the absorption of their radiation by 
in terstellar dust in all the  frequencies of the visible and photographic 
regions of the spectrum , i. e. besides the “ continuous’’ absorption in
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interstellar space, \vc often observe in the spectra of d istan t stars 
absorption lines due to in terstellar m atter in the gaseous state. In  the 
parts of the spectrum  accessible to study, the lines which a ttra c t a tten tion  
are. first of all, the interstellar lines of Ca II  (the H and K  lines), and 
the yellow doublet 5890 and 5896 A and the ultra-violet doublet 3302 
and 3303 A of Na I. Moreover, in terstellar lines of Ca I, K  I, Ti I I  
and the molecules CH I and CH II  are observed. In  everv case we 
are concerned w ith lines absorbed by an atom , ion or molecule in the 
ground state. This is understandable, since, in consequence of the 
extrem e dilution of the radiation in in terstellar space, the num ber 
of atom s in an excited s ta te  m ust be extrem ely small.

Since the observation of the in terstellar lines is ham pered by the 
absorption lines formed in the s ta r’s atm osphere, the presence of the 
former can as yet be detected  only for stars in whose spectra this in ter
ference is least. The presence of absorption lines due to m atter outside 
the s ta r ’s atm osphere was first discovered by studying the  radial 
velocities of some hot giants which are com ponents of spectroscopic 
binaries. I t  was found th a t the H and Iv lines in the ir spectra have 
com ponents exhibiting a constant velocity, while all the o ther lines 
show a periodic variation of velocity in consequence of the orbital 
motion. These components of the Ca I I  lines differ from  the stellar 
com ponents of the  same lines by their external form also: they  are 
much narrow er and sharper. The idea thus arose th a t these lines are 
produced outside the atm ospheres of the two com ponents of the binary.

Later, similar narrow  absorption lines of Ca I I  were discovered in 
the spectra of single stars of classes 0  and B, and it was found th a t 
the radial velocities determ ined from these lines differ from those 
determ ined from the o ther stellar lines. This confirmed the hypothesis 
th a t there exists an in terstellar gas in which there are Ca I I  ions. Similar 
conclusions were draw n from an investigation of the yellow sodium 
doublet and Da (//. 5S90 A, 5896 A).

The fact th a t these interstellar calcium lines are observed only for 
stars of classes 0  and B gives no reason to suppose th a t the gaseous 
in terstellar m atter wliieli produces these lines is concentrated around 
these stars only. For stars of the la ter types have in their spectra intense 
and  very broad H and K absorption lines of their own, and this makes 
it impossible to observe the faint interstellar calcium lines superposed on 
them . Hence it is im portan t to take into consideration the fact th a t the 
interstellar sodium doublet D t 2 can be observed, not only in the spectra 
o f stars of classes 0  and B, but also in those of rem ote stars of class A 
(principally supergiants, which can be observed a t great distances). 
This has enabled us to draw  the  conclusion th a t the in terstellar gas 
is d istribu ted  everywhere in the galactic plane, forming a layer on
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both sides of this plane. This conclusion has been entirely  confirmed 
by observations of d is tan t stars in low galactic latitudes, in whose 
spectra stronger interstellar absorption lines are found. In  o ther words, 
a correlation has been found between the distances of stars of classes O 
and B and the equivalent w idths of the in terstellar lines. However, 
it has been found th a t, although the in tensity  of the  in terstellar lines 
increases on the average w ith distance, deviations from this are also 
observed. This fact has been correctly explained as being due to an 
irregularity in the d istribution of the in terstellar gas in different direc
tions. The same irregularity  is observed in the distribution of the in ter
stellar gas as in th a t of the in terstellar dust.

On the o ther hand, the irregularity  in the d istribu tion  of the in ter
stellar dust is, as we have seen above, expressed by saying th a t it is 
d istribu ted  in the G alaxy in the form of separate dust clouds. The 
question arises w hether the layer of in terstellar gas has th e  same 
patchy, cloudy structu re : are not the deviations m entioned above 
largely accounted for by fluctuations in the  num ber and  dimensions 
of the gaseous clouds through which a ray of light passes from a d istan t 
s ta r ?

The investigation of the in terstellar lines in the  spectra of stars, 
by means of spectrographs of high dispersion, has provided the answers 
to these questions. I t  has been found th a t the in terstellar lines in the 
spectra of d istan t stars often consist of several com ponents, corresponding 
to the passage of the ray from th e  s ta r through several clouds having 
different radial velocities. Thus the possibility has been revealed of 
knowing in each case the num ber of clouds through which the  light 
of th e  s ta r passes, although we m ust here bear in mind th e  possible 
coalescence of com ponents due to different elouds when their radial 
velocities are similar. This is true, in particular, of directions where 
the differential effect of galactic ro tation  on the radial velocities is 
alm ost zero, i. e. when the longitude difference I — lc of the direction 
in question from th a t of the centre of the G alaxy is close to .' nrt, where n 
is an integer.

The fu rther stud )- of the  individual com ponents of the lines, and 
of their intensities and contours, should lead to a discovery of the 
physical properties of the  separate clouds of in terstellar gas and of 
their chemical composition. The above conclusions concerning the 
presence of a system  of num erous clouds of in terstellar gas in the Galaxy 
lead, in tu rn , to the problem of the extent to which this system coincides 
or is identical with th a t of the  num erous clouds of in terstellar dust 
which cause the general absorption.

The use of nebular spectrographs has made possible the conclusion 
th a t there exist in the G alaxy, besides the diffuse gaseous nebulae
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(like the Orion nebula, and the R osette nebula around the cluster 
XGC 2244 in Monoeeros), large faintly  luminous hydrogen field nebulae 
(so called because they  are detected m ainly by their radiation in the 
lines of the Balm er series). Both the diffuse gaseous nebulae and these 
hydrogen fields are gaseous clouds with emission. On the other hand, 
there is no possibility of observing in terstellar hydrogen absorption 
lines in the optical region of the spectrum , since all the neutral hydrogen 
atom s in the  gaseous interstellar clouds are in the  ground state, as a 
result of which these clouds can absorb only lines of the Lym an series, 
which are in the  region of the spectrum  absorbed by the E a r th ’s atmosphere.

Hence the problem of the relation between the in terstellar gas 
clouds, the  diffuse nebulae and the  hydrogen fields is ra ther complex. 
The question arises to w hat ex ten t the diffuse nebulae and the fain t 
hydrogen fields can be regarded as particu lar eases of in terstellar gas 
clouds, differing from other clouds only by th e  presence of conditions 
under which emission lines appear (i. e. the presence of short-wave 
radiation from ho t stars).

The im possibility o f a d irect investigation o f the d istribution of 
the  immense mass of hydrogen in in terstellar space, since almost all 
its atom s are in the  ground sta te  and the excitation is very slight in 
the m ajority  of the  gaseous clouds, until recently caused a considerable 
indeterm inacy in our conclusions on the properties of these clouds. 
However, the discovery in 1951 of radio waves w ith a frequency of 
1420-4 Mc/s, corresponding to the transition  between two sub-levels 
of the  ground level 2S l of the  neutral hydrogen atom  (the sub-levels 
are due to the  hyperfine structu re of the hydrogen levels, which is 
related to the  existence of the m agnetic m om ent of the proton), has 
made possible a direct investigation of hydrogen in the norm al non- 
cxeited sta te , and should lead in the near fu ture to a considerable 
increase in our knowledge of the d istribution and m otion of the gaseous 
interstellar m atter.

R ecent investigations of the radiation a t  a frequency of 1420 Mc/s 
(the 21 cm line) have not only confirmed our expectations, bu t also 
provided the solution o f such problems as, for instance, the determ ination 
of the position of the spiral arms of the G alaxy (by the work of J .  H. Ookt 
and others). The possibility has been noticed of finding exactly  the 
radial velocities of separate interstellar clouds and so identifying the 
clouds observed by radio astronom y with those found from the in te r
stellar sodium and calcium lines in the  visible p a rt of the  spectrum .

For further investigations in the field, and to resolve the problems 
stated  above, it will be necessary to extend the theory of the formation 
of in terstellar absorption and emission lines and th a t describing the 
s ta te  of the in terstellar gas.
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2. TIu* formation of interstellar absorption lines. The theory of the 
form ation of absorption lines when the light of a s ta r passes through 
some cloud of interstellar gas is simpler than  th a t of the absorption 
lines formed in the atm ospheres of the stars themselves. The reason 
for this is th a t we can neglect the  scattered light in the frequencies of 
the absorption lines of the interstellar gas. For, although the light of 
a s ta r is scattered  in all directions on being absorbed by a nebula in the 
frequencies of resonance lines (for instance H and K), only a negligible 
p a rt of it is scattered  in the direction of the original radiation from 
the star. Hence we observe alm ost entirely a simple attenuation  (e.r- 
tinctiun) of the light of the s ta r in the line frequencies.

In  this ease, the in tensity  of the  radiation after passing through the 
cloud is determ ined by the formula

11 =  lx e~Zx,

where rx is the optical thickness of the cloud in wavelength and I x° 
is th e  intensity  of the s ta r ’s light before attenuation . Hence we have 
for the equivalent w idth of the  line

IF =  j  (1 — e~Ti)  dA . (36.1)

The optical thickness xx can be expressed in term s of the  num ber N  
of absorbing atom s in a cylinder of cross-section 1 cm2, whose axis 
coincides w ith the line of sight and extends through the cloud:

T x = X s x , (36.2)

where sx is the mean absorption coefficient referred to one atom , or, 
more precisely, the mean absorption coefficient when there is one atom  
per unit volume.

The dependence of s^on /. has been shown in P art I I  to be determ ined 
by the various causes of the  broadening of a spectral line. U nder the 
conditions existing in the rarefied in terstellar gas, only two causes 
of line broadening can be a t all im portan t: (1) the broadening by radiation 
dam ping and (2) the Doppler effect, both therm al and macroscopic. 
No kind of broadening by collisions or by the molecular S tark  effect 
can play any part. The natu ra l broadening by radiation dam ping is 
small in comparison w ith the therm al D oppler broadening. I t  can begin 
to be im portan t only in the case where the num ber of absorbing atom s 
is so large th a t the medium becomes opaque even in the wings of the 
absorption lines beyond the D oppler w idth. However, the observed 
interstellar lines, and particularly  the components of these lines which 
belong to individual clouds, are so narrow th a t we cannot speak of 
any absorption in the wings of the lines. This points to a small num ber N  
of absorbing atom s along the path  of a ray.
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Thus only one im portant factor remains to be taken  into account, 
nam ely the therm al D oppler broadening. Under these conditions, the 
dependence of the absorption coefficient on the wavelength should be 
expressed by th e  formula

e > (30.3)

where c is the velocity of light, b is given in term s of the  tem perature 
and the atom ic mass by the formula

b =  j/(2 kTlm)  , (3G.4)

and ?.0 is the w avelength of the line which corresponds to  the  velocity 
of the cloud concerned.

The constant s0, which is equal to  the absorption coefficient a t the 
centre of the line, can be found by starting  from the fact th a t the to ta l 
am ount of energy (expressed in term s of sx) absorbed in un it tim e in 
the line, when there is isotropic rad iation  of constant intensity  inside 
the line, is equal to  the same am ount absorbed in un it time, expressed 
in term s of the Einstein transition  probability, i. e.

4 7i I y j  sx d /  =  o o„ hv ,

where o„ is the density  of radiation. From  this relation, taking into 
account th a t

o„ =  4 ~i I Jc  and B ,_^2 =  (gji]x) A c3/8 n h v3 ,

we find
/  sx d/. =  (gJOi) A o ^  ;.*/8 n  , (36.5)

where gx and g2 are the statistical weights of the lower and upper states. 
Substitu ting the  expression (3G.3) in (36.5), we obtain, after integration,

5o =  (O2I0 1) ^2—1 A c/S rr3/- b . (3G.G)

On the other hand, substitu ting  (3G.3) in (36.2) and thence in (36.1), 
we find

IF =  J  (1 — e—*v*»cxp (—r'U—■MW&M) (i;. ; (3C.7)

or, pu tting
c ( /  — ?.Q)f/.0b = x  ,

IF A,h
c

(1 _ e - -v» .e«p ( -*• ) )  da- .

we have
CO

(36.S)
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The definite integral on the right-hand side is some function of AT50, 
which can be tabulated . We denote this function by F(Ns0). Thus

]\’/b =  / 0 F(Ns0)lc . (3G.9)

The argum ent Ns0 of the function F  is the optical thickness r 0 a t 
the centre of the  line. Table 30 gives th e  values of log10 r 0 and the 
corresponding values of log10F ( r 0).

Table 36

logio To logl0 F { T0) logio To logio T(t,

I  0 1-24 0-6 0-42
1-2 1-43 0 8 0-48
1-4 1-61 1-0 0-52
1-6 1-79 1-2 0-56
1-8 1-96 14 0-59
0-0 O il 1-6 0-62
0 2 0-24 1-8 0-64
0-4 0-34 2 0 0-66

I t  is seen from this table th a t, for small values of r 0, the equivalent 
w idth is proportional to r 0, bu t for r 0 >  1 saturation  begins and the 
equivalent w idth increases more and more slowly.

Observations gives the value IT of the equivalent w idth of a spectral 
line. The transition  probability which appears in s0, according
to (3G.G), should be known from physics. However, two unknow n quan ti
ties N  and b characterising the cloud appear in formula (3G.9). Moreover, as 
we sec from (3G.6), b appears also in the  denom inator of the expression 
for s0. In  order to determ ine N  and b sim ultaneously, it is necessary 
to know the equivalent w idths of a t least two lines absorbed by the 
ground sta te  of the atom  concerned. We shall show how this m ay be done.

I f  the lines correspond to two different transitions, say 1 —> k and 
1 -> I, we have for the ratio  of the equivalent w idths ITU. and IT]/, 
from (36.9),

'■it ** u-  _  F  W  s 0 , l k )  

'• ik  1* u  *  5o,u)
(3G.10)

'T h e  left-hand side of (3G.10) can be found from observation. We 
can therefore find the difference

logio F ( N  ®o,i*) — logio F ( X *o,ij) =  logI0( / ,;

On the other hand, from (3G.G) the ratio

WnlAlk J»w). (30.11)

To,n _  *o,n- _  $k ' i k

To,u V u  i
(3G.12)
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can be calculated from physical data . Thus the difference

z] = l o g 10T0|lt l°gio To,u (3G.13)

can also be calculated.

H aving calculated (36.11) and (3G.13), we can find in Table 3G the 
pair of values of log10 r 0 which have the given difference (36.13) and 
lead to the difference in log10F calculated by (36.11).

Thus r 0iut, t 0,i/, F  (Y <90iljt) and F ( N s 0>u) are determ ined. Knowing 
F ( N s 0tlk), and IF,*, from (36.9) we a t  once find b, and hence we obtain N  
from the relation r o u . =  F  soik, using (36.6).

As an example, let us take in terstellar sodium. W e m ight a ttem pt, 
in this case, to use the ratio  of the com ponents of the doublet D 1 and D.,. 
The ratio  of the values of s0 is 2. However, for very large ]V the ratio  
of the equivalent w idths rapidly approaches unity , as is seen from 
Table 36. Hence a slight error in the em pirical determ ination of the 
ratio of equivalent w idths of the  com ponents can result in a large error 
in the determ ination  of the  values of r 0 for these components, and conse
quently  a large error in the determ ination  of N.

However, we can also use the ratio  of equivalent w idths for the Dj 
line in the yellow doublet and, say, the  line 3303 A in the  ultra-violet 
doublet. In  this case the ratio  of the  transition  probabilities is known 
also. I t  has been determ ined by Y u. Y. F i l i p p o v  and V. K . P r o k o f ’e v  
and is 21 -8. F or such a large ratio of transition  probabilities, and therefore 
of the optical depths r 0 in the  centres of the two lines, the values of r 0 
are determ ined much more accurately from the known differences of 
logio t q and log10F ( r 0). The value of N  is therefore determ ined more 
exactly. Thus, from the ratio Dj/3303 observed for the  s ta r ■/} Orionis, 
which is 9-8, B. S t r o m g r e n  has found th a t log10iV =  13-99, i. e. the 
num ber of absorbing sodium atom s is 9-8 x  1013 per cm 2. By carrying 
ou t a sim ilar analysis for the lines of various atom s and ions, we can 
draw  corresponding conclusions about their relative abundance.

The quan tity  b has been introduced in connection w ith the therm al 
motion of the absorbing atoms. However, it m ay happen th a t there 
are also macroscopic motions in the cloud. The velocity dispersion of 
these m otions along the line of sight results in an increase in the effective 
value of b. Similarly, in the case where the com ponents of the same 
line, corresponding to different clouds which lie in the line of sight, 
coalesce (which usually occurs in directions where the galactic ro tation 
has only a small effect on the radial velocities), the velocity dispersion 
of the gaseous clouds through which the s ta r’s light passes has an 
effect on b.

•19 Astrophysics
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A comparison of the values of N  for Na and Ca II , obtained by 
the above method, shows th a t these quantities are often of the same 
order for the  same star. Thus, for exam ple, according to L. S p i t z e r , 
the main component of the interstellar lines in the spectrum  of £ Persei, 
i. e. the component due to the  denser cloud, gives for Na I the value 
AT — 4 X 1012 per cm 2, and for Ca II  T7 X 1012 per cm2. The value 
of AT for Na I is sometimes as much as four times th a t for Ca II . These 
facts are explained both by differences in the abundances of the two 
elements in the in terstellar cloud and by different degrees of ionisation.

3. The ionisation of the interstellar gas. Ap art from those eases where 
a gaseous cloud lies im m ediately next to a hot supergiant or envelops 
it, i. e. the  eases where we are concerned with conditions similar to 
those existing in the bright diffuse nebulae, the ionisation of the m a tte r 
in the in terstellar gas clouds is due to  the sim ultaneous effect of the 
radiation from all the stars in the Galaxy. Here it is evident th a t we 
have, firstly, greatly diluted radiation from the stars and, secondly, 
a superposition of radiations corresponding to the various tem peratures 
of the illum inating stars. The ionisation by electron collision plays 
only a small p a rt under the  conditions existing in the in terstellar gas.

L et us exam ine the ionisation a t some point in an interstellar cloud. 
We denote by df2 the to ta l solid angle subtended a t this po int by all 
stars having tem peratures between T  and T  +  d ? \  Assuming th a t 
P lanck’s Law holds for these stars, we find th a t the density  of rad iation  nv 
due to the stars of this one tem peratu re group is

2 h r* d Q
Q v  —  f 3 e A,./A:T  -  1 ■

Hence the to ta l density of rad iation  will be

OO
9  h r 3 r  i  (\pQ'= V j  eM«■-! drdr- (:}G-14)

0

Thus, to  calculate n„, it is necessary to know the  function d Q jd T . 
In  the  present s ta te  of our knowledge, we can determ ine this function 
only for the neighbourhood of the  Sun, using the  known data  on the 
apparent brightness of the stars and their d istribu tion  among the 
spectral classes. The relative frequency distribu tion  of density of radiation 
thus obtained is m arkedly different from the Planekian. Hence the 
ionisation of the interstellar gas cannot be expressed by the formulae 
which hold when Planekian radiation is present, nor (as is done in 
the ease of the p lanetary  nebulae, where we have dilute Planekian 
radiation) by introducing a factor IT into the formula for the radiation
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density. The calculation of the degree of ionisation for various kinds 
of atom s or ions therefore requires fairly detailed numerical calculations, 
based on the numerical values of qv and on the constancy of the numbers 
of atom s in various states of ionisation and excitation.

Although various ra ther unjustified assum ptions have to  be made, 
in these calculations, concerning the num ber of free electrons, we reach 
in every case the conclusion th a t the sodium atom s m ust be much 
more highly ionised than  the calcium ions. We find for the ratio of the 
num bers of sodium ions and neutra l sodium atom s

and for the ratio of the num bers of doubly and singly ionised calcium 
atoms

Tn consequence of the very high ionisation potentials of Xa I I  and 
Ca I I I ,  the second ionisation of sodium and the th ird  ionisation of 
calcium can occur only extrem ely rarely. Hence [sec formulae (36.15) 
and (36.10)1 the overwhelming m ajority  of sodium atom s m ust be in 
the singly ionised sta te , and of calcium atom s in the doubly ionised state.

If we fu rther assume th a t the to ta l num ber of sodium atom s in the 
in terstellar gas, in all stages of ionisation, is three tim es the to tal num ber 
of calcium atom s (as is true  for the  Sun’s atm osphere), the num ber 
of Ca II  atom s m ust be approxim ately 30 tim es the num ber of neutral 
sodium atoms. The lines of the H  and K  doublet, however, have equi
valent w idths of the  same order as those of the Dj 2 yellow doublet 
lines. An a ttem p t has been made to explain this by the phenomenon 
of satu ration  of absorption lines as the num ber of atom s increases. The 
saturation  phenom enon is theoretically accounted for by the results 
in Tabic 36.

However, equivalent widths, and num bers of atom s, of the same 
order are often obtained for th e X a l  and C a l l  doublets even when these 
and o ther lines are far from being satu rated . I t  is therefore possible 
th a t sodium occurs much more abundantly  th a n  calcium in the gaseous 
in terstellar m atter, its relative abundance being greater th an  in the Sun.

The absence of data on the hydrogen absorption lines of interstellar 
m atter greatly  hinders the study of the s ta te  of the gas in the interstellar 
clouds. However, observations have established the  presence of in ter
stellar clouds which em it lines of the  Balm cr series, the clouds being 
most easily observed in the H 2 line.

4. The Ilj radiation fields. We have seen above th a t the num ber of 
neutral sodium atom s along the line of sight in a single cloud sometimes

?q/n ~  10° , (36.15)

n j » y 104 . (36.16)

39  "•
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reaches 1013 or 1014 per cm-. Since hydrogen is a thousand times more 
abundant than  sodium, and the degree of ionisation of hydrogen should 
be a t least two orders of m agnitude less, we reach the conclusion tha t 
the num ber of neutral hydrogen atom s in a cylinder of base 1 cm2 along 
the  line of sight should am ount to 1017, 1018 or more. This means th a t 
the  gaseous in terstellar clouds should be opaque to the continuous radiation 
beyond the lim it of the Lym an series. This result leads to interesting 
consequences. Let us imagine a s ta r of class 0  or B 0, or a group of 
such stars, lying close to the galactic plane. I f  such a s ta r (or group 
of stars) lies inside one of the clouds, then it should cause a high ionisation 
w ithin this cloud and a bright emission of the hydrogen lines. In  this 
case we should observe a luminous diffuse gaseous nebula. If, however, 
the s ta r is between the gaseous clouds, it should cause ionisation in 
the  clouds nearest to  it. We should observe the radiation of these clouds

in the  lines of the B ahner series, i. e. we 
should see, around the exciting star, 
extensive fields of H* radiation. These 
have been detected  by means of nebular 
spectrographs.

I t  is im portan t to note, however, 
th a t the clouds illum inated by the 
exciting sta r m ust com pletely absorb 
the radiation beyond the lim it of the 
Lym an series, as a result of which the 
o ther more d istan t clouds screened by 
them  do no t receive any Lc rad iation  
a t all, and hence no hydrogen radiation 
is excited in them .

This happens as follows (see Fig. 75). 
The Lc quan ta em itted  by the  s ta r S  

penetrate into the cloud to an  optical depth  r  =  1 in. the Lc frequencies. 
Beyond this, however, the rad iation  is a ttenuated , and so a m arked 
decrease is caused in the  degree of ionisation; consequently, the 
num ber of hydrogen atom s in the neutra l s ta te  rapidly increases. 
Hence, from the layer r  =  I onwards, the optical depth  increases much 
more rapidly than  it does up to r  =  1. As a result, the absorption of Lf 
quan ta  in these layers is increased. These facts mean th a t the p a rt 
of the cloud lying beyond the layer r  =  1 m ust have a very g reat optical 
thickness in the Lc frequencies. The cloud is composed of an ionised 
part (the II I I  region) and an un-ionised p a rt (the II I  region). Conse
quently  the clouds lying a t a great distance from  the star, behind 
the cloud we are considering, can hardly be excited a t all by the radiation 
of the s ta r in the hydrogen continuum .

*S
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In  the same way as the masses of the p lanetary  and diffuse gaseous 
nebulae are determ ined, we can determ ine the mass of hydrogen that 
is concentrated in the luminous p a rt of an in terstellar cloud. Here 
we m ust s ta r t from the condition th a t the radiation from unit volume 
in each Balm er line is proportional to the num ber of recom binations of 
hydrogen atom s:

e =  C «j ne =  C i i f  .

M ultiplying e by the square of the volume F, we have

e V '  =  C 7q2 F 2 =  C M2/wi2 ,

where m is the mass of a hydrogen atom , and M is the mass of the 
luminous part of the nebula. The quan tity  e F  is equal to the lum inosity 
L  of the nebula in the line of the Balmer scries considered. Hence

L V  — C hA2[m2 . (36.17)

Form ula (36.17) allows M to be determ ined from L  and F.

The masses of the  in terstellar clouds obtained from such a calculation 
are of the order of ten  times the Sun’s mass. The num ber of all hydrogen 
atom s, both  ionised and neutral, in a cubic centim etre is of the order 
of ten. The radii of the clouds are found from observation to be of 
the order of ten  parsecs.

5. Giant gaseous nebulae. A t th e  Crimean A strophysical O bservatory, 
Academician G. A. S i i a i x  has developed a new m ethod of detecting 
and investigating bright diffuse gaseous nebulae. This m ethod has 
enabled G. A. S i i a i n ' and V. F . G a z e  [Mo] to discover a considerable 
num ber of new gaseous nebulae and to reach a deeper understanding 
of their nature. B. J .  B o k  and his co-workers have discovered a num ber 
of such nebulae in the southern hemisphere. In  particular, the determ i
nation hv G. A. S h a I n  and V. F. G a z e  of the masses of the diffuse 
nclndae, using estim ates of their lum inosity in the lines of the Balmer 
series, has led to  the recognition of the group of giant gaseous nebulae, 

. having masses of the order of hundreds or thousands of times the Sun’s 
mass, or even more. Of the well-known diffuse nebulae, this group 
contains the Orion nebula and the R osette nebula around the 0  cluster 
NGC 2244. It has been found th a t the cluster NGC 1S05, which is the 
nucleus of the 0  association Cassiopeia VI, is also surrounded by uch 
a g ian t diffuse nebula. An interesting giant gaseous nebula has been 
discovered in the association Cassiopeia II, not far from the nucleus, 
which is the cluster NGC 7510.
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It is interesting tha t all these giant nebulae lie in the neighbourhood 
of O associations. The actual location of these nebulae, relative to 
the stars in the association which cause their radiation, indicates a 
profound genetic relation between th e  nebulae and the members of 
the corresponding associations. These giant diffuse nebulae can scarcely 
1)0 supposed to be ordinary representatives of the interstellar gas clouds, 
which have by chance come into the vicinity of members of associations 
of hot giants. Hence the conclusion th a t the diffuse dust nebulae are 
casually associated with the stars which illum inate them  cannot be 
extended to these giant gaseous nebulae.

The determ ination of the masses of some giant diffuse nebulae lying 
in the nearest extra-galactic systems has led to  values of the order 
of ten  thousand times the Sun’s mass. The situation of these supergiant 
diffuse nebulae coincides with tha t of associations of blue giants found 
in these systems.

A nother im portant fact discovered in recent investigations of these 
nebulae is th a t a large num ber of filam entary nebulae exist in the 
Galaxy. This has led in tu rn  to a more detailed study  of the individual 
filaments in diffuse nebulae known previously. G. A. S i i a i n  has com pared 
the filam entary s tructu re of the gas-and-dust nebulae with the drawn- 
out form of m any dark  nebulae, which are sometimes seen as dark  
lanes against the background of the star field. I t  was natura l to  suppose 
th a t the directions of the filaments and lanes are those of the magnetic 
lines of force in the region of space considered. This hypothesis can be 
tested by studying the polarisation of the light from stars near these 
objects. Such a test has been made by G. A. S i i a i n , and the result was 
favourable. The result of these investigations is to reveal the im portance 
of interstellar m agnetic fields in the motion of diffuse m atter. Since 
the interstellar gas is strongly ionised, this im portance is easily under
stood from the point of view of m agnetohydrodynam ics.

(5. The Crab nebula. Among the nebulae observed in the Galaxy, the 
Crab nebula is unique in appearance. The continuous spectrum  em itted 
by the central part of this nebula has always been a source of interest. 
The reason for this is tha t the continuous spectrum  cannot be regarded 
as a reflection of the light of a star, since there is no bright illum inating 
sta r in this case. I t was clear th a t the source of the radiation is in the 
nebula itself, yet it was difficult to  give an account of the physical 
nature of this source.

Some time after it had been discovered th a t the Crab nebula is one 
of the m ost intense discrete radio sources, I. S .  S i i k l o v s k i ! put forward 
the hypothesis th a t the  continuous spectrum  in optical frequencies is 
essentially a continuation of the observed radio spectrum . Similarly to 
the discussion in Chapter To, I. S. S i i k l o v s k i !  deduced tha t this con-
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tinuous spectrum  is the radiation of relativistic electrons in a magnetic 
field. I t  was found th a t, to explain the optical continuous spectrum , 
we m ust assume th a t the energies of the relativistic electrons reach values 
of 10n  eV or higher. I. M. G o r d o n , of the  K harkov observatory, pu t 
forward the idea th a t this hypothesis m ight be tested  by observations 
of the polarisation of the Crab nebula. In  1953— 195-4, V. A. D o m b r o v s k i i , 
using observations made a t the B yurakan observatory, showed th a t the 
light of the Crab nebula is polarised to an extraordinarily  high degree 
(up to 20 %). According to fu rther observations made a t B yurakan, the 
degree of polarisation in particu lar regions of th e  nebula reaches GO %. 
For comparison, it may be m entioned th a t the  greatest polarisation of 
s tarligh t is 6 %.

One of the m ost im portan t problems of present-day astrophysics is 
to discover the sources of the high-energy electrons in the Crab nebula. 
I t  has recently been pointed out th a t the continuous spectrum  of certain 
com etary nebulae also cannot be explained entirely  by reflection of 
light from a star. In  this case, too, we are concerned with a continuous 
emission of non-therm al character.



Appendix I

Tables for calculating the selective absorption 
coefficient w hen Doppler broadening and radiation 

damping act simultaneously

The following expression for the  function <f>{a,p) =  s j s  , defined 
by (11.39), ean be obtained* for values of a =  5ikIAvD which satisfy 
the inequality a <g 1:

p
<H<i,P) =  s j s vt =  e~p‘ — {1 — 2 p e~p' j  e2’ dz } . (A .l)

6

Table A .l gives, for various values of p, the values of the quan tity  
in braees on the right-hand side of this formula,

v
0(p)  =  1 — 2 p e~pt J  e2‘ dz . (A.2)

o

For a - 0-03, the error in the  values of <f>{n,p) arising from the use 
of form ula (A .l) and Table A .l does not exceed 0-5%  of the value 
of <f>{a,p) itself. For a — 0-10 the  m axim um  error is about 3 % , and 
for a =  0-20 about 9 %. Thus, for values of a larger th an  about 0-05 it 
is desirable to  have tables giving greater aecuraey than  Table A .l. We 
give here three sueh tables, compiled by F. Hjerting [01]. Table A.2 
gives the  function <f>{a,p) — svjsVt for a series of values of a and p\ the 
greatest value of a in the table is 0-2, and the greatest value of p is 5. 
Table A.3 gives the values of sv/asv for p varying from 5 to 20.

Finally, Table A.4 gives the values of svlst, for a varying from 
0-0 to 0-f).

There is also a useful table compiled by D. L. H a r r i s  [57].

* S e e ,  c. g . ,  A .  Unsold rics, P . 2 6 3 ] ,  I t  m u s t  b e  b o r n e  in  m i n d  t h a t  th e  
q u a n t i t y  a a p p e a r in g  in  U nsold’s f o r m u la  is t w ic e  t h a t  d e f in e d  b y  o u r  fo r m u la  
(1 1 .3 8 ) .
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T a b le  A . I

p 0(p) V <I>(p) V <P(p)

0-0 1 0000 4-2 —0-03119 8-4 —0-007242
0-2 0-9221 4-4 —0-02815 8-6 —0-006902
0-4 0-7121 4-6 —0-02554 8-8 —0-006586
0-6 0-4303 4-S —0-02330 9-0 —0-006290
0-8 0-1487 5-0 —0-02134 9-2 —0-006014
1-0 —0-07616 5-2 —0-01963 9-4 —0-005757
1-2 —0-2175 5-4 —0-01S12 9-6 —0-005516
1-4 —0-2782 5-6 —0-01678 9-8 —0-005290
1-6 —0-2797 5-S —0-0155S 10-0 —0-005076
1-8 —0-2485 6-0 —0-01451 10-2 —0-004877
2 0 —0-2054 6-2 —0-01355 10-4 —0-004688
2-2 —0-1638 6-4 —0-01268 10-6 —0-004511
2-4 —0-1295 6-6 —0-01190 10-S —0-004344
2-6 —0-1033 6-8 —0-01118 11-0 —0-004183
2-8 —0-0S389 7-0 —0-01053 11-2 —0-004035
3 0 —0-06962 7-2 —0-009938 11-4 —0-003893
3-2 —0-05896 7-4 —0-009393 11-6 —0-003757
3-4 —0-05076 7-6 —0-008892 11-8 —0-003630
3-6 —0-04430 7-8 —0-008429 12-0 —0-003510
3-8 —0-03908 8-0 —0-008003
4 0 —0-03478 8-2 —0-007608



OIK .-1 ppenclicett

Table A . i

p
a

0-00 0-25 0-50 0-75 I -00

0 00 I -000 0-939 0-779
1

0-570 0-308
0 01 0-989 0-930 0-772 0-567 0-309
002 0-978 0-920 0-700 0-505 0-370
003 0-907 0-910 0-700 0-502 0-370
004 0-950 0-901 0-753 0-500 0-371
005 0-940 0-892 0-747 0-558 0-371
0-00 0-930 0-883 0-741 0-555 0-372
0-07 0-920 0-874 0-735 0-552 ! 0-372
o-os 0-910 0-S05 0-729 0-550 0-373
0-09 0-900 0-850 0-723 0-548 0-373
0 10 0-890 0-848 0-718 0-545 0-373
o n 0-887 0-840 0-712 0-542 0-374
012 0-878 0-831 0-700 0-540 0-374
013 0-809 0-823 0-701 0-53S 0-374
014 0-800 0-815 0-095 0-535 0-374
0-15 0-851 0-807 0-090 0-532 0-374
010 0-842 0-799 0-084 0-530 0-374
017 0-834 0-792 0-079 0-527 0-374
0-18 0-825 0-784 0-074 0-525 0-374
0-19 0-817 , 0-777 0-008 0-522 0-373
0-20 0-809 0-770 0-003 0-520 0-373

a
2-75 3-00 |

V

3-25 3-50 3-75

0-00 0-00052 0-000123 1 0-000020
!

0-000005 [ 0 000001
0 01 0-00151 0-000908 0-000000 0-000539 0-000455
0-02 0-00251 0-00169 0-00130 0 00107 0-000910
0-03 0 00350 0-00248 0-00194 0-00101 | 0-00130
0-04 0-00449 0-00320 0-00258 0-00214 0-00182
0-05 0-00548 0-00404 0-00322 0-00268 0-00227
0-06 0-00640 0-00483 0-00380 0-00321 0-00273
0-07 0-00745 0-00501 0-00450 0-00374 0-00318
0-08 0-00S43 0-00039 0-00513 0-00428 0-00364
0-09 0-00940 0-00717 0-00577 0 00481 0-00409
0-10 0-0104 0-00794 0-00041 0-00534 0-00454
0 11 0-0114 0-00872 . 0 00704 0-00587 0-00500
0-12 0-0123 0-00949 1 000708 0-00040 0-00545
0-13 0 0133 0-0103 0-00831 000093 000590
0-14 0-0142 0-0110 0-00894 0-00746 000035
0-15 0-0152 0-0118 0-00957 0-00799 0-00080
0-10 0-0102 0-0120 0-0102 0-00852 0-00720
0-17 0-0171 0-0133 0-0108 0-00905 0-00771
0-18 0-0180 0-0141 0-0115 0-00958 0-00810
0-19 0-0190 0-0149 0-0121 0-0101 0-00800
0-20 0-0199 0-0150 0-0127 0-0100 0-00900
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T able  A . “2

P

1-2/5 1-50 1 75

0-210 0-105 0-0468
0-212 0-109 0-0497
0-215 0-112 0-0525
0-217 0-115 0-0553
0-220 O i l s 0-0581
0-222 0 121 0-0608
0-224 0-123 0-0635
0-22G 0-126 0-0660
0-229 0-129 0-0687
0-231 0-131 0-0713
0-232 0-134 0-0737
0-234 0-136 0-0762
0-236 0-139 0-07S6
0-23S 0 141 0-0810
0-240 0-144 0-0833
0-241 0-146 0-0856
0-243 0-148 0-0879
0-244 0-150 1 0-0901
0-246 0-152 0-0922
0-247 0-154 0-0943
0-248 0-157 0-0964

2-00 2-25 2-50

0-0183 0-00633 0-00193
0-0206 0-00806 0-00323
0-0229 0-00979 0-00452
0-0252 0-0115 0-00581
0-0274 0-0132 0-00710
0-0296 0-0149 0-00838
0-0318 0-0166 0-00966
0-0339 0-0182 0-0109
0-0360 0-0198 0-0122
0-03S1 0-0215 0-0134
0-0402 0-0231 0-0147
0-0422 0-0247 0-0160
0-0442 0-0263 0-0172
0-0463 0-0279 0-0184
0-0482 0-0294 0-0196
0-0502 0-0310 0-0208
0-0520 1 0-0325 0-0221
0-0540 0-0340 | 0-0233
0-0558 0-0356 0-0245
0-0576 0-0371 0-0256
0-0595 0-0385 0-0268

V

4-00 4-25 4-50 4-75 5-00

0-000000 0-000000
|

0-000000 0-000000 0-000000
0-000393 0-000343 0 000302 0-000269 0-000241
0-000785 0-000686 0-000605 0-000538 0-000482
0 00118 0-00103 0-000907 0-000806 0-000722
0-00157 0 00137 0-00121 0-00108 0-000963
0-00196 0-00171 0-00151 0-00134 0-00120
0-00236 0-00206 0-00181 0-00161 0-00144
0-00275 0-00240 0-00212 0-00188 0-00169
0-00314 0-00274 0-00242 0-00215 0-00192
0-00353 0-00308 0-00272 0-00242 0-00217
0-00392 0-00343 0-00302 0-00269 0-00241
0-00432 0-00377 0-00332 0-00295 0-00265
0 00471 0-00411 0-00362 0-00322 0-00289
0-00510 0-00445 0-00392 0-00349 0-00313
0-00549 0-00479 0-00423 0-00376 0-00337
0-00588 0-00513 0-00453 0-00403 0-00361
0-00627 0-00547 0 00483 0-00429 0-00385
0-00666 0-00581 0-00513 0-00456 0-00409
0-00705 0-00615 0-00543 0-00483 0-00433
0-00744 0-00649 0-00573 0-00510 0-00457
0-00783 0-00683 0-00603 0-00536 0-00481
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T ab le  .4.3

s 8 S t

V —  a - 1 V — - a - 1 
s*0 I

V a - 1

5 0 00241 10-0 0-00573 15-0 0-00251
5-5 0-0197 10-5 0-00519 15-5 0-00235
0-0 0-0104 1 11-0 0-00472 10-0 0-00221
6-5 0-0139 11-5 0-00432 10-5 0-00208
7-0 0-0119 12-0 0-00396 17-0 0-00190
7*5 0-0103 12-5 0-00365 17-5 0-00185
8-0 0 00903 13-0 0-00337 18-0 0-00175
8-5 0-00798 13-5 0-00312 18-5 0-00100
9-0 0-00710 14-0 0-00290 19-0 0-00157
9-5 0-00630 14-5 0-00270 19-5 0-00149

100 0-00573 15-0 0-00251 20-0 0-00142

Table .4.4

P  1

SJ Sv,

a =  0 0 a =  0-1 a =  0-2 1 a =  0-3

OIIeoIIe

0-00 1-00 0-90 0-81 0-74 0-67 0-62
0-25 0-94 0-85 0-77 0-70 0-64 0-59
0-50 0-78 0-72 0-66 0-02 0-57 0-53
0-75 0-57 0-54 0-52 0-50 0-47 0-44
1-00 0-37 0-37 0-37 0-37 0-36 0-36
1-25 0 21 0-23 0-25 0-20 0-27 0-27
1-50 0-10 0-13 0-10 0-17 0-19 0-20
1-75 0-047 0-074 0-090 0-12 0-13 0-14
2-00 0-018 0-040 0-000 0-070 0-090 0-103
2-50 0-002 0-015 0 027 0-038 0-049 0-058
3-00 0-0001 0-0079 0-010 0-023 0-030 0-037
3-50 0-0000 0-0053 0-011 0-016 0-021 0-026
4-00 0-0000 0-0039 0 0078 0-012 0-016 0-019
4-50 0-0000 0-0030 0-0000 0-0090 0-012 0-015
5-00 0 0000 0-0024 0-0048 0-0072 0-0090 0-012



Appendix II

Some of the most important astronomical 
and physical constants

1. Astronomical constants
One astronomical unit................................................................  1-4964 x 1013 cm
One light y e a r ............................................................................  9-463 X 1017 cm
One parsec =  3-26 light y e a r s ..............................................  3-084 x 1018 cm
Mass of the S u n ........................................................................  1-991 X 1033 g
Radius of the S u n ....................................................................  6-963 X 1010 cm
Mean density of the S u n ........................................................ 1-41 g/cm3
Acceleration due to gravity at the Sun's surface . . . .  2 - 7 4 0  X 1 0 4 cm/scc2
Total energy emitted by the S u n ........................................  3 - 7 9  X 1033erg/sco
Number of seconds in one y e a r ............................................ 3 - 1 5 5 8  X 1 0 7 sec
Sun’s p ara llax ............................................................................ S"-790

2. Physical constants
Velocity- of light in v a c u o ................  c
Gravitational con stan t....................... G =
Planck’s c o n sta n t............................... h =
Avogadro’s constant (number of atoms

or molecules in one mole) . . . Ar0 =
Charge on the electron......................  e =
Rydberg’s constant for hy-drogen . . i?u =
Mass of the electron........................... m( =
Mass of a hydrogen ('H) atom . . . mn =
Mass of the p r o t o n ........................... mp =
Ratio of mass of the proton to mass

of the electron...................................mplme =
Boltzmann’s constant........................
First constant in the radiation law . 
Second constant in the radiation law 
Constant in the Stcfan-Boltzinann law 
Displacement constant in Wien’s law 
Radius of the first orbit in the hydro

gen a t o m ........................................
Number of ergs in one electron-volt . 
Wavelength of a quantum of energy- 1 eV 
Temperature corresponding to 1 eV .
Standard atmosphere............................
Mcchunical equivalent of heat . . .
Gas constant per m ole ........................
Radiation density constant................

k =
Ci =
c2
a =
T =lX

a ,. =

n  =

2 - 9 9 7 7 6  X 1 0 l ° c m / s e c  

6 - 6 7 0  x 1 0 ~ 8 d y n  c m 2/ g 2 

6 - 6 2 4  X 1 0 ~ 27 e r g  s e c

6 -  0 2 3  X 1 0 23 p e r  m o l e

4 -  802 x  10-10CGS u n i t s  

109,677-581 cm-1 
9-1066 X 10-28 g 
1-6734 x l 0 “24g
1-67 25 X 10- 24 g

1 8 3 6 - 5

1 - 3 8 0 X  1 0 - 1 * e r g / d e g

Srrhe = 4-990x 10~15 erg cm
hejk =  1 - 4 3 8 4  c m  d e g

5 -  6 7 2  X 1 0 - 5  c r g / c i n 2 d e g 4 s e c

0 -  2 8 9 7  c m  d e g

/ i 2/ 4 . - i 2 m e e 2 =  0 - 5 2 9  X 1 0 ~ 8 c m

1- 6 0 2 0 X  1 0 -1 2  e r g  

1 2 , 3 9 5  A 
1 1 , 6 0 6 °  K
1 , 0 1 3 , 2 4 6  d y n / c m 2 a t m  

4-1855 J/eai
8-3144 x  107 e r g / d e g  m o l e

7 -  5 6 9  X 1 0 ~ 15 e r g / e m 3 d e g 4
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J e f f e r i e s ,  J. T . ,  367  
J o l i o t - C u r i e .  F., 5 3 4  
J o i . i o t - C u r i e ,  1.. 534

03( )



Indexes

K h i n k u l o v a . X. A.. 3s2. 384 
K i i o l o p o v , P. X.. 516 
K i p p e r . A. Y n . .  288, 425n. 
K o l p a k o v . P. E.. 2S7 
K o u r g a n o f f . V.. 85 
K o z y r e v  ( K o s i r e v ). X. A.. 75, 301 
Iy r a t . T. V„ 296 f.. 301, 306, 356 
K r a t . Y. A., 265. 301, 329. 332, 350, 

356 f.. 361, 364. 395 
K u i p e r , G. P.. 251 f.
K u k a r k i x . B .  Y . ,  4 5 0

L a r m o r e , L., 315 
L e b e d e v  ( L e b e d e w ). P. X.. 77 
L e b e d i x s k i I ( L e b e d i n s k y ), A. L, 

300f., 360. 474 
L e I k i n . G. A.. 395 
L y o t , B., 327, 379, 386

M a o r i s , C . ,  301
M a r k a r y a n , B .  E . .  5 1 8
M a r t y x , D .  F . ,  3 9 6
M a s e v i c i i  (M a s s e w i t s c h ). A. G., 254.

523. 543 
M c C r e a . \Y .  H „  315. 359 
M c M a t i i , R. R.. 373 
M e l ’n i k o v  ( M e l n i c o v ). O. A.. 84, 

149n.. 163f.. 166f.. 189. 222. 359. 
584

M e x z e l , I). H.. 42. 314. 347f., 350f., 
353, 391. 421. 424 

M i c i i a r d . R., 231, 297 
M i e . G., 582, 584 
M i l n e , E. A„ 359. 474f.
M i n n a e r t , M . .  2 5 8  
M i t r o f a n o v a  (M i t r o p h a n o v a ), L. A., 

164
M i t r o p o l ' s k a y a . O. X., 306 
M i y a m o t o . S . .  367f.
M u l l e r . C. A., 573 
M u l l e r . E. A., 376 
M u n c h , G„ 72, 207. 200n.
M u st e l ’, E. R ., 60 n.. 76. 233, 251. 

304n .. 364, 369. 375. 377, 453. 460. 
470f.

X e v k n .  L.. 231 
X e y .m a n .  J . .  6 0 0  
X i c i i o l s o n ,  S .  B.. 297 
Xikitin, A. A., 371. 433 
X i k o n o v ,  Y. B„ 109. 378. 384 
X i k o n o v a .  E. K.. 378, 384

O o r t . .J. II.. 472f.. 605 
O r t i i m a n n . \Y., 208

P a n n e k o e k . A.. 251
P a r e n a g o . P. P.. 234. 252fT.,450,523.

575. 585 f.
P a r k h o m e n k o  ( P a r c i i o .m e n k o ). P . .  

85
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P e c k e r . J.-G., 75 
P e k e r i s . C. L., 42 
P e t r i e . \Y., 504 
P e t t i t . E.. 297, 309 n.
P id d in g t o n . J. H., 350f.
P i k e l ’n e r  ( P i c k e l n e r ) .  S.  B.. 395  
P r i n o s h e i i i ,  P . .  2 0 8  
P r o k o f ’e v ,  Y. K.. 6 0 9  
P r o k o f ’e v a .  I. A., 361 
P u r c e l l .  E. M.. 573  
P y ' a s k o v s k a y ' a - E e s e n k o v a ,  E. Y.. 

5 6 8

R a y l e i g h ,  L o r d ,  569  
R e d m a n .  R .  0 . ,  3 5 0  
R e s p i g h i ,  L., 3 2 8  
R i c h a r d s o n ,  R .  8 . ,  2 9 2  
R o b e r t s ,  XV. O . ,  3 5 0 f . ,  361 
R u s s e l l ,  H. X., 56S

S cott , E. L., 600 
S e a t o n , M. J . .  391 n.
S e c c i i i . A . ,  3 2 8
S e v e r n y I (S e v e r n y ), A. B.. 109.

313f.. 333f., 340. 360. 373, 375. 377 
SlIAIN (S i i a j n . S c h e in ). G. A.. 166. 

184, 187(T.. 193. 209. 232f.. 380, 
386, 424, 512f„ 613f.

S i ia in , P. F„ 166 
S i i a n e , C. D., 600 
SlIAPLEY, H., 600 
S h a p o s iin ik o v a , E. F., 373 
S haron ov , Y. V., 567 
S h k l o v s k i! (S h k l o v s k y ). I. S., 33, 

329. 354. 358. 385, 388. 391, 394, 
396, 399. 614 

S i t n i k , C>. F.. 291 f.
S o b o l e v . Y. Y.. 2 0 7 f „  2 1 6 ,  4 4 5 ,  4 5 7 ,  

4 6 3 ,  5 6 4 ,  5 6 7  f.
S p it z e r , L., J r ., 4 2 5 i l .  6 1 0  
St e b b i n s , J . ,  5 7 8 .  5 8 5  
St e p a n o v , Y. E.. 3 0 0  
St r o m g r e n . B., 211 n., 5 3 0 ,  6 0 9  
St r u v e , O., 168.  180 ,  193 
St r u v e , Y. Ya., 5 7 3

T a n d b e iig -H a n s s e n , E., 234
t en  B r u g g e n c a t e , P., 258, 295. 324
T e r l e t s k i I, Ya. P., 287
T i i i e s s e n , G . ,  261
T ik h o v , G. A.. 379
T u b e r g , M., 1 7 6 i i .

U n d e r h i l l . A. B., 75 
U n s o l d , A., 38. 122. 152, 168. 263. 

317, 330n., 333, 359, 364, 616n.

van  de  H u lst , H. C., 380, 382ff., 573 
van d e r  H e l d . E. F. M., 320 
van D u k e , S. E. A., 296
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V a s iia k id z e , M. A., 578 
V e r w e y , S., 375n.
VoInov a , S. E., 167 
von K l u b e r , H., 295 
Vor ontsoy-Y e l ’yaminov  (W o r o n - 

zow - W e i j a m i n o w ), E. A., 253, 
410, 475f.. 497f.. 503 

V y a z a n it s y n , V. I \ ,  321 ff., 326, 329, 
344, 347f., 351, 353, 356, 359f.

W a l d m e ie k , M., 303, 328, 367 
W k r n e h , A., 390n.
W h it i  o r i), A. E., 578, 585 
W il d t , R.,  358

Y oung , C. A., 328

Z a n s tr a , H„ 327, 349, 409ff., 429, 
445. 459, 497, 502, 588 

Z h u r a v l e v , S. S., 301



INDEX OF SUBJECTS

Absolute-magnitude effect 247 
Absorption bands, in planetary atmo

spheres 571 f.
Absorption coefficient 

astronomical value 530 
atomic 41
continuous (5) 31 ff., 531 tf. 
for hydrogen-like atoms 41 ff., 51 
mass 7
selective 118, (11) 127ff.. GIG IT. 
ratio of selective to continuous 170ff. 
total 50
total half-width of 129 
and transition coefficients 127 ff. 

Absorption
(true) continuous 40 
(true) general 40 
by helium 00, 75 
by hydrogen 58, 001V., 73f. 
interstellar 580ft'., 002fF. 
lines

central residual intensity of 208ft. 
centre-limb variation of 177 f., 

198ft.
formation of (II) 107ft., 006ft. 
interstellar 002 ff.
See also Line broadening, Line 
contours. Line intensities 

negative 45
by negative hydrogen ions 54, 57, 73 
(true) selective 40, 109, 200 
true 3911.

Acceleration due to gravity, 
effect on spectra 24Iff. 
effective 18S 
from Balmcr lines 187 ft'.

Albedo
of planetary atmosphere 505ff. 
spherical 500 

Associations, stellar 515ft., 014 
Atmospheres, stellar (I—111) 1 ff. 
Attenuation coefficient 552

Buhner decrement 355, 422. 493f., 
512 f.

Bahner discontinuity 30f., 07, 509f.

llalmer series
coalescence of 219f. 
contour, in solar features 307 

in chromosphere 355 f. 
in Hares 374 ff. 

to obtain «7eir 187 ff. 
in planetary nebulae 421 ff. 
in stellar spectra 182 ff.

Be-type stars 478 ff.
Bahner decrement in 494 
continuous spectrum of 505 ff. 
envelopes of 482 
spectra of 479f.
See also Emission lines 

Benard cells 204 
Binding energy 35 
Boltzmann's excitation formula 30 

validity of 223 ff.
Bound-free transitions 50 
Bright-line stars (VI) 47811.

See Emission lines 
Brightness coefficient 559

Carbon cycle 540 
Carbon isotope ratio 233 f.
Catalytic cycle 540 
C(‘ntre of attraction, in prominence 

309 
Cepheids 253

excitation temperature of 107n.
9I: (r for ls9  

Chemical composition of stellar atmo
spheres 3111'., 158, 100, (15) 2181L 
anomalous 231 ff.

Chemical composition 
of corona 39011'. 
of planetary nebulae 33, 43211. 
of prominences 332 f. 
of Sun 33. 230 

Chromosphere 1, 341 ff. 
base of 341
density variation in 342 ff. 
electron density in 349 f. 
electron temperature in 350f. 
equilibrium of 3581V. 
excitation in 3551V.

G3ft
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Chromosphere {coni.) 
ionisation in .451 ft', 
self-absorption in 440ft', 
spicules 401 
structure of 454 
turbulence in 459 f. 
ultra-violet radiation of 494 

Chromospheric Hares .972 fT.
Coefficient

of absorption 7. 41 
of attenuation 552 
of continuous absorption (5) 91 fT.. 

591 fT.
of diffuse reflection 550 
of emission 0, 575 
of extinction 552 
of scattering 55, 111, 552 
of selective absorption (11) 127 ft'. 

Coherent scattering 111
equation of transfer for 111 fT. 

Collision damping 129fT.. 140fT., 108 
Collisions of the second kind 40, 199 
Colour excesses 578 fT.
Colour indices 578 fT.
Conductivity 208

with allowance for collisions 277 
direct and transverse 272 

Continuous absorption 40 
Continuous spectrum 27 ft’, 

theory of (I) 1 fT. 
of corona 479 fT.

Contraction time-scale 525 
Convection

in solar photosphere 9, 201 fT. 
in stellar interiors 542 
in sunspots 290 f.

Convective equilibrium 202 
Core of line 108 
Corona 1, 478 fT.

chemical composition of 990ff.
electron density in 481 fT.
green and red regions of 979. 990
identification of lines in .985 ff.
ionisation in 487 fT.
rav structure of 978 f.
spectrum of 379

components of .979 fT. 
ultra-violet radiation of 924, 354, 

392 ff.
Coronium 385 
Cosmic dust 582, 587 
Crab Xebula 440, 451. 469, 614f. 
Current, electric 268 fT.

efleets of 280 fT.
Curve of growth 152

chemical composition from 218ft'. 
for chromosphere 347 
construction from observation 158 fT., 

16.3 fT.
elementary theory of 152fT.

Curve of growth (coni.) 
for faeulae 306 
for prominences 320 
for Sun 164 
for sunspots 293

Damping 
collision 129fT., 140 fT., 168 
constant 130 f. 
decrement 129 
radiation 128fT.. 136IT.. 606 
time 129 fT.

Dark nebulae 587 
Debye radius 275 
Degenerate gas 544 ff.
Depth of line 108 
Diffuse nebulae 586 ff. 

bright 587
genetic relation to stars 591 

Diffuse reflection 555 
coefficient 556 

Dilution factor (dilution coefficient) 
87. 403, 491 

Doppler broadening 134 ff., 606 
Doppler core 138 
Doppler widths 136 
Drift 267
Dwarfs and giants, differences between 

236, 245 ff.

Earth, scattering in atmosphere of 
568 ff.

Eddington’s quartie equation 529 
Electric fields 

eddy fields 278 
induced 279 
self-induction 279 
on Sun 277 ff.

Electrodynamics of Sun's atmosphere 
(18) 265 ff., 338ff.

Electromagnetic screening 283, 287 
Emden’s equation 528 
Emission coefficient 6. 575 
Emission lines

in chromosphere 341 ff.
contours 482 ff.
in corona 379
formation of (28) 478ff.
intensities of 489 ff.
in interstellar clouds 587, 605, 613 f.
in prominences 316 f.
nebulae with 587
stars with (VI) 478ff,

colour temperatures of 503 ft'. 
continuous spectrum of 50.3 (T. 
dwarf types 515 fT. 
late-tvpe 512 ff. 
teui])eratures of 497 ff.
Z Andromedae type 515



Indexes 6 4 1

Emission, stimulated 45, 78 
allowance for 45 ff.

Energy equilibrium, condition of 10 
Envelopes

of Be stars 4S2 
of late-type stars 514f. 
of novae 451 fT., 46011'. 
of planetary nebulae 400 IT. 
of Wolf-Rayet and P C’vgni stars 

4S0fT., 504 
Equations of steady state 822 f., .‘388, 

400
Equation of transfer 8ff.

averaging of, over angles 17 fT. 
for coherent scattering 111 ff. 
form of 9
for non-coherent scattering 206 
numerical integration of 121 f. 
for planetary atmospheres 558ff. 
for planetary nebulae 486 
for scattering and true absorption 

116ff.
solution of 14 ff., 112 ff., (10) 1 IS IT.. 

207, 436 ff.
Equivalent width 108

centre-limb variation of 200f. 
Evershed effect 290, 339, 369 
Excitation 34 

potential 34 
in prominences 321 ff.

Extended atmospheres 75, 189, 217, 
(V) 448ff., (VI) 478ff.

Extension effect 75 
Extinction 606 
Extinction coefficient 552 
Extra-galactic nebulae 

numbers of 573 ff. 
fluctuations in 595 ff.

Eaeulac 301 ff. 
chromospheric 363 
effective temperature of 306 
electron pressure in 306 
-photosphere contrast 301 f. 
spectra of 305 ff.

Facular plages 361, 3G3 
Faint lines, solution of equation of 

transfer for 122ff.
Filaments 312f.
Flares 37211'.
Flocculi 361 ff.
Fluorescence 213, 403ff., 452 
Flux of radiation 5 

constancy of 12, 112 
Forbidden lines, in corona 3S51T. 

in novae 449, 4571T. 
in planetary nebulae 402, 4141T. 

conditions for appearance of 413ff. 
Free-bound transitions 50 
Free-free transitions 50 ff.

4 1  A s t r o p h y s ic s

Galaetie absorption 424. 573ff. 
Galactic windows 573 
General absorption 40 
Geometrical effect SG 
Giant nebulae G13f.
Globules 587 
Granulation 2G0ff.

pattern 260 
Granules 260

dimensions of 265 
Gravitational effect in rotation 195n., 

196
Grey material 21

Helium
absorption by 60, 75
in chromosphere 353 f.
relative content of 33 f., 230 f.
lines lS9ff.
term diagram for 203
in Wolf-Rayet stars 495f.

Hydrogen
absorption by 58, GOff., 73f. 
abundance of 33 
in chromosphere 351 f.
Stark effect in 144 f.

Hydrogen field nebulae 605, 611 ff. 
Hydrogen-like .atoms 41 ff.

photoelectric absorption by 42ff. 
Hydrostatic equilibrium 76

Indicatrix of scattering 552 
lion-spherical 562 ff. 
spherical 552 ff.

Intensity of radiation 4 
mean 14, 29 

Interlocking 186, 202ff. 
Interstellar clouds 594 
Interstellar dust (35) 573 ff.

absorption by 582 ff. 
Interstellar gas (3G).602ff. 

chemical composition of 33 
ionisation of GlOf. 
opacity of 5S0f.

Interstellar matter (IX) 573ff. 
absorption by 580ff. 
and novae 471 f. 
reddening by 577 f. 

Invariance, principle of 555ff. 
Ionisation 34 

in chromosphere 351 ff. 
by collision 96 fT. 
in corona 387 ff. 
degree of 38 
of interstellar gas 610f. 
in planetary nebulae 425 ff. 
potential 35 
in prominences 326 ff.
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Ionisation (cont.)
in stellar interiors 532 f. 
theory of 2.‘lf>, 237 

Iterational method 127

•Jets
in chromosphere 300 f. 
in prominences 309

KirchholTs Law 13
in stellar photospheres 105 f. 

Knots, in prominences 309

Limb-darkening, law of 2/5 fT. 
application 85 f. 
in radio wavelengths 397 

Line broadening
by collision damping 129fb, 141 ff., 

' 168
by Doppler effect 134ff., 179ff., 606 
by pressure effects 139fL, 178f., 

" 205 f.
by radiation damping 12811’., 606 
by self-pressure 142, 146 
by Stark effect 142 If. 
statistical 140ff., 143 ff.

Line contours
centre-limb variation of 198 fT. 
construction of 171 ff. 
distortion by neighbouring lines 192 
elementary theory of 147 ff. 
in emission 482 ff. 
interpretation of (13) 170ff. 
theoretical and observed 151 f.

Line intensities
in emission, 386 401 ff., 489ff. 
laboratory 161 
solar 161
temperature variation of 237 ff. 
theoretical 161 

local thermodynamic equilibrium 13 
Long-period variables 513 f. 
Luminosity

absolute bolomctric 24 
classes 248 

Lyman continuum 58 
quanta (Le quanta) 407

Magnetic field 191, 266 ff. 
interstellar 601 f. 
pressure of 283 
propagation of 287 ff. 
on Sun 266 ff. 
in sunspots 298 ff.

Magnetohydrodynainic waves 285

Main-sequence stars 253 
internal structure of 541 ff. 
mass-luminosity law for 254 f. 

Mass-luminosity law 247, 254, 523 
Maxwellian velocity distribution 89 
Mean life 131 
“Metallic-line” stars 232f.
Metastablc states 414

accumulation of atoms in 416fT. 
Molecular scattering 569

Natural frequency 129 
Natural line width 129 
Ncbulium 402 
Negative absorption 45 
Negative hydrogen ion 54 

absorption by 54, 57, 73 
absorption coefficient of 54 f. 

Negative ion 35
Non-coherenee of scattering 133 f., 

186, 202, 204 ff.
Non-hydrogen-likc atoms, absorption 

coefficient of 52 ff.
Novae (V) 448 ff.

ejection of envelopes by 451 ff.
in evolution (27) 466ff., 

energy of 473 ff. 
envelopes of 451 ff., 466ff. 

dynamics of 46!) ff. 
energy of 473 ff. 
masses of 466 ff. 

luminosity variation of 448, 455 ff. 
nebular stage of 449, 452, 457 ff. 
parallaxes of 453 ff. 
recurring 450 
spectra of 448ff., 457 ff.

Nova-like variables 451 
Nuclear reactions in stellar interiors 

534 ff.

Optical depth 8 
Optical method 85 
Optical thickness 8 
Oscillator strength 130

Partition function 37 
I* Cygni type stars 478 ff. 

envelopes of 480 ff. 
outflow of matter from 480 ff. 
spectra of 479 
See also Emission lines 

Phase function 552 
Photo-ionisation 91 ff. 
Photosphere 1

absorption of radiation in 56 ff.
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Photosphere (rout.)
radiative equilibrium of (I) 1 fi'. 
structure of (7) 76ff., (17) 2.77fT. 

for classes AO to B2 70ff. 
for Sun 72 f., 85f., (17) 257 if. 

tabulated 259 
of Sun, convection in 201 IV. 
theory of (I) Iff.

problems in 2 
thickness of 2
velocity distribution in 89 ff. 

Planck’s Law 13 
Planetary atmospheres 

albedo of 565 ff. 
radiative transfer in (33) 550 ff. 
scattering in (VIII) 550ff.

Planetary nebulae (IV) 400 ff.
chemical composition of 33, 432 ff. 
ionisation in 425 ff.
Lvman continuum radiation field in 

*434 ff.
Lyman a radiation field in 438 ff. 
masses of 429 ff. 
nuclei of 401 

temperatures of
from hydrogen lines 406 ff. 
from nebulium lines 411 ff. 

origin of 446f.
physical state of matter in (24) 

413 ff.
origin of radiation of 402 ff. 
radiation pressure in 443 ff. 
radiative equilibrium in (25) 434 ff. 
spectra of 401 f.
determination of temperature of 

419ff.
Plasma 89, 267 ff.
Polarisation of radiation 512, 564, 601, 

615
Polytropic gas spheres 529 
Pressure effects in line broadening 

139IT., 178f., 205f.
Principle of detailed balancing 48, 426 
Prominences (20) 308 ff. 

active 309
ehcmical composition of 332 f. 
classification of 308ff. 
eoronal 31 If. 
coronal cloud 312 
eoronal sunspot 310 ff. 
electrodynamics of 3381V. 
electron pressure in 326 f. 
eruptive 309 f. 
excitation in 321 f. 
forces in 324 ff. 
interacting 309 
interpretation of 333 
ionisation in 326 ff. 
kinetic temperature of 323, 330ff. 
metallic 317 

41*

Prominences (coni.) 
motions in 3131V. 
quiescent 309 
self-absorption in 3171V. 
spectra of 316 ff. 
sunspot 310f. 
surge 311, 338 
tornado-type 311

Radiation
(true) absorption of 39 ff. 
damping 128 ff., 136ff., 606 
flux of 5
(specific) intensity of 4 
pressure 77f. 

in novae 471
in planetary nebulae 443 ff. 
in prominences 335 ff. 

theory of, basic concepts (2) 31V. 
Radiative equilibrium 

condition of 12 
in faeulac, absence of 302 
in stellar interiors 542 
in novae, establishment of 462 ff. 
in photospheres, theory of (I) Iff. 
in planetary atmospheres 553 
in planetary nebulae (25) 434 ff. 
in stars of classes A0 to R2 60 ff. 
in stars of solar type 70 ff. 
in stars of other classes 73 ff. 
in sunspots 290 ff. 
theory of 10

for absorption coefficient inde
pendent of frequency (4) 21 ff. 
for absorption coefficient depend
ing on frequency (6) 56 ff. 
for extended photospheres 75 

Radiative transfer
in planetary atmospheres (33) 550 ff. 
in stellar photospheres 3fT.

Radio emission of Galaxy 602, 605, 
614f.

Radio emission of Sun 3961V. 
hursts 398 
quiescent 396 
sporadic 396 
thermal 396 

Recombination 34 
Reflecting nebulae 587 f.
Relaxation time 464 
Residual intensity 107 

central 108
in absorption lines 2081V. 

Reversing layer 1, 86, 109f., 112, 169 
Rosscland’s Theorem 404 
Rotation

angular velocities of 197 
effect on line contours 1931V.
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Saha's ionisation formula .47 
in stellar photospheres 1)1 IT.

Scatterin';
eoefficiont 552 
coherent 111
by free electrons 55f., 73f., 51 If..

'555, 580 IT. 
indicatrix of 552
in planetary atmospheres (YI11) 

550 IT.
Sehwarzsehild’s approximation 19n.
Selective absorption 40, 101), 126 

eoefficicnts of 118, (11) 127 ft.
Self-absorption

in ehromosphe.ro 546 IT. 
in prominences 517fT.

Self-pressure broadening 142, 146
Shock waves, in novae 474
Spectral secpiencc, interpretation of 

(16) 255 IT.
Stark effect

intcrmolecular 145, 145 
linear 144f. 
quadratic 142, 144 ff.

Stars
continuous spectrum of (I) 1 IT', 
internal structure of (VII) 520ff. 
line spectrum of (II) 107 ff. 
photospheres (1) Iff. 
physical conditions in (51) 526 IT. 
See also Be type, Emission lines. 

Xovae, P Cygni, Sun, Wolf- 
Rayet

Statistical broadening 140 IT., 143 ff.
Stellar interiors

sources of energy in 554 ff. 
temperatures and densities in 526fT. 

tabulated 543
Stimulated emission 45, 78 

allowance for 45 ff.
Subdwarfs 253

chemical composition of 235 
mass-luminosity law for 255

Sun (III) 256fT. ‘ 
atmosphere of (III)  256IT. 

conductivity of 268 ff. 
electrodynamics of (18) 265IT., 

338 ff.
chemical composition of 33, 230 
colour temperature of 30 
curve of growth for 164 
(mean) damping constant for 168 
electric fields in 277 fl'. 
electron pressure 221 
excitation temperature of 167 
granulation 260ff. 
photosphere of, convection in 261 ff. 

structure of 72f., 85f., (17) 257ff. 
tabulated 25!) 

radio emission from 31)6ff.

Sun (eont.)
deviation from thermodynamic 

equilibrium in 213ff.. 264 
equatorial velocity 11)7 
turbulent velocity 164, 260f.
See also Chromosphere, Corona. 

Faculao, Prominences, Sunsjiots 
Sunspots 2!)0ff.

adiabatic theory of 208 
curve of growth for 203 
effective temperature of 201, 203 
electron pressure in 205 
excitation temperature of 204f. 
invisible 29S 
magnetic field in 208 fT. 
radiative equilibrium in 200ff. 
spectrum of 202
temperature distribution in 200 ff. 
cause of lower temperature in 208ff. 

Supernovae, 451, 468, 476f.

Temperature 
brightness 86 
colour 30 
effective 23 

scale of 248 ff. 
excitation 15!)

determination of 162f., 160ff., 
204 f. 

kinetic 88 
of radiation 86, 20!) 
radio 306 

Theory of ionisation 235, 237 
Thermal motions 134ff. 
Thermodynamic equilibrium 

local 13
deviations from, in stars with enve

lopes 400 
in Sun 213ff. 

formulae valid for 36 
in stellar photopheres (8) 86 ff. 

Total absorption in line 108 
'Total absorption coefficient- 56 
Transition probabilities 45 
'Transparency 508 
Trapezium-type systems 518 
'True absorption of radiation 39fT. 

continuous 40 
selective 40
in planetary atmospheres 552 

T Tauri type variables 51 of. 
Turbulence 134, 164 fT., 1 SO fT.

in Sun 164, 260f.
21-cm line 573

Uncertainty principle 132 
Unipolar induction 338
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Velocity distribution in photosphere 
89 ff.

Venus, scattering in atmosphere of 
507 tr.

Virial theorem 525 
Vogt-Russcll tlieorem 524

White-blue sequence 253. 475f. 
White dwarfs 184, 253, 470 

equilibrium of 540 fT. 
structure of 544 ff.

Wings of line 108 
Wolf-Rayct stars 401, 478ff. 

Balmer decrement in 494

Wolf-Rayet stars (cont.)
carbon and nitrogen sequences 32, 

479
colour temperature of 503 f. 
continuous spectrum of 511 ff. 
envelopes of 480ff., 504 
helium content of 495f. 
outflow of matter from 480ff. 
polarisation of radiation from 512 
spectra of 478 f. 
temperatures of 497 f.
See also Emission lines

Zone of avoidance 573
















